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Location-Scale Models for Multilevel Ordinal Data:

Between- and Within-Subjects Variance Modeling

Donald Hedeker Michael Berbaum Robin Mermelstein
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ABSTRACT Mixed-effects logistic regression models are described for analysis of
two-level ordinal outcomes, where observations are observed clustered within subjects.
Random effects are included in the model to account for the correlation of the clustered
observations. This correlation can be the same for all subjects or allowed to vary by
groups of subjects. Additionally, whereas the usual logistic model assumes that the
covariate effects are the same across the cumulative logits, i.e., proportional odds
assumption, we describe two extensions to relax this assumption. The first permits
separate covariate effects to be estimated for each of the C — 1 cumulative logits, where
C = number of ordered categories. The second extension instead allows covariates to
influence the scale of the ordinal response, in addition to their usual influence on the
location. This latter extension can be more parsimonious and can be used to partition
the degree of within- and between-subjects variance. An analysis is presented of a
dataset from an adolescent smoking study, highlighting and comparing these extensions
of the proportional odds mixed model.

Keywords Categorical data; Multilevel data; Proportional odds assumption; Logistic
regression; Clustering; Repeated observations; Complex variance; Mixed-effects models.

1. Introduction

The ordinal logistic regression model, described as the proportional odds model by
McCullagh [36], is a popular model for analyzing ordinal outcomes. For multilevel data,
where observations are nested within clusters (e.g., classes, schools, clinics) or are repeatedly
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assessed across time, mixed-effects regression models are often used to account for the de-
pendency inherent in the data [31, 8, 17], and several authors have developed mixed-effects
models for ordinal outcome data. Ezzet and Whitehead [10] and Agresti and Lang [1] describe
random-intercepts proportional odds models. Hedeker and Gibbons [24] describe both an ordi-
nal logistic and probit model with multiple random effects. Tutz and Hennevogl [58] propose
similar mixed models that additionally allow the model thresholds to be considered as random
effects. Besides use of the logit link function, other authors have developed ordinal mixed
models utilizing the probit link [22, 30, 39, 51] and complementary log-log link [54] as well.

An alternative method of dealing with correlated data is provided by the generalized esti-
mating equations (GEE) approach described by Liang and Zeger [32]. This approach is most
often used when interest is on the fixed effects of the model and the correlation structure of the
multilevel data is considered a nuisance, although extended versions (i.e., EGEE and GEE2)
have been developed for situations where the correlation structure of the multilevel data is also
of interest [20, 33]. For ordinal data, Miller et al. [41] and Gange et al. [14] describe GEE-
based models for repeated ordinal outcomes. Heagerty and Zeger [23] extend this approach and
also describe a GEE2 formulation for correlated ordinal outcomes.

Most of the models for ordinal outcomes referenced above include the proportional odds
assumption (or its equivalent under the probit or complementary log-log link function) for
model covariates. For an ordinal response with C categories, this assumption states that the
effect of an explanatory variable is the same across the C — 1 cumulative logits of the model,
or proportional across the cumulative odds. In previous papers [26-27], we have described an
extension to the mixed proportional odds model to allow for non-proportional odds for a subset
of the explanatory variables. A similar extension is described in Saei and McGilchrist [S0], who
allow non-proportional time effects in panel studies. These developments follow the extension
due to Peterson and Harrell [43] of the fixed-effects proportional odds model. In this model,
explanatory variables are allowed to have varying effects on the C — 1 cumulative logits. Thus,
for a particular explanatory variable C — 1 regression coefficients are estimated. These addi-
tional parameters reflect different location effects of the explanatory variables. This extended
model has recently been applied successfully in several articles [59, 60, 13, 12], and a similar
Bayesian multilevel model is described in Ishwaran [28]. Fielding et al. [12] additionally allow
the random-effect parameters to have non-proportional effects.

A somewhat different extention of the proportional odds model is described by Tosteson
and Begg [57]. Here, in the context of ROC analysis, the scale of the effects of explanatory
variables are allowed to vary. In other words, the underlying variance of the logistic distribution
can vary as a function of model covariates. McCullagh and Nelder [37] refer to this extended
model for ordinal data as a generalized “rational” model. Toledano and Gatsonis [56] use this
extension in describing GEE analysis of correlated ROC data, while Ishwaran and Gatsonis [29]
build upon this approach using Bayesian methods.
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For cross-sectional data, Cox [9] brought together these extensions of the proportional
odds model into what he termed location-scale cumulative odds models. In this paper, we will
describe this approach within a mixed model framework. The inclusion of scale parameters
within the mixed model is particularly advantageous because it allows a modeling of both the
within- and between-subjects variances. Data from an adolescent smoking study, in which
subjects were repeatedly measured across time, are used to illustrate the mixed location-scale
cumulative odds models for ordinal data.

