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Abstract

This article describes and illustrates use of random-e®ects regression models

(RRM) to examine the natural history of smoking from adolescence to adulthood.

For longitudinal data analysis, RRM are useful because they allow for the presence

of missing data, time-varying or invariant covariates, and subjects measured at

di®erent timepoints. Thus, a key advantage of RRM is that it can accomodate

\unbalanced" longitudinal data, where a sample of subjects are not all measured

at each and every timepoint. Also, variants of RRM have been developed to model

dichotomous and ordinal outcomes, which are common in substance use research.

A pattern-mixture approach (Little, 1995) can also be accommodated within RRM

to further handle and describe the in°uence of missing data in longitudinal studies.

For this approach, subjects are ¯rst divided into groups depending on their missing-

data pattern, and then variables based on these groups are used as model covariates.

Researchers are then able to examine the e®ect of missing-data patterns on the

outcome(s) of interest. In this article we will illustrate these methods using an

example from a study examining smoking status from early adolescence to young

adulthood.
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Introduction

Longitudinal studies play a prominent role in investigations of substance use. In

these studies the same individuals are repeatedly measured on a number of variables

over a series of timepoints. For example, individuals may be assessed in terms of

their substance use across repeated weeks, months, or years. The aim of these

studies is often to examine whether individuals change in their substance use across

time, and whether other variables can produce a change in an individual's substance

use across time (e.g., treatment group). While data from longitudinal substance use

studies are potentially very useful, investigators do not always make the best use

of these data in their statistical analysis. One reason for this is that missing data

invariably occur in longitudinal studies, and investigators may not know how to

analyze such incomplete data. For this reason, individuals with incomplete data

across time are sometimes removed from the analysis. This complete-data approach

can provide biased results to the degree that individuals with complete data are

not representative of the total population that was sampled for the study. Clearly,

in substance use research individuals with incomplete data may be very di®erent

from those with complete data across time. Also, even if complete-data individuals

are representative of the larger population, there is a loss in statistical power for

hypothesis testing if the total dataset is not used in the analysis.

One approach for analysis of incomplete longitudinal data is random-e®ects re-

gression models (RRM). For RRM, individuals contribute as many repeated obser-

vations to the analysis that they have data on. Furthermore, because time can be

treated as a continuous variable in RRM, individuals do not have to be measured

at the same timepoints. This is a useful feature for longitudinal studies which have

follow-up times that are not uniform across all subjects. Covariates can be included

in the model and can be either time-varying or invariant. Thus, changes in the re-

peated outcomes may be due to both stable characteristics of the subject (e.g., their

gender or race) as well as characteristics that change across time (e.g., life-events).

Finally, although most traditional approaches to longitudinal data analysis estimate
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average change (across time) in a population, RRM can also estimate change for

each subject when there is su±cient data.

Variants of RRM have been developed under a variety of names including:

random-e®ects models (Laird & Ware, 1982), variance component models (Demp-

ster, Rubin, & Tsutakawa, 1981); hierarchical linear models (Bryk & Raudenbush,

1987), multilevel models (Goldstein, 1995), two-stage models (Bock, 1989), random

coe±cient models (DeLeeuw & Kreft, 1986), mixed models (Longford, 1987), empir-

ical Bayes models (Strenio, Weisberg, & Bryk, 1983), unbalanced repeated-measures

models (Jennrich & Schlucter, 1986), and random regression models (Bock, 1983a

and 1983b). Generalizations of RRM have also been developed for the case of di-

chotomous response data (Stiratelli, Laird, & Ware, 1984; Gibbons & Bock, 1987;

Goldstein, 1991) and ordinal response data (Jansen, 1990; Ezzet & Whitehead, 1991;

Hedeker & Gibbons, 1994), thus allowing a general framework for analysis of both

continuous and categorical outcome variables. Recent articles that describe RRM

usage for longitudinal substance use and/or mental health data include Gibbons et

al., (1993) and Hedeker and Mermelstein (1996). Several book-length texts (Bryk

& Raudenbush, 1992; Diggle, Liang, & Zeger, 1994; Goldstein, 1995; Jones, 1993;

Longford, 1993) further describe use of RRM.

For longitudinal studies with missing data across time, a further development

that can be implemented in RRM is the \pattern-mixture" approach for incomplete

longitudinal data described by Little (1993, 1994, 1995). In this approach, subjects

are divided into groups based on their missing-data pattern across time. These

groups can then be used, for example, to examine the e®ect of the missing-data

pattern on the outcome(s) of interest. Also, interactions of these groups with other

important model terms (i.e., group and group by time interaction) can be included

to examine whether changes across time, for example, depend on a subject's missing-

data pattern. Overall estimates can be obtained by averaging over the missing-data

patterns. Hedeker and Gibbons (1997) illustrate use of this approach applied to

psychiatric clinical trials data.
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In this paper we will ¯rst describe use of RRM applied to substance use data and

then indicate how the pattern-mixture approach can be implemented. In addition

to illustrating how the missing-data patterns are used as grouping variables in the

analysis, we will also describe how overall estimates are obtained by averaging over

patterns (\mixing" the patterns). Our aim is to illustrate an approach for analysis

of incomplete longitudinal data that is both practical and informative. While we

will apply the pattern-mixture approach within RRM, it can also be used with

other longitudinal models that allow for incomplete data across time (e.g., structural

equation models or GEE-based models). For use within structural equation models,

interested readers should consult Muth¶en, Kaplan, and Hollis (1987) or McArdle

and Hamagami (1992).

Random-e®ects Regression Models (RRM)

To introduce RRM, consider a simple linear regression model for the measure-

ment y of individual i (i = 1; 2; : : : ;N subjects) on occasion j (j = 1; 2; : : : ; ni

occasions):

yij = ¯0 + ¯1tij + "ij (1)

This model represents the regression of the outcome variable y on the independent

variable time (denoted t). The subscripts indicate whose observation it is (subscript

i) and the relative timing of the observation (the subscript j). The actual timing

is represented by the independent variable t which may represent time in weeks,

months, etc. Both y and t carry the i and j subscripts, and so they are allowed to

vary both by individuals and occasions. In a linear regression model, like (1), the

errors "ij are assumed to be normally and independently distributed in the popu-

lation with zero mean and common variance ¾2. This assumption of independence

is generally unreasonable for longitudinal data. Since outcomes y are observed re-

peatedly from the same individuals, it is unlikely that the model errors of a given

individual will be independent. It is much more likely to assume that errors within
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an individual are correlated. In RRM, individual-speci¯c e®ects are added to the

model to account for this data dependency, as in

yij = ¯0 + ¯1tij + À0i + "ij ; (2)

where the additional term À0i indicates the in°uence of individual i on his/her

repeated observations. Speci¯cally, ¯0 is the overall population intercept, À0i is

the intercept deviation for subject i, and ¯1 is the overall population slope. Thus,

individuals deviate from the regression of y on t in a parallel manner in this model.