2. Mixed Cumulative Logit Model for Ordinal Responses

Leti = 1,..., N denote the level-2 units (subjects), j = 1,...,n; level-1 units (repeated
observations), and ¢ = 1,2,...,C denote the response categories. Then, Y;; = the ordinal
response associated with level-2 unit i and level-1 unit j. As ordinal response models often
utilize cumulative comparisons of the ordinal outcome, define the cumulative probabilities for
the C categories of the ordinal outcome Y as Pijc = Pr(Y;; < ¢) = Y 5_, pijk, Where pjjk
denote the individual category probabilities. The mixed-effects logistic regression model for
the cumulative probabilities [24] is given in terms of the cumulative logits A ;. as

Aije = log [___._1 P";" ] = Ye—[x;B+zjvi] (c=1,...,C-1), 1)
— Pije
where x;; is the p x 1 covariate vector, B is the p x 1 vector of regression parameters, z;; is the
r x 1 vector of random-effect variables, and v; is the r x 1 vector of random effects for subject i.
The model also includes C —1 strictly increasing model thresholds y. (i.e., 1 < y2... < yc—-1).

As written above, a positive coefficient for a regressor indicates that as values of the re-
gressor increase so do the odds that the response is greater than or equal to ¢. This agrees with
the formulation in McCullagh [36], though it is not the only way to write the ordinal model
(e.g., see Fielding et al. [12]). Also, note that the relationship between the regressors x and
the cumulative logits does not depend on ¢ (hence the regression coefficients 8 do not carry
the ¢ subscript). McCullagh [36] calls this assumption of identical odds ratios across the C — 1
cut-offs the proportional odds assumption.

The random effects v; are assumed to follow a multivariate normal distribution with mean
vector 0 and variance-covariance matrix X ,. Standardizing the multiple random effects v; =
TO; where TT = X, is the Cholesky decomposition, yields

Mije = Ve —[x;;B+2;;T0:;] (c=1,....,C—1), )

where 6; follow a standard multivariate normal. Notice that the random-effects variance terms
(i.e., the parameters in the Cholesky decomposition T') are now explicitly included in the re-
gression model. Thus, these terms and the regression coefficients are on the same scale, namely,
in terms of the logit of response.
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Ordinal regression models are often motivated and described using the “threshold concept”
[4, 38]. This is also termed a latent variable model for ordinal variables [34]. For this, it is as-
sumed that a continuous latent variable y underlies the observed ordinal response Y. Typically,
the continuous latent variable y is assumed to follow either a normal or logistic distribution,
leading to ordinal probit or logistic regression, respectively. Under the threshold concept, the
observed ordinal outcome Y;; = c if y.—1 < yij < y. for the latent variable (with yo = —o0
and y¢ = 00). In this article, we will consider the logistic formulation, though we will note the
necessary changes for the normal, or probit, formulation.

2.1 Partial Proportional Odds

As noted by Peterson and Harrell [43], violation of the proportional odds assumption is
not uncommon. Thus, they described a (fixed-effects) partial proportional odds model in which
covariates are allowed to have differential effects on the C — 1 cumulative logits. Terza [55]
developed a similar extension of the (fixed-effects) ordinal probit model. Hedeker and Mermel-
stein [26-27] utilize this extension within the context of a mixed ordinal regression model. For
this, the model for the C — 1 cumulative logits can be written as:

Mije = ve—[ujjoc +x;;B+2;T0;] (c=1,...,C—-1), 3)

where, u;; is a ¢ x 1 vector containing the values of observation ij on the set of g covariates
for which proportional odds is not assumed. In this model, e, is a g x 1 vector of regression
coefficients associated with these g covariates. The effects of these g covariates are allowed to
vary across the C — 1 cumulative logits (note that a. carries the ¢ subscript).

A caveat about this extension of the proportional odds model should be mentioned. The
effects on the cumulative log odds, namely u; e, result in C — 1 non-parallel regression lines.
These regression lines inevitably cross for some values of u, leading to negative fitted values
for the response probabilities. For u variables contrasting two levels of an explanatory variable
(e.g., gender coded as 0 or 1), this crossing of regression lines occurs outside the range of
admissible values (i.e., < 0 or > 1). However, if the explanatory variable is continuous, this
crossing can occur within the range of the data, and so, allowing for non-proportional odds
can lead to problematic results. For continuous explanatory variables, other than requiring
proportional odds, a solution to this dilemma is sometimes possible if the variable has, say, m
levels with a reasonable number of observations at each of these m levels. In this case m — 1
dummy-coded variables can be created and substituted into the model in place of the continuous
variable.

2.2 Scale Parameters

Ordinal regression models including scaling effects are common in ROC analysis, as de-
scribed by Tosteson and Begg [57]. Here we will add these terms within the mixed model,
Ye — (ujjec +xi;B +2;;T0;)

exp(w;; )

)\ijc =
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where, w;; = kx1 vector for the set of k covariates which influence the scale, and 7 are their
corresponding effects. Note that the w variables can be the same as the x variables, though, for
identification, an intercept cannot be included as one of the w variables. When scaling effects
are added to the ordinal model, the result is a non-proportional odds model, using only one
additional parameter for each covariate.

2.3 Random Effects Specifications

Several popular random effects specifications are worth noting. First, for many problems
it is common to simply specify a random intercept for each subject. For this, z;; = 1, §; = 6;,
and the Cholesky T is simply the scalar o,,. In such models, o2 represents the between-subjects
variance and indicates the degree of heterogeneity in the population of subjects.

A slight extension of this random-intercepts model is to allow separate intercepts for groups
of subjects. For example, suppose that one was interested in allowing the between-subjects
variance to vary across gender groups. For this, in terms of the model, z;; = [M; F;](where M;
and F; are subject-level indicator variables of male and female gender, respectively), 8 ; = 6;,
and T = [0y,, Ov;]. Notice that there is still only one random effect, but its variance differs
for males and females. Models allowing the (scalar) random effect 6 to be linearly related to a
vector of variables z;; have been termed multilevel models with complex variance structures by
Goldstein [17].

A similar complex variance structure, in some respects, is used for the item response theory
(IRT) model of educational testing [35]. Here, the items (level-1) are nested within subjects
(level-2), and the indicator variables are at level one. Specifically, z;; = [I1;; 12;; ... In;j]
is a vector of item indicator variables, §; = 6;, and T is a vector of item standard deviations,
[0v;y Ov;, .. 0Oy,]. The so-called Rasch model assumes that these standard deviations
are the same, whereas the more general two-parameter IRT model does not [5]. These standard
deviations are akin to the factor loadings of the items on the latent ability factor denoted in the
psychometric literature as 6.

While the above specifications only require a single random effect, for longitudinal stud-
ies, where repeated observations are nested within subjects, it is common to include multiple
random effects (e.g., random subject intercepts and time trends). For example, for dichoto-
mous data, Gibbons and Bock [15] proposed a random intercept and trend model by specifying
z;j = [1 t], where ¢ = value of time. In their model, the random effects vectoris 8 ; = [6;; 6;2],
and the Cholesky factor of X ,, equals:

Oy, 0

T = 2 1/2
iz (g2 T2
Oy, v2 651

Of course, one could have more than two random subject effects to allow for higher-order
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polynomial trends (e.g., quadratic, cubic, etc.). The model presented in this article allows any
of these random-effects specifications, though our example will center on the random-intercepts

model and models with complex variance structure.

2.4 Intraclass Correlation and Partitioning of Between- and Within-Cluster Variance

For a random-intercepts model (i.e., z; = 1;) it is often of interest to express the between-
subjects variance in terms of an intraclass correlation (ICC). The intraclass correlation indicates
the proportion of unexplained variance at the subject level; in other words, it reflects the mag-
nitude of the between-subject variance. Reference is made to the threshold concept and the
underlying latent response tendency that determines the observed ordinal response. For a logis-
tic regression model, the latent response tendency, which is unobserved, is assumed to follow
a standard logistic distribution, which has variance equal to 7r2/3. Thus, for the logistic model
assuming normally distributed random effects, the ICC equals 62/(c2 + 7% /3), where the lat-
ter term in the denominator represents the variance of the underlying latent response tendency,
namely, the within-subjects variance.

If one allows the random intercept to vary across groups of subjects, like males and females
as described above, then separate ICCs are obtained for each gender group. Here, z;; = [M; F;]
(where M; and F; are subject-level indicator variables), T = [0y ) 0 (F)l, and 8; = 6;. The
between-subjects variance is then different for these two subject groups, and the resulting ICCs
are

o2 o2
ICCy = % and ICCp = 0
o5+ 72/3 05+ 72/3
Notice, that these ICCs assume the same within-subjects variance for both groups.