Since individuals in a sample are usually thought to be representative of a larger

population of individuals, the individual-speci¯c e®ects À0i are treated as random

e®ects. This population distribution is usually assumed to be a normal distribution

with mean 0 and variance ¾2
À. With the random e®ects À0i in model (2), the errors

"ij are now assumed to be normally and conditionally independently distributed in

the population with zero mean and common variance ¾2. That is, the errors are

independent conditional on the random individual-speci¯c e®ects À0i. Since the

errors now have an in°uence due to individuals removed from them, this conditional

independence assumption is much more reasonable than the ordinary independence

assumption associated with (1).

In model (2), individuals deviate from the regression of y on t in a parallel

manner. A slightly more sophisticated model allows both the intercept and trend

due to time to vary by individuals:

yij = ¯0 + ¯1tij + À0i + À1itij + "ij (3)

where, ¯0 is the overall population intercept, ¯1 is the overall population slope, À0i

is the intercept deviation for subject i, À1i is the slope deviation for subject i, and

"ij is an independent error term distributed normally with mean 0 and variance

¾2. The errors are independent conditional on both À0i and À1i. With two random

individual-speci¯c e®ects, the population distribution of intercept and slope devia-

tions is assumed to be a bivariate normal N (0;§À), where §À is a 2£2 variance-

covariance matrix. This model can be thought of as a personal trend or change
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model because it represents the measurements of y as a function of time, both at

the individual (À0i and À1i) and population (¯0 and ¯1) levels. The intercept pa-

rameters indicate the starting point, and the slope parameters indicate the degree of

change over timepoints. The population intercept and slope parameters represent

the trend for the population, whereas the individual parameters express how the

individual deviates from the population trend.

In this model, occasions range from j = 1 to ni, with each person measured at

ni timepoints. Since n carries the subject subscript i, this indicates an important

feature of the model, namely, that each subject may vary in terms of the number

of measured occasions. The underlying assumption of the model is that the data

that are available for a given individual are representative of how that individual

deviates from the population trend across the timeframe of the study. Later, more

detail will be given about the assumption of the model with regard to missingness.

If an individual deviates from the population trend in only a random manner, the

individual parameters (i.e., the intercept À0i and slope À1i) will be approximately

equal to zero for that person. In this case, that persons' trend across time is well

represented by the population trend parameters: the intercept ¯0 and slope ¯1. More

likely, though, is that each individual will deviate in a personal (i.e., systematic)

manner from the population trend, and so the individual parameters are necessary

in the model to characterize these personal trends. The variability in the individual

parameters is assessed by the intercept variance ¾2
À0

, slope variance ¾2
À1

, and the

covariance of the intercept and the slope ¾À0À1. If each individual's deviation from

the population trend is only due to random error, then the individual intercepts

À0i and slopes À1i equal 0 for all subjects, and these variance terms will also equal

zero. Alternatively, as each individual's deviation from the population trend is non-

random (i.e., À0i and/or À1i are non-zero) these variance terms increase from zero.

Often a researcher is interested in assessing the in°uence of covariates, such as

treatment group, on the responses across time. For this, covariates that either do

not change over time (time invariant) or that vary across measured occasions (time
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varying) can be added to the model:

yij = ¯0 + ¯1tij + ¯2xi + ¯3xij + À0i + À1itij + "ij : (4)

Here, ¯2 is the coe±cient for the time invariant covariate xi, and ¯3 is the coe±-

cient for the time varying covariate xij. Interactions between the covariates can be

included in the same way as interactions are included into an ordinary multiple re-

gression model. For example, xi might represent the treatment group that a subject

is assigned to (for the course of the study), and xij might be the treatment by time

interaction that is obtained as the product of xi by tij.

RRM for Longitudinal Categorical Data

Generalizations of RRM for categorical outcomes have typically used either a

probit or logistic regression model for the categorical outcomes, and various methods

for incorporating and estimating the in°uence of the random e®ects. A recent review

article (Pendergast et al., 1996) presents and describes many of these approaches. In

general, parameter estimation is computationally more intensive for these models

than for models of continuous outcome data, and so, often only a single random

subject e®ect is assumed. In this article we will describe RRM for categorical data

with a single random e®ect; for examples with multiple random e®ects see Hedeker

and Gibbons (1994) or Gibbons and Hedeker (1994).

For dichotomous outcomes, denoted Yij (with values, say, of 0 or 1), a logistic

regression model can be used to relate the log odds of the outcome in terms of

explanatory variables:

log

"
P (Yij = 1 j xij)

1¡ P (Yij = 1 j xij)

#
= ¯0 + ¯1tij + ¯2xi + ¯3xij ; (5)

where, throughout the article, xij will denote the vector of covariates (e.g., tij ; xi; xij).

The numerator is the probability of a 1 response, and the denominator 1¡P (Yij = 1)

equals the probability of a 0 response. The ratio of these probabilities is the odds

of a 1 response, and the log of this ratio is the log odds of a 1 response (sometimes

called the logit of P ). Notice that the log odds is equal to 0 when the probability
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of a 1 response equals .5 (i.e., equal odds of a response in category 0 and category

1), is negative when the probability is less than .5 (i.e., odds favoring a response

in category 0), and is positive when the probability is greater than .5 (i.e., odds

favoring a response in category 1).

Again, because longitudinal data are not independent, use of this ordinary lo-

gistic regression model would be inappropriate. As in the linear regression case, we

can augment the logistic regression model with random subject-e®ects to account

for the data dependency, namely,

log

"
P (Yij = 1 j xij; Ài)

1¡ P (Yij = 1 j xij; Ài)

#
= ¯0 + ¯1tij + ¯2xi + ¯3xij + Ài : (6)

The individual-varying e®ect Ài represents an individual's in°uence on the log odds

of a response for that individual. As in the model for continuous outcomes, these

subject-varying e®ects are assumed to be normally distributed in the population of

subjects with mean 0 and variance ¾2
À. The subject e®ects Ài re°ect the in°uence that

subject i has on his/her repeated observations. To the degree that subjects exert

little in°uence on their responses, over and above the in°uence of the other model

terms, values of Ài, and correspondingly ¾2
À , will not deviate from zero. However,

as subjects exert in°uence on their repeated observations, values of Ài will deviate

from zero, resulting in a population variance ¾2
À that is greater than zero.