The inclusion of scaling terms in the ordinal mixed model additionally allows an examina-
tion of the degree to which the within-subjects variance differs across subject groups. For in-
stance, continuing with the gender example, suppose that a model with w;; = F; was fit. In this
case, the within-cluster variance for males would be 72 /3, whereas it would be (expt)? 72/3

for females. The resulting intraclass correlations would then be

62M &ZF
ICCy = 72— and ICCF = - vh
82 +72/3 62 + [(exp1)? 22/3]

Thus, the model allows both heterogeneous between- and within-subjects variance by the inclu-
sion of parameters in T and 7, respectively.

When there are more than two groups, it may be of interest and/or parsimonious to estimate
a trend in the variances across the k£ groups. This makes sense if the grouping variable reflects
some kind of ordering of subjects. For example, suppose that a grouping variable g; is ordered
as O=low, 1=med, and 2=high in terms of some attribute. Then to allow the between-subjects

variance to increase across these three groups, one could specify an intercept and the variable
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g: as two independent random effects. Here,
T = ; : (4)

where o, represents the intercept variation and o, reflects how the between-subjects variation
varies across groups. Note that the between-subjects (BS) variance is equal to a function of
these two parameters,
. 2 2.2
BS variance = o}, + g0y, . )

which shows that the coding of g; is important. For example, coding of O, 1, and 2 for three
groups would assume that the BS variance increases across the groups, because variances can
never be negative. Alternatively, reverse coding (i.e., 2, 1, 0) could be used if the BS variance
decreases across the groups.

For estimating a trend in the within-subjects (WS) variance across subject groups, a log-
linear representation is often used in ordinary multiple regression [21, 2], and this is similar to
the implementation of scaling terms in the model described here. For example, in terms of a
grouping variable g;, the current model posits

WS variance = [n/«/?_, exp(g,-r)]2 . (©)

Notice that, this representation allows for both increasing and decreasing WS variance across
groups. Namely, if ¢ > 0 then variance increases over groups, while if T < 0 then it decreases
over the groups. Including trends in both the BS and WS variance across groups, the ICC for a
particular group, coded g;, would equal:

2 2.2
Jvo + 8i avg

lcc= 02 +g202 +n2/3 [exp(git)]*
Vo 1 7 Vg

Q)

More generally, this modeling of the WS variance allows it to depend on multiple variables,
namely,

WS variance = |7/+/3 exp(w};t) : . 8)
j

This regression-like structure allows estimation of separate WS variance by group, as well as
more complicated multiple regression-like forms for the WS variance. By combining modeling
of the WS variance with the inclusion of random effects in the mixed model (to model the BS

variance), a wide variety of heterogeneous variance models can be estimated and compared.

3. Estimation

Parameter estimation can be solved using maximum likelihood (ML) or variants of ML.
Such solutions are iterative ones that can be numerically quite intensive. Here, the approach is
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sketched; further details can be found in Hedeker and Gibbons [24], Hedeker and Mermelstein
[26], and Fahrmeir and Tutz [11]. Let Y; denote the vector of responses from subject i. The
probability of any response pattern Y; (of size n;), conditional on the random effects 8, is equal
to the product of the probabilities of the level-1 responses:

n; C
LY |0 =] []Pr¥y=cl60), ©)
j=1 c=1
where
Pr(Yij = c | 0:) = Y(hije) — Y(Aije—1) (10)

and W(-) represents the logistic cumulative distribution function (cdf). The assumption that a
subject’s responses are independent given the random effects (and therefore can be multiplied
to yield the conditional probability of the response vector) is known as the conditional indepen-
dence assumption. The marginal density of Y; in the population is expressed as the following
integral of the conditional likelihood £(-)

h(Y)) = /0 AL IOY S 1

where f(0) represents the distribution of the random effects, namely the standard multivariate
normal density. Whereas (9) represents the conditional probability, (11) indicates the uncon-
ditional probability for the response vector of subject i. The marginal log-likelihood from
the sample of N subjects is then obtained as log L = Z,N log h(Y;). Maximizing this log-
likelihood yields ML estimates, which are sometimes referred to as maximum marginal likeli-
hood estimates because they are obtained by maximizing the marginal likelihood.

3.1 Integration Over the Random-Effects Distribution

In order to solve the likelihood solution, integration over the random-effects distribution
must be performed. As a result, estimation is much more complicated than in models for con-
tinuous normally-distributed outcomes where the solution can be expressed in closed form.
Various approximations for evaluating the integral over the random-effects distribution have
been proposed in the literature; many of these are reviewed in Rodriguez and Goldman [49].
Perhaps the most frequently used methods are based on first- or second-order Taylor expan-
sions. Marginal quasi-likelihood (MQL) involves expansion around the fixed part of the model,
whereas penalized or predictive quasi-likelihood (PQL) additionally includes the random part
in its expansion [18]. Unfortunately, these procedures yield estimates of the regression coeffi-
cients and random effects variances that are biased towards zero in certain situations, especially
for the first-order expansions [7]. To remedy this, Raudenbush et al. [48] proposed an approach
that uses a combination of a fully multivariate Taylor expansion and a Laplace approxima-
tion. This method yields accurate results and is computationally fast. Also, as opposed to the
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MQL and PQL approximations, the deviance obtained from this approximation can be used for

likelihood-ratio tests.

Numerical integration can also be used to perform the integration over the random-effects
distribution [6]. Specifically, if the assumed distribution is normal, Gauss-Hermite quadrature
can approximate the above integral to any practical degree of accuracy. Additionally, like the
Laplace approximation, the numerical quadrature approach yields a deviance that can be readily
used for likelihood-ratio tests. The integration is approximated by a summation on a specified
number of quadrature points for each dimension of the integration. An issue with the quadrature
approach is that it can involve summation over a large number of points, especially as the
number of random-effects is increased. To address this, methods of adaptive quadrature have
been developed that use a few number of points per dimension that are adapted to the location
and dispersion of the distribution to be integrated [45].

3.2 Software

Several computer programs provide maximum likelihood estimates of the mixed-effects
proportional odds model, including SAS PROC NLMIXED, Stata [53], HLM [47], MLwiN
[46], LIMDEP [19], GLLAMM [44], Mplus [42], and MIXOR [25]). Some of these programs,
however, only allow random-intercepts models, and few allow the inclusion of threshold interac-
tions and scaling parameters described here. Also, these programs differ in how the integration
over the random effects is performed. For the analyses presented in this article, SAS PROC
NLMIXED, which utilizes adaptive quadrature for integration of the random effects, was used.
This is perhaps the most reliable, though computationally demanding, solution. The syntax for
the analyses presented in this article is available from the first author on request.

4. Illustration: Adolescent Smoking Study

This study, described in Mermelstein et al. [40], included 100 adolescents in 8th and 10th
grades, with varying amounts of cigarette smoking experience. Adolescents were divided into
three groups based on their reported lifetime smoking levels: 1) those who had smoked less
than 6 cigarettes in their lifetimes (n = 18), representing very novice smokers; 2) those who had
smoked between 6 and 99 cigarettes in their lifetimes (n = 48), representing a group of irregular
or experimental smokers; and 3) those who had smoked 100 or more cigarettes during their
lifetimes (n = 34), representing more regular smokers. Lifetime smoking levels were assessed

at a baseline measurement wave.

For inclusion in the analyses reported here, all of these adolescents had smoked at least
one cigarette during a 7-day data collection period which followed the baseline wave. Data col-
lection occurred via hand-held (Palm Pilot) computers, which participants carried at all times
during a week-long data collection wave. Participants were trained to complete a series of ques-
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tions on the hand held computers immediately after smoking a cigarette. Of interest here are
the responses to questions asking about subjective physiological sensations immediately after
and prior to smoking a cigarette. Specifically, the subjects rated their subjective physiological
sensations in terms of two items, Sick and Buzz, on a 10-point scale. The definition of these
items varied slightly for the before and after assessments. Specifically, for the after assessment,
they were prompted as:

e Sick: Think about how you feel right now: Do you feel sick?

e Buzz: Think about how you feel right now: Do you feel buzzed? whereas, for the before
assessment the prompts were:

e Sick: Now think about the time just before you smoked: I felt sick.

e Buzz: Now think about the time just before you smoked: I felt buzzed.
For all four questions, individuals were instructed to rate their answers from 1 (not at all) to 10
(very). An individual’s subjective physiological sensation was operationalized as their average
based on the two items (i.e., Sick and Buzz), and was calculated for both the before and
after cigarette assessments. These were then expressed as a change score (after - before) to
represent the changes in the level of subjective physiological sensations attributable to smoking
a cigarette. The distribution of these change scores suggested a categorization in terms of five
ordered categories: -2 for change score < —1, -1 for change score < 0 and > —1, O for change
score = 0, 1 for change score > 0 and < 1, and 2 for change score > 1.