Pattern-mixture models

When missing data are observed across time, Laird (1988) has shown that RRM

provide valid statistical tests if the missing data are ignorable. By ignorable, it is

meant that the missingness can depend on observed covariates and previous values

of the dependent variable from the subjects with missing data. Thus, if missingness

is related to previous performance, in addition to other observable subject charac-

teristics (i.e., covariates), then RRM provides valid statistical tests for the model

parameters. However, by itself, RRM does not provide valid tests if the missing data

are nonignorable. Nonignorable missing data result when the missingness depends
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on the value of the dependent variable that would have been observed if the obser-

vation was not missing. For example, in smoking research, missing smoking status

observations are often recoded to smoking under the belief that the observation is

missing because the individual is smoking (i.e., the missingness is nonignorable).

Besides recoding missing to smoking, and therefore assuming that missingness is al-

ways indicative of smoking, more statistical methods for dealing with nonignorable

missingness are becoming available. Little and Schenker (1995) describe a variety

of techniques for dealing with nonignorable missingness; here, we will describe one

of these techniques: the pattern-mixture approach.

In a series of articles, Little (1993, 1994, 1995) has described \pattern-mixture

models" for analysis of missing data, and has provided a general statistical treatment

of these models. Using a longitudinal psychiatric dataset, Hedeker and Gibbons

(1997) describe and illustrate use of pattern-mixture RRM for continuous outcomes.

Here, we will describe use of a pattern-mixture RRM for dichotomous substance use

outcomes. As will be illustrated, the pattern-mixture approach is appealing because

it provides useful results and is relatively easy to implement.

To apply the pattern-mixture approach, subjects are classi¯ed into groups based

on their missing-data pattern across time. For example, if subjects are measured at

three timepoints, then eight (23) missing-data patterns are possible. One of these

patterns (missing at all three timepoints), however, provides no data on the outcome

variable, and although this pattern can be included in the general pattern-mixture

approach by making various missing-data assumptions (see Little, 1993), in what

follows we will exclude it. To include the missing-data pattern information in a

statistical model like RRM, the remaining seven patterns can be represented by six

dummy-coded variables, for example the codings D1 to D6 given in Table 1.

Insert Table 1 about here

These six dummy-codes represent deviations from the complete-data pattern (OOO);

D1 compares pattern MOO to completers, D2 compares pattern OMO to completers,
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etc. Depending on substantive considerations, alternative coding schemes that pro-

vide other comparisons among the seven pattern groups can be used (see Darlington,

1990, pp. 232-241; or Cohen and Cohen, 1983, chapter 5). These variables are then

entered into the model as main e®ects and as interactions with other model vari-

ables. Thus, the pattern-mixture approach allows one to examine: (a) the degree to

which the outcome variable di®ers across missing-data patterns (i.e., a main e®ect

of the missing-data pattern dummy-coded variables), and (b) the degree to which

the missing-data pattern moderates the in°uence of other model terms (i.e., interac-

tions with missing-data pattern). From the full model, submodels can be obtained

for each of the missing-data pattern groups, and overall averaged estimates (i.e.,

averaging over the missing-data patterns) derived for the model parameters.

In some cases, it may not be feasible, theoretically interesting, or interpretable to

model di®erences between all potential missing-data pattern groups. Also, some of

the patterns, either by design or by chance, may not be realized in the sample. For

example, in some studies once a subject is missing at a given wave they are missing at

all later waves. In this case, with three waves, three monotone missing-data patterns

(OMM, OOM, and OOO) would result. Then, two dummy-coded variables M1 and

M2 given in Table 1 could be used to represent di®erences between each of the two

dropout groups and the group of subjects observed at all timepoints. An investigator

might want to combine some missing-data patterns to increase interpretability. For

example, groups might be formed based on the last available measurement wave.

Table 1 lists dummy-codes L1 and L2 for this purpose: L1 contrasts individuals who

were not measured after the ¯rst timepoint with those who were measured at the last

timepoint, and L2 contrasts those subjects not measured after the second timepoint

with those who were measured at the last timepoint. Other recodings that may be

used include a simple grouping of complete data vs. incomplete data, as given by

contrast I1 in Table 1, or missing at the ¯nal timepoint vs. available at the ¯nal

timepoint, as given by contrast F1 in Table 1. From an analytic perspective, missing-

data pattern is simply an additional between-subjects factor. In determining which
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set of contrasts to use, similar considerations arise as when dealing with the coding

of other between-subjects factors (e.g., race or marital status). Thus, substantive

considerations and data sparseness are important factors in determining how many

missing-data patterns to consider and which set of contrasts to use.

Example

We ¯rst illustrate RRM applied to longitudinal substance use data, and then aug-

ment the model to accommodate the pattern-mixture approach. The data for this

example are taken from an ongoing cohort-sequential study of the natural history

of cigarette smoking from adolescence to adulthood (Chassin et al., 1984; Chassin

et al., 1990, Chassin et al., 1996). The current example expands upon the results

reported by Chassin et al., (1996), which investigated the natural history of cigarette

smoking from adolescence to adulthood in a community sample.

The following description is taken from Chassin et al., (1996). Between 1980

and 1983, all consenting 6-12th graders in a midwestern county school system com-

pleted up to four annual, classroom administered surveys (a total sample of 8556

students were assessed at least once. Follow-up surveys were conducted in 1987

(young adulthood) and 1993 (adulthood) with retention rates of 73% of the original

adolescent sample at each follow-up. For this study, we used the ¯ve oldest cohorts

to ensure that sample participants had graduated high school by 1987, and thus

could be considered young adults (n=3897). At all three time points, participants

were de¯ned as current regular smokers if they reported smoking weekly or more

often. For the measure of adolescent smoking status, we used reports of 11th or 12th

grade smoking status so that this measurement could best represent participants'

\¯nal" adolescent smoking status. A very small number of infrequent smokers (less

often than weekly) were eliminated from the analyses. Participants were primarily

Caucasian (96%) and gender was split evenly. In 1993, 72% reported having had

some post high school education. The mean age at the adolescent, young adult, and

adult time points were 17, 23, and 29 years, respectively; Table 2 lists the frequency
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distribution of age for each of the three timepoints.1

Insert Table 2 about here

For data analysis, Chassin et al., (1996) used RRM to identify age-related trajec-

tories in smoking across time (i.e., adolescence, young adulthood, and adulthood).

The outcome of interest was a dichotomous variable measuring regular (at least

weekly) smoking at the three timepoints. The observed prevalences of smoking

were .20 (adolescence), .27 (young adulthood), and .26 (adulthood). RRM results

indicated that smoking increased signi¯cantly between adolescence and young adult-

hood, but remained stable from young adulthood to adulthood (i.e., a nonsigni¯cant

decrease between these 2 timepoints). The Chassin et al., (1996) study included par-

ticipants with missing data in the RRM analyses (i.e., individuals with smoking data

on at least one of the three time points were included), but did not speci¯cally ex-

plore the in°uence of di®erent patterns of missingness. The current example extends

the previous analyses by using a pattern-mixture approach to explore the e®ects of

patterns of missing data on smoking trajectories from adolescent to adulthood.