Because participants could smoke more than one cigarette during the 7-day data collection
period, there were multiple observations per subject. In all, there was a total of 517 obser-
vations clustered within these 100 subjects. A question of interest is whether the changes in
physiological sensations vary between smoking groups (defined by level of smoking experi-
ence). In particular, we will address this in terms of level of change (location), change of scale
(within-subjects variance), and change of the intraclass correlation (between-subjects variance).

Table 1 presents the crosstabulation of smoking group by the ordinal outcome. It is impor-
tant to realize that the data in this table are not independent, since subjects can have multiple
outcomes, so this table provides a rough impression of the data. What the table makes clear is
that the highest smoking group has a greater proportion of responses in the 0 category. This is
consistent with models of the development of dependence that postulate that the physiological
effects of smoking (like feeling sick or buzzed) are diminished as one advances in their smoking
career (i.e., tolerance develops). Thus, it appears that the variance of the ordinal outcome may
not be the same across these groups.

To provide a further impression of the data, the cumulative odds and logits are presented
in Table 2. The table also presents the difference in these cumulative logits between the smok-
ing groups, using the lowest smoking group as the reference cell. If the proportional odds
assumption were reasonable, then the logit differences would be the same across the cumulative

comparisons. However, this does not seem to be the case, especially when comparing the lowest
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and highest smoking groups.

Table 1 Changes in physiological sensations by smoking group:
frequencies and column proportions

physiological sensations change

smoking group -2 -1 0 1 2 | total

< 6 cigs 8 6 14 8 14 | 50
(.160) (.120) (.280) (.160) (.280)

6-99 cigs 17 28 43 36 59 | 183
(.093) (.153) (.235) (.197) (.322)

100+ cigs 14 45 109 56 60 | 284

(049) (.159) (.384) (.197) (.211)

total 39 79 166 100 133 | 517
(.075) (.152) (321) (.193) (.257)

Table 2 Cumulative odds (logits) by smoking group

cumulative comparison

smoking (2t 5) (3t05) (4t05) 5
group 1 (1to2) (1to3) (1to4)
< 6 cigs 42/8 36/14 22/28 14/36
=5.25 =2.57 =.79 =.39
(1.66) (.94) (-.24) (-94)
6-99 cigs 166/17 138/45 95/88 59/124
=9.76 =3.07 =1.08 = .48
(2.28) (1.12) (.08) (-.74)
100+cigs | 270/14 225/59 116/168 60/224
=19.29 =3.81 =.69 =.27

(2.96) (1.34) (-37) (-1.32)

logit difference compared to < 6 cigs group

6-99 cigs .62 18 32 .20
100+ cigs 1.30 40 -13 -.38

To investigate this more formally, we examined a number of ordinal mixed logistic regres-
sion models. These are summarized in Table 3. In terms of the fixed effects, models included
thresholds (four parameters for the five categories), group contrasts (two parameters for the
three groups), and in some cases group by threshold interactions (eight parameters). For the
random effects, we considered three possibilities: a random (subject) intercept (1 parameter);
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a random intercept that varied linearly with the standard deviation of the random effect across
smoking groups (2 parameters); and a random intercept with a separate variance for each smok-
ing group (3 parameters). These three correspond to models of the between-subjects variation as
homogeneous, linearly changing, or heterogeneous across the three smoking groups. Similarly,
for the scaling terms, we considered three possibilities: no scaling terms; linearly changing
scaling across smoking groups (1 parameter); or separate scaling terms across smoking groups
(2 parameters). These correspond to models of the within-subjects variation as homogeneous,
linear, or heterogenous across smoking groups. For the group contrasts, the first smoking group
(low number of cigarettes) was the reference cell, and the linear trend term was coded as —1, 0,
and 1 for the three smoking groups. For each model, Table 3 presents values of the model de-
viance (—2 log likelihood), Akaike’s information criterion (AIC; [3]), and Schwarz’s Bayesian

information criterion (BIC; [52]).