In this example, time is a categorical variable that takes on three values (ado-

lescence, young adult, and adult). Subjects may have di®erent numbers of obser-

vations, but the measurement timepoints are the same for all subjects. With three

timepoints, there are two degrees of freedom available to represent changes across

time in our model. Thus in performing the analysis one must consider how to rep-

resent change attributable to time in the model. One choice would be to perform

a trend analysis and use polynomials to examine whether there are linear and/or

quadratic trends in smoking across time. Alternatively, one of the timepoints could

be designated as the reference time period (e.g., adolescence) and tests for di®er-

ences between this time period and each of the other two time periods (i.e., young

adult and adult) could be performed. Since the levels of time are ordinal, Helmert

1 c°(1996) by the American Psychological Association. Adapted with permission.
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contrasts provide a useful choice (Bock, 1975). Here, with three levels, the ¯rst

Helmert contrast compares adolescence (timepoint 1) to the average of young adult

and adult time periods (average of timepoints 2 and 3). The second Helmert con-

trast compares the young adult (timepoint 2) to the adult (timepoint 3) time period.

Thus, in simple terms, the ¯rst contrast is between adolescence and adulthood, and

the second is a comparison within adulthood. Another, somewhat similar, choice

would be to use sequential contrasts and compare (a) adolescence to young adult

and (b) young adult to adult. In general, the choice of contrasts should be speci¯ed

prior to the analysis and should be determined by the research question(s) of inter-

est. As noted in Chassin et al., (1996), speci¯c questions of interest in this study

were (1) whether there was an increase in smoking following adolescence, and (2)

whether smoking began to decline between young adulthood and later adulthood.

These two questions are directly examined by the two successive Helmert contrasts.

In order to examine the possibility of a cohort e®ect in these data, we created

a variable indicating age in 1993. Individuals were separated into two age cohort

groups: those 28 or younger in 1993 versus those older than 28 in 1993. Of the 3613

individuals, 1250 (34.6%) were 28 or younger, and 2363 (65.4%) were older than 28.

Table 3 lists the missing-data patterns for these two cohorts.

Insert Table 3 about here

As can be seen from Table 3, there is an approximate linear relationship be-

tween the amount of missing data and proportion smoking. Clearly, subjects with

complete data at all timepoints have the lowest proportion of smoking. Also, there

appears to be more missing data for the younger cohort. Classifying missing-data

patterns as either completion (i.e., pattern OOO) or non-completion (i.e., all other

patterns) gives completion rates of 48% (596 of 1250) and 55% (1303 of 2363) for the

younger and older cohorts, respectively. This di®erence in data completion di®ers

signi¯cantly between the two cohorts (Â2 = 18:3, d.f. = 1, p < :001), indicating
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that missingness was more pronounced for the younger cohort.2

Though the association of missingness and cohort is interesting, a more vital

question is whether missingness is related to the outcome variable, smoking status.

To the degree that missingness and smoking are related, it will be important to

control for missingness when assessing the cohort e®ect on smoking. It will also

be important to examine potential interactive e®ects of missingness (with time and

cohort-related in°uences) on smoking status. For example, the interaction of miss-

ingness and cohort will indicate whether the cohort e®ect on smoking di®ers between

missing data patterns.

Separate Analysis of Completers and All Available Cases

Let us ¯rst consider a model for changes in smoking status across time as a

function of cohort and the Helmert time-related contrasts:

log

"
P (Yij = 1 j xij; Ài)

1¡ P (Yij = 1 j xij; Ài)

#
= ¯0 + ¯1T1j + ¯2T2j + ¯3Ci

+¯4(Ci£T1j) + ¯5(Ci£T2j) + Ài : (7)

Since Y = 1 designates smoking and Y = 0 designates abstinence, this is a model for

the log-odds of smoking. The explanatory variables and their codings are as follows:

T1 represents the Helmert contrast comparing adolescent versus the average of the

young adult and adult timepoints (coded as -1, .5, .5, for the three timepoints,

respectively), T2 represents the second Helmert contrast comparing young adult

versus adult timepoints (coded as 0, -1, 1, for the three timepoints, respectively),

2Participants in the younger cohort were less likely to have been in 11th or 12th grade during

adolescent data collection. Speci¯cally, 61.8% and 84.5% were in either 11th or 12th grade during

adolescent data collection for the young and old cohorts, respectively, the remaining 38.2% and

15.4% were measured somewhere between grades 7 to 10 for this assessment. Consequently, ado-

lescent smoking status was ambiguous for those participants measured in grades 7 to 10, because

we could not be sure that they did or did not take up smoking before leaving high school. These

participants were coded as missing on the measure of adolescent smoking status, resulting in greater

missingness among younger cohort participants.



16

and C represents Cohort (0 for · 28 and 1 for > 28). Due to the coding of cohort,

¯1 and ¯2 represent the time e®ects (i.e., T1 and T2) for the younger individuals,

and ¯1 + ¯4 and ¯2 + ¯5 represent the time e®ects for the older individuals. Thus,

¯4 and ¯5 represent di®erences in the two time e®ects between age cohort groups.

Speci¯cally, if there is no di®erence in smoking between cohorts when comparing

the adolescent versus the two adult timepoints, ¯4 will equal 0. Similarly, if the

di®erence in smoking between the two adult timepoints is the same for the two

cohorts, then ¯5 will equal 0.

This logistic random-e®ects regression model was ¯rst ¯t including only com-

pleters (i.e., only the 1899 subjects with data at all timepoints) and then re-

estimated using all 3613 subjects. Parameter estimates are presented in the ¯rst

two sets of columns in Table 4.

Insert Table 4 about here

Conclusions based on these two analyses agree in terms of indicating that there is

a signi¯cant increase in smoking between adolescence and the two later timepoints

(p < :001 for both analyses). Calculating odds ratios (OR) based on the all-subjects

analysis, subjects are 2.08 (= exp[1:5£ :489]) and 1.59 (= exp[1:5£ (:489¡ :181)])

times as likely to be smoking at the adult timepoints, relative to adolescence, for the

young and old cohorts, respectively.3 The multiplication factor of 1.5 is necessary to

account for the Helmert contrast coding that di®ered by 1.5 units between adolescent

(-1) and adult timepoints (both .5).