Table 3 Ordinal logistic mixed model comparisons

Model fixed p* | random r* | scale s* | deviance AIC BIC
Ia T+G 6 I 1 15249 15389 1557.1
Ib T+G 6 I 1 S 1 15157 1531.7 1552.6
Ic T+G 6 I 1 G 2 15144 15324 1555.8
Ila T+G 6 I+S 2 15204 1536.4 1557.3
IIb T+G 6 I+S 2 S 1 1513.5 1531.5 15549
Iic T+G 6 I+S 2 G 2 1511.6 1531.6 1557.7
IIIa T+G 6 I+G 3 15204 1538.4 1561.9
IITb T+G 6 I+G 3 S 1 1513.5 15335 1559.5
IIlc T+G 6 I+G 3 G 2 1511.6 1533.6 1562.2
IVa T+G+TG 12 I 1 1510.1 1536.1 1570.0
IVb T+G+TG 12 I 1 S 1 1509.4 15374 15739
IVc T+G+TG 12 I 1 G 2 15089 1538.9 1578.0
\Y% T+G+TG 12| I+S 2 1509.5 1537.5 1574.0
VI T+G+TG 12| 1+G 3 1508.9 1538.9 1578.0

T = thresholds; G = group contrasts; S = linear trend across group; I = intercept
p* = total number of fixed-effects parameters

r* = total number of random-effects variance parameters

s* = total number of scaling parameters

deviance = —2log L; AIC =deviance + 2q*, (q*=p*+r*+s*)

BIC = deviance + q* log N, (N = number of subjects)

Since Model Ia is the proportional odds mixed model (including a random subject effect),
comparing it to non-proportional odds models yields tests of the proportional odds assumption
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for the group effects. Comparing models Ib and Ic to it yielded likelihood ratio test values of
9.14 (1 df) and 10.49 (2 df); both clearly rejecting proportional odds in favor of the models with
a scaling term (p < .01 for both). Similarly, comparing model IVa to model Ia yields 14.77
(6 df), rejecting the proportional odds model in favor of the model with group by threshold
interactions (p < .025). Thus, there is clear evidence to reject proportional odds for the group
effect.

Turning to the AIC and BIC values, it is clear that models with scaling terms are preferred,
relative to models with threshold interactions. In particular, model Ib has the lowest BIC value
and model IIb has the lowest AIC value. Both include a linear scaling term across the smoking
groups. Table 4 lists the estimates from these two models, as well as from the proportional odds
model.

Table 4 Ordinal logistic mixed model estimates and standard errors (se)

Model Ia Model Ib Model IIb
term estimate  se | estimate se | estimate se
Fixed effects
threshold 1 -2.84 42 251 44 -2.64 51
threshold 2 -1.44 40 -1.25 41 -1.35 .49
threshold 3 23 .39 19 40 13 48
threshold 4 1.31 .39 1.12 .40 1.08 .48
MID cigs 24 44 21 44 16 .52
HI cigs -06 .45 -07 43 -14 .50
Variance terms
subject sd 1.11 .18 .87 .17 1.07 .21
Linear CIG sd -33 22
(LO=-1, MID=0, HI=1)

Scaling terms

Linear CIG -26 .09 -22 .09
(LO=-1, MID=0, HI=1)

—2logL 1524.9 1515.7 1513.5

In terms of the fixed effects, there is no evidence of group-related differences from any of the
models. It is interesting to note, however, that the fixed-effects estimates and standard errors
do change a fair amount, especially if one compares models Ia and IIb. Both models Ib and
IIb indicate that the within-subjects variance diminishes as smoking level is increased. Also,
the linear trend in between-subjects variation is also negative, suggesting that this variation also
diminishes as smoking level is increased. Thus, there is evidence that physiological sensation
variation, both within- and between-subjects, diminishes as smoking level increases.
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It is interesting to compare the intraclass correlation estimates from these three models.
For Model Ia (the proportional odds model), we obtain:

B (1.11)2 3
T AD2 4+ m2/3

This is the estimate for all three smoking groups, since this model assumes that the ICCs for

IcC 27

these smoking groups are the same. However, Model IIb yields:

Lo Cigs ICC = (107 + 33)° = .28
(1.07 + .33)2 + [(exp(.22))2 2/3]
o (1.07)2
Mid Cigs ICC —— Y =26
188 (1.07)2 + n2/3
_ 2
HiCigs ICC = (1.07 = .33) = .21

(1.07 — .33)2 + [ (exp(—.22))? 72/3]

which indicates that the ICC diminishes as smoking group increases. In fact, from a stratified
analysis (not shown), ICC estimates of .43, .21, and .21 are obtained for the three smoking
groups, low to high, respectively.

Finally, Table 5 presents estimates from the model allowing separate between- and within-

variance parameters for all three groups (Model IIIc).