In terms of the comparison between young adult and adult timepoints (i.e., T2),

the completer analysis, but not the all-subjects analysis, indicates a signi¯cant de-

cline in smoking between these two timepoints for the young cohort (p < :036); the

odds of smoking is 1.64 times as likely at the young adult, relative to adult timepoint

(OR for adult relative to young adult smoking = exp[2 £ (¡:247)] = :61; OR for

3All odds ratios reported in this article are subject-speci¯c odds ratios, that is, they are adjusted

for the level of the random subject e®ect (see appendix).
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young adult relative to adult smoking = 1=:61 = 1:64). A few marginally signi¯cant

results are also obtained and di®er somewhat between the two analyses. The com-

pleter analysis suggests that the increase in smoking between adolescence and adult

timepoints (i.e., the T1 contrast) is not as great for the old cohort (p < :074; OR

= exp[1:5£ (¡:245)] = :69), whereas the analysis using all data instead suggests an

overall decrease in smoking for the old cohort (p < :078; OR = exp[¡:304] = :74).

The p-values in the table correspond to the so-called \Wald test" (Wald, 1943),

based on the ratio of the parameter estimate to its standard error. These test statis-

tics (i.e., z = ratio of the parameter estimate to its standard error) are compared

to a standard normal frequency table to test the null hypothesis that a given pa-

rameter equals 0. These z-statistics can also be squared, in which case the resulting

test statistic is distributed as chi-square on 1 degree of freedom. In either case,

the p-values are identical. There are some concerns in using the standard errors in

constructing a hypothesis test for the random-e®ect variance term (i.e., the subject

standard deviation ¾À), particularly when the variance is near-zero and the number

of subjects is small (Bryk & Raudenbush, 1992). As a result, we do not provide

p-values for the subject standard deviations listed in Table 4.

Figures 1 and 2, plot the observed and estimated group proportions across the

three timepoints corresponding to these two analyses. Later we will describe how

these estimated group proportions were obtained. For now, we note that, as the

¯gures illustrate, the models ¯t the observed data reasonably well.

Insert Figures 1 and 2 about here

A Comparison of Completers versus Incompleters

As stated earlier, we are also interested in examining whether missingness is re-

lated to smoking, and whether missingness moderates the e®ect of cohort on smok-

ing. For this, we will de¯ne a variable Miss with two values: 0 if the person was

measured at all timepoints (completers), and 1 if the person was not measured at

all timepoints (incompleters). Dividing subjects into these two groups is a simple
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characterization of the missing-data patterns, however it provides a direct way of

assessing whether subjects who were assessed at all timepoints di®er from those who

were not. Notice that based on the data presented in Table 3, there does seem to

be a lower level of smoking for completers relative to incompleters. For these data,

this dichotomization of the missing-data patterns appears reasonable, although a

more sophisticated analysis could be used to further distinguish the incompleter

missing-data patterns.

Figure 3 depicts the observed proportions across time for incompleters.

Insert Figure 3 about here

Notice that the sample size used to determine these observed proportions varies

across timepoints. Contrasting Figure 3 to Figure 1 (the ¯gure for completers)

clearly illustrates a higher level of smoking for incompleters relative to completers.

Regarding cohort, Figures 1 and 3 di®er in their interpretation. For completers,

Figure 1 suggests a higher smoking level at the two adult timepoints for the younger

cohort (relative to the older cohort), whereas, for incompleters, Figure 3 suggests

the opposite.

To more formally examine the e®ect of missing-data pattern on smoking, we

augment the model given by equation (7) in the following way:

log

"
P (Yij = 1 j xij; Ài)

1¡ P (Yij = 1 j xij; Ài)

#
= ¯0 + ¯1T1j + ¯2T2j + ¯3Ci

+¯4(Ci£T1j) + ¯5(Ci£T2j)

+¯6Missi + ¯7(Missi£T1j) + ¯8(Missi£T2j)

+¯9(Missi£Ci) + ¯10(Missi£Ci£T1j)

+¯11(Missi£Ci£T2j) + Ài (8)

Because of the interactions with time in the model and the use of the (centered)

Helmert contrasts for time, ¯3 and ¯6 represent main e®ects (i.e., averaged across
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time) of Cohort and Miss, respectively, and ¯9 is the averaged two-way interaction of

these two variables. With the coding of Cohort and Miss as described, the regression

coe±cients ¯1 and ¯2 represent the time e®ects for younger completers (both Cohort

and Miss equal 0). Parameters ¯4 and ¯5 compare the time-related e®ects between

old and young completers, whereas ¯7 and ¯8 compare the time-related e®ects be-

tween young completers and young incompleters. Finally, ¯10 and ¯11 represent the

interaction of Cohort by Miss on the time-related e®ects. The results of this analysis

are listed in the last set of columns in Table 4 (i.e., labeled \pattern-mixture").

The likelihood ratio test for the joint signi¯cance of the Miss-related model terms

(¯6 through ¯11) yields Â2 = 7771:9¡7648:2 = 123:7, which on 6 degrees of freedom

is highly signi¯cant (p < :001). This test con¯rms that missingness and interactions

with missingness are signi¯cantly related to smoking, over and above the in°uences

of Cohort, Time, and Cohort by Time. In terms of the signi¯cance of the individual

regression coe±cients, from Table 4 we see that subjects with incomplete data have a

signi¯cantly higher smoking level than completers (p < :001). Expressed as an odds

ratio, an incomplete-data subject is more than ¯ve times as likely as a completer to

be smoking (OR = exp[1:633] = 5:12). Also, a signi¯cant 3-way interaction term is

observed for Miss by Cohort by T1 (p < :013). Comparing Figures 1 and 3 help to

explain this interaction. Basically, the adult versus adolescence increase in smoking

(averaging the young adult and adult timepoints) operates in an opposite manner

for completers and incompleters: for completers it is more pronounced for younger

subjects, whereas for incompleters it is more pronounced for older subjects. There

is also a marginally signi¯cant Miss by T2 interaction (p < :080) suggesting that the

signi¯cant drop in smoking from young adult to adult timepoints that is observed

in young completers (p < :038) does not occur for young incompleters.

Notice that the results for ¯0 through ¯5 are almost exactly the same for the

pattern-mixture analysis and the analysis done only on completers. Because of

our coding of Miss (0 = no and 1= yes), these parameters have exactly the same

meaning in these two models. Namely, the intercept, Cohort, Time, and Cohort by
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Time parameters for completers. The estimates are not exactly the same because

the model variance terms di®er. In Model 1, ¾À represents the subject standard

deviation for completers only, whereas in Model 3 this same parameter represents

subject variation for completers and incompleters. This coding of Miss also allows

us to address an important substantive point: does the inclusion of subjects with

incomplete data matter? If their inclusion does not make any di®erence, then from

a statistical perspective, ¯6 = ¯7 = ¯8 = ¯9 = ¯10 = ¯11 = 0. As mentioned above,

the likelihood-ratio test of this null hypothesis was easily rejected. Since statistical

signi¯cance is in°uenced by sample size, it is also important to consider the practical

signi¯cance of separating complete and incomplete data subjects. In this regard,

comparison of Figures 1 and 3 strongly conveys the importance of distinguishing

between those with complete and incomplete data.