Table 5 Ordinal logistic mixed model estimates and standard errors (se)

Model Ia Model IIIc
term estimate  se | estimate  se
Fixed effects
threshold 1 -2.84 42 -2.59 .67
threshold 2 -1.45 .40 -1.32 .52
threshold 3 23 .39 14 46
threshold 4 1.31 .39 1.08 .51
MID cigs 24 44 .18 .50
HI cigs -.06 .45 -12 48
Variance terms
subject sd 1.11 .18
LO subject sd 1.47 .58
MID subject sd 1.01 .32
HI subject sd a3 .22
Scaling terms
MID Cig 07 .22
HI Cig -26 .21
—2logL 1524.9 1511.6




Location-Scale Models for Multilevel Ordinal Data « - - - « - Donald Hedeker et al. 15

Again, for comparison purposes, estimates from the proportional odds model are also included
in the table. Model IIlc supports the notion that the between-subjects variation decreases ap-
proximately linearly as smoking level is increased. Additionally, in terms of the within-subjects
variation, it is primarily the highest smoking group that has diminished variation relative to
the lowest smoking group. The intraclass correlation coefficient estimates for this model are
obtained as:

, (1.47)2
L cc = —22 4
o Cigs (147)2 + 72/3
o (1.01)?
Mid Cigs ICC = = 21
188 (1.0D)2 + [(exp(.07))2 72/3]
73)?
HiCigs ICC = (73) = 22

(.73)2 + [(exp(—.26))? 72/3]

which agree very closely to the estimates obtained from the stratified analysis. Figure 1 (on
page 16) graphically depicts the between- and within-subjects variance estimates from model
ITlc. Note that the former are in terms of the standard normal distribution, whereas the latter are
standard logistic. The figure clearly shows the reduced variation for the highest smoking level
group, both in terms of the between- and within-subjects variance. Thus, as smoking level is
increased the change in physiological sensation data within subjects are less correlated and less
spread out.

5. Discussion

We have presented an ordinal mixed model that allows for explanatory variables to have
varying effects on the cumulative logits, explanatory variables to have scaling effects, and a
variety of forms for the random effects. The latter two features allow examination of the degree
to which both the between- and within-cluster variance vary across levels of the explanatory
variables. In this example we have expressed these variances in terms of a subject grouping
variable, the smoking history of the subject, to address an interesting question in smoking re-
search. Namely, we have been able to show that for changes in physiological sensations both
the between- and within-subject variances diminish as the level of smoking history increases.
This supports the notion of habituation to the physiological effects of cigarette smoking.

The example highlighted the utility of including scaling terms relative to threshold interac-
tions in the model. The former can be parsimonious since only one parameter per covariate is
added to the model. Alternatively, adding threshold interaction terms requires C — 1 parameters
per covariate. Since both approaches generalize the proportional odds assumption in different
ways, substantive interpretation is also important in deciding which of these approaches to uti-
lize if proportional odds is rejected. For example, in Hedeker and Mermelstein [27], where the
ordinal weekly smoking outcome of 0 / 1-5 days / 6-7 days abstinence was longitudinally mod-
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eled, threshold interactions were helpful in examining whether covariates had the same effects
on partial abstinence (logit 1: 0 vs 1-7 days abstinent) and nearly-full abstinence (logit 2: 0-5
versus 6-7 days abstinent). Instead of just analyzing one of these two definitions of abstinence,
as is often done in smoking research, the ordinal model with threshold interactions allows co-
variate effects to be estimated for both, and to test the degree to which these covariate effects
are the same across these alternate definitions of abstinence.

Change in Physical Mood
Between—Subjects Variance

0.6
""""" < 6 cigs |
05 -=-=-- 6-99 cigs
—— 100+ cigs
0.4+
03 1
021
0.1 (
00 """ . _ = 1 1 1 L d ~._. """"""
-4 -3 -2 -1 0 1 2 3 4
Change in Physical Mood
within—-Subjects Variance
0.6 T . r . r - —
o5t | <6 cigs
---' 6-99 cigs
—— 100+ cigs
04}
03f
«".’. N“‘
02r . ‘\,,\‘.\
4(4 "\‘\.\
oAt s Tl
0‘0 C= S L — — —l — — . i)
-4 -3 -2 -1 0 1 2 3 4

Figure 1 Model IlIc: between- and within- subjects variance estimates

The example presented clearly illustrates the usefulness of the random-effects approach
for within-subjects ordinal outcome data. Additionally, this model can be used for clustered
data, where subjects are observed nested within some higher-level units (e.g., schools, clinics,
etc.). A further extension of the model is underway to allow for such three-level data in order to
accommodate clustered data where the clustered subjects are also repeatedly measured across
time. For this, the three-level model for dichotomous data described by Gibbons and Hedeker
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[16] can be generalized along the lines presented in this article.
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