Thus, missingness does matter for these data and our analysis has uncovered

two interesting and statistically signi¯cant results. First and foremost, there is a

large signi¯cant increase in smoking that is observed for subjects with incomplete

data, relative to complete data subjects. Second, the cohort di®erence across time

varies depending on missingness. Our ¯rst result supports the often-reported ¯nding

of increased baseline use of tobacco, alcohol, and other drugs for study dropouts

compared to completers in adolescent substance use studies (Tebes, Snow, & Arthur,

1992). Our second result is more di±cult to interpret, however, it does indicate that

the cohort by time interaction is not robust across missing data patterns.

Estimating trend lines

Results from the analyses, which are based on modeling the log-odds of smoking,

can be used to obtain estimated probabilities of smoking for various subgroups. In

particular, we can use the model estimates to derive the estimated trend lines for

the four subgroups that are depicted in Figures 1 and 3. To do this, some additional

calculations using the parameter estimates presented in Table 4 are necessary. First,

note that equation (8) can be algebraically re-expressed to provide the probability of

smoking in terms of the model parameters (e.g., see Kleinbaum, 1994, pages 17-18):
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P (Yij = 1 j xij; Ài) =
1

1 + exp(¡zij)
(9)

where

zij = x0ij¯+ Ài (10)

= ¯0 + ¯1T1j + ¯2T2j + ¯3Ci + ¯4(Ci£T1j) + ¯5(Ci£T2j)

+¯6Missi + ¯7(Missi£T1j) + ¯8(Missi£T2j)

+¯9(Missi£Ci) + ¯10(Missi£Ci£T1j)

+¯11(Missi£Ci£T2j) + Ài :

Using the parameter estimates and equation (9) we can derive estimated probabili-

ties for the four subgroups (based on the codings of C, Miss, T1, and T2). For this,

estimated values of zij for the four subgroups are obtained as:

Young Completers (C = 0 and Miss = 0)

ẑij = ^̄
0 + ^̄

1T1j + ^̄
2T2j + Ài

= ¡3:343 + :513T1j ¡ :243T2j + Ài

Old Completers (C = 1 and Miss = 0)

ẑij = ( ^̄
0 + ^̄

3) + ( ^̄
1 + ^̄

4)T1j + ( ^̄
2 + ^̄

5)T2j + Ài

= (¡3:343¡ :222) + (:513¡ :242)T1j + (¡:243 + :169)T2j + Ài

= ¡3:565 + :271T1j ¡ :074T2j + Ài

Young Incompleters (C = 0 and Miss = 1)

ẑij = ( ^̄
0 + ^̄

6) + ( ^̄
1 + ^̄

7)T1j + ( ^̄
2 + ^̄

8)T2j + Ài

= (¡3:343 + 1:633) + (:513¡ :355)T1j + (¡:243 + :286)T2j + Ài

= ¡1:710 + :158T1j + :043T2j + Ài

Old Incompleters (C = 1 and Miss = 1)
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ẑij = ( ^̄
0 + ^̄

3 + ^̄
6 + ^̄

9) + ( ^̄
1 + ^̄

4 + ^̄
7 + ^̄

10)T1j

+ ( ^̄
2 + ^̄

5 + ^̄
8 + ^̄

11)T2j + Ài

= (¡3:343¡ :222 + 1:633 + :258) + (:513¡ :242¡ :355 + :685)T1j

+ (¡:243 + :169 + :286¡ :369)T2j + Ài

= ¡1:674 + :601T1j ¡ :157T2j + Ài

To apply these equations, we still need to indicate values for the Helmert time

contrasts T1 and T2, and also a value for the random subject e®ect Ài. For the

Helmert contrasts, T1 = ¡1; :5; :5 and T2 = 0;¡1; 1 for the three timepoints, re-

spectively. For the random subject e®ects, based on our analysis, these came from a

normal distribution with mean 0 and standard deviation estimated as 3.697. Thus,

we could use speci¯c values or sampled values from this normal distribution to yield

probabilities that are speci¯c to the particular subject e®ect Ài used. For this rea-

son, estimates from the random-e®ects model are sometimes termed subject-speci¯c

estimates (Neuhaus, Kalb°eisch, & Hauck, 1991; Bryk, Raudenbush, & Congdon,

1996). To reiterate, using equation (9) yields the subject-speci¯c, or conditional,

probability of the outcome for a speci¯c value of the random e®ect Ài. The observed

proportions, alternatively, are marginal estimates that indicate the estimated prob-

ability of the outcome for a group of subjects, not a speci¯c subject. For non-linear

models like the logistic model used here, marginal and subject-speci¯c estimates

are not on the same scale, and so cannot be directly compared. However, marginal

estimates can be obtained from the subject-speci¯c estimates, but additional cal-

culations are required (see Appendix). Essentially, the subject-speci¯c estimates

need to be averaged across the population of subjects to obtain marginal estimates.

The trend lines depicted in the ¯gures can then be obtained from these marginal

estimates.

Averaging across patterns

Thus far, the analysis has indicated that the Cohort and Time e®ects vary by
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missing-data pattern (i.e., whether a subject has complete data or not). Trying to

understand the reasons that e®ects vary by missing-data pattern is often of primary

importance. For example, in the pattern-mixture analysis in Hedeker and Gibbons

(1996) of schizophrenic patients' severity scores across time, the signi¯cant drug

by time by dropout interaction indicated that placebo dropouts experienced little

change in severity levels across time, whereas active drug dropouts experienced

dramatic improvement across time. In this case, the reasons for dropout might

have been that placebo subjects who did not improve were removed from the study

and given active drug treatment, whereas active drug patients who dropped out

left the study because of their dramatic improvement. In the present example, the

meaning of the signi¯cant Miss by Cohort by T1 and marginally signi¯cant Miss

by T2 interactions is less apparent. Clearly, when important interactions with the

missing-data patterns exist, interpretation of the interactions can be enlightening.

It is also useful, in many cases, to obtain overall population estimates averaging

over the missing-data patterns. Little (1993 and 1995) and Hogan and Laird (1997)

describe this additional step of the pattern-mixture approach. In the present case,

based on the ¯nal model, we can obtain estimates for the six ¯xed e®ects (Intercept,

T1, T2, Cohort, Cohort by T1, and Cohort by T2) separately for completers

^̄(c)
=

·
¡3:343 :513 ¡:243 ¡:222 ¡:242 :169

¸0
(11)

and incompleters

^̄(ic)
= ^̄(c)

+

·
1:633 ¡:355 :286 :258 :685 ¡:369

¸0

=

·
¡1:710 :158 :043 :036 :443 ¡:200

¸0
: (12)

Averaged estimates for these four parameters (denoted ¹̄̂) are then equal to:

¹̄̂ = ¼(c) ^̄(c)
+ ¼(ic) ^̄(ic)

(13)
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where ¼(c) and ¼(ic) represent the population weights for completers and incom-

pleters, respectively. Although these weights are not usually known, they can be

estimated by the sample proportions (1899/3613 and 1714/3613 for completers and

incompleters, respectively). This yields:

¹̄̂ =

·
¡2:568 :344 ¡:108 ¡:099 :083 ¡:006

¸0
(14)

as the averaged overall estimates. To obtain corresponding estimates of the standard

errors, the delta method as described in Hogan and Laird (1997) can be used:

V̂ ( ¹̄̂
h) = (¼̂(c))2 V̂ ( ^̄(c)

h ) + (¼̂(ic))2 V̂ ( ^̄(ic)
h ) +

¼̂(c)¼̂(ic)

N
( ^̄(c)
h ¡ ^̄(ic)

h )2 (15)

where h = 1; : : : ; 6 denotes the six ¯xed e®ects, N = 3613 is the total number of

subjects, and V̂ ( ^̄
h) denotes the estimate of the variance of ^̄

h (i.e., the square of

its estimated standard error). The last term in the sum is the contribution to the

variance that is added because the proportion of completers (and incompleters) is

estimated in the sample. The estimated standard errors for these six overall terms

are then .163, .112, .082, .178, .135 and .115. Calculating Wald statistics (i.e.,

estimate divided by its standard error) for these six parameters yield the following

p-values: .001, .002, .189, .575, .539 and .961.

It is interesting to compare these pattern-mixture averaged estimates and stan-

dard errors to those obtained from the RRM analysis ignoring missing-data patterns

(i.e., the RRM analysis of all 3613 subjects presented in the second set of columns

in Table 4). Comparing these two indicates that the estimates for the young sub-

jects (¯0; ¯1; and ¯2) are very similar. However, the estimates for the Cohort e®ect

(¯3) and Cohort by Time interaction e®ects (¯4 and ¯5) are not so similar between

these approaches. Most notably, although a marginally signi¯cant Cohort e®ect

( ^̄
3 = ¡:304; p < :078) is indicated by ordinary RRM analysis, the pattern-mixture

averaged result is highly non-signi¯cant for this parameter ( ¹̄̂
3 = ¡:108; p < :575).

Essentially, in computing the averaged estimates across patterns the pattern-mixture
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approach gives more relative weight to the subgroup of subjects with missing data

(whose Cohort estimate ^̄
3 = :036) than does the ordinary RRM which weights each

subject's data by its degree of precision. All other things equal, the degree of preci-

sion is largely determined by the amount of data. Thus, in ordinary RRM, because

incompleters provide less data (than completers) their data receives less in°uence

than in the pattern-mixture approach. The bottom line is that misleading results

can be obtained by ignoring the missing-data patterns when they have in°uence on

the outcome variable or when they moderate the e®ects of other model variables.

Discussion

For incomplete longitudinal data, RRM provide a useful approach because sub-

jects are not assumed to be measured at the same number of timepoints. As a

result, subjects who are missing at a given interview wave are not excluded from

the analysis. The assumption of the model is that the data that are available for a

given subject are representative of that subject's deviation from the (average) trend

lines based on the model covariates. Also, RRM can include both time-varying and

time-invariant covariates and are available for continuous and categorical outcomes.

In this article, we have illustrated how to augment these random-e®ects models

by including variables de¯ned by a subject's pattern of missing data. The pattern-

mixture approach provides assessment of degree to which (the in°uence of) model

terms vary by the missing-data patterns, and provides a way of obtaining estimates

averaged over the missing-data patterns. In our example, we considered a very

simple characterization of the pattern-mixture approach, namely, was the subject

measured at all study timepoints or not. Though simple, it showed that subjects

with incomplete data had higher levels of smoking than those measured at all time-

points. Also, there was evidence that the cohort by time interaction varied between

completers and incompleters. Thus, the addition of missing data pattern led to sub-

stantive ¯ndings that were overlooked in our ordinary RRM analysis. In particular,

our ¯nding of increased smoking for incompleters from the pattern-mixture analysis
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supports previous research from adolescent substance use studies (Tebes, Snow, &

Arthur, 1992).

In dealing with incomplete longitudinal data, the complexity of the statistical

model used may depend on the amount of missing data. For example, if a study

has only a few subjects with missing data across time, it may not matter whether

the subjects with missing data are ignored or included as a group in the analysis.

The statistical power for detecting e®ects (i.e., main e®ects and interactions) due

to missing-data patterns is lower, all other things equal, as the numbers of subjects

in those patterns are reduced. While it is di±cult to give general guidelines for the

treatment of missing-data patterns in a given analysis (i.e., number of missing-data

patterns, or grouping together of missing-data patterns), the considerations are

similar to those encountered when dealing with other between-subjects grouping

variables.

Another consideration in appying the pattern-mixture approach is the number

of interaction terms to form with the missing data patterns. In the present example,

we had a fairly small number of model covariates and only one variable to repre-

sent missing data patterns, so that including interactions with missingness for all

covariates was not problematic. However, if many covariates are included in the

model (e.g., gender, education level beyond high school, ethnicity) then the number

of possible interactions can become quite large. In this case, a strati¯ed analysis

by missing data pattern can be helpful in identifying covariates that have substan-

tially di®erent e®ects across missing data patterns. Including missing-data pattern

interactions for this subset of covariates would then provide a more parsimonious

pattern-mixture model.

Methods for appropriately handling missing data have been increasingly devel-

oped in the last decade or so, allowing researchers the ability to more e®ectively

deal with this potential threat to validity. Besides the pattern-mixture approach

presented in this article, \selection models" have also been proposed to handle

missing data in longitudinal studies (Heckman, 1976; Heyting, Tolboom, & Essers,
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1992; Leigh, Ward, & Fries, 1993; Diggle and Kenward, 1994). In selection models,

whether or not a subject drops out is modeled in terms of variables obtained prior

to the dropout, often the variables measured at baseline. Since dropout is dichoto-

mous, a logistic or probit regression model is often used for this, yielding a predicted

dropout probability or propensity for each subject. These dropout propensity scores

can then be used in the longitudinal data model (e.g., a RRM) as a covariate to

adjust for the potential in°uence of dropout. So instead of using the missing data

pattern as a model covariate in the longitudinal data analysis (i.e., the pattern

mixture approach), the selection model approach uses the predicted probability of

dropout as a covariate. By modeling dropout, selection models provide information

about the predictors of study dropout, however, an advantage of pattern-mixture

models is that they can be used even when no such predictors are available. Cur-

rently, there is much debate in the statistical literature about these two approaches;

further discussion on some of the di®erences between pattern-mixture and selection

models can be found in Glynn, Laird, and Rubin (1986), Little (1993, 1994, 1995),

and in the discussion of the Diggle and Kenward (1994) article.

In sum, it is important that researchers consider the reasons for missing data in

their own datasets, and to choose among statistical methods with these reasons in

mind. For example, if it can be assumed that missing observations on the dependent

variable y are predicted well by the available y measurements for those individuals

with missing data, then an ordinary RRM is reasonable (because the missingness is

ignorable). Alternatively, if the missingness cannot be assumed to be ignorable, but

there are good predictors of missingness, then a selection model approach may be

used to obtain results that are adjusted for the predicted probability or propensity

to be missing. As we have illustrated in this article, even when there are no good

predictors of missingness, the pattern-mixture approach can be used to examine

and adjust for the in°uence of missing data pattern. Of course, any method of

\dealing" with missing data makes some assumptions about the missing data. For

instance, in our example, ordinary RRM assumes that Figure 2 is representative
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of the population trends in smoking across time for the two age cohorts, whereas

pattern-mixture RRM assumes that Figures 1 and 3 are representative of these

trends for complete and incomplete-data subjects, respectively. The bottom line is

that researchers must choose a statistical model or models to represent both the

observed and unobserved data.

Conclusion

As demonstrated, RRM provide a useful way of analyzing longitudinal substance

use data. Speci¯cally, RRM allow for the presence of missing data, irregularly-spaced

measurements across time, time-varying and invariant covariates, accomodation of

individual-speci¯c deviations from the average time trend, and estimation of the pop-

ulation variance associated with these individual e®ects. Methods and software exist

for analysis of continuous, dichotomous, and ordinal outcomes. Additionally, when

missing data are present for the outcome variable, the pattern-mixture approach

provides a way of assessing the in°uence of missing data-pattern on the outcome

variable and on the e®ects in the model. Hopefully, this article has demonstrated

that the combined approach of pattern-mixture RRM represents an important and

useful tool for analyzing incomplete longitudinal data.
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End Note: Computer Programs

Software for RRM is increasingly available, especially for normal-theory models

(MLn, Rasbash, Yang, M., Woodhouse, G., & Goldstein, 1995; HLM, Bryk, Rau-

denbush, & Congdon, 1996; VARCL, Longford, 1986; the BMDP 5V procedure,

Schluchter, 1988; the SAS procedure MIXED; MIXREG, Hedeker and Gibbons,

1996b). A detailed comparison of some of these programs is included in Kreft, de

Leeuw, and van der Leeden (1994). For categorical outcomes, software is available

for dichotomous (EGRET, Statistics and Epidemiology Research Corporation, 1991)

and dichotomous/ordinal (MIXOR, Hedeker and Gibbons, 1996a) outcomes. Also,

MLn, HLM, and VARCL provide facilities for analysis of dichotomous outcomes.

MIXOR was used for the analyses presented in this article. To obtain the pattern-

mixture averaged results based on the MIXOR estimates, a SAS IML program was

written. Both MIXREG and MIXOR can be obtained free of charge through the

internet (http://www.uic.edu/ehedeker/mix.html). Readers interested in the spec-

i¯cations that were required to run MIXOR for the examples in this article, or for

the SAS IML program to produce the pattern-mixture averaged results, can send a

note to the ¯rst author at hedeker@uic.edu.
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Table 1

Examples of dummy-variable codings for missing-data patterns: a three timepoint study

dummy-codes by patterns of missing data

not at

general monotone last wave incomplete ¯nal

pattern D1 D2 D3 D4 D5 D6 M1 M2 L1 L2 I1 F1

OOO 0 0 0 0 0 0 0 0 0 0 0 0

MOO 1 0 0 0 0 0 0 0 1 0

OMO 0 1 0 0 0 0 0 0 1 0

MMO 0 0 1 0 0 0 0 0 1 0

OOM 0 0 0 1 0 0 0 1 0 1 1 1

MOM 0 0 0 0 1 0 0 1 1 1

OMM 0 0 0 0 0 1 1 0 1 0 1 1
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Table 2

Frequency distributions of age across the three study timepoints

Young

Adolescence Adulthood Adulthood

Age % Age % Age %

10 0.05 17 0.02 23 0.05

11 0.02 18 0.08 24 0.02

12 0.08 19 0.02 25 0.05

13 0.80 20 3.80 26 0.90

14 3.30 21 17.40 27 14.00

15 10.90 22 22.90 28 23.20

16 27.70 23 24.00 29 24.30

17 37.20 24 18.80 30 20.70

18 18.70 25 10.30 31 13.10

19 1.10 26 1.70 32 3.20

20 0.20 27 0.08 33 0.20

21 0.05 28 0.05 34 0.02
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Table 3

Missing-data pattern frequencies and proportion smoking1 by Cohort (N = 3613)

Cohort: age in 1993

· 28 > 28 total

pattern n P̂ n P̂ n P̂

OOO 596 .210 1303 .194 1899 .199

MOO 329 .304 203 .397 532 .339

OMO 83 .361 223 .305 306 .320

MMO 83 .530 69 .449 152 .493

OOM 91 .253 179 .263 270 .259

MOM 66 .439 44 .477 110 .455

OMM 2 .500 342 .295 344 .297

total 1250 .256 2363 .234 3613 .242

1 These proportions, denoted P̂ , are estimated across timepoints
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Appendix

Marginal and subject-speci¯c probabilities

As discussed in the article, subject-speci¯c probabilities can be obtained using

equation (9), namely,

P (Yij = 1 j xij ; Ài) =
1

1 + exp
h
¡(x0ij¯+ Ài)

i : (16)

This equation yields the probability of a response for particular groupings of subjects

determined by covariate values (i.e., xij) and speci¯c values of the random subject

e®ect Ài. This is why the probabilities are termed subject-speci¯c, they depend

on values of the random subject e®ect. Alternatively, we might want to obtain

probabilities not for a particular subject (i.e., for a speci¯c value of the random

e®ect Ài), but averaged across all subjects (i.e., averaging across all values of the

random e®ect Ài) To obtain these marginal or population-averaged probabilities, the

following integration over the random-e®ects distribution À must be performed:

P (Yij = 1 j xij) =

Z

À

1

1 + exp[¡(x0ij¯+ Ài)]
g(À)dÀ : (17)

Performing this integration may seem di±cult, however, it can be approximated

numerically to any practical degree of accuracy. Speci¯cally, because the assumed

distribution of À is normal, Gauss-Hermite quadrature (Stroud & Sechrest, 1966)

can be used to numerically perform the integration. Essentially, the numerical

integration replaces the integral with a weighted summation over a ¯nite number

of points. Alternatively, another approximation described in Diggle, Liang, and

Zeger (1994, page 142), does not require use of numerical integration. Here, the

regression coe±cients ¯ from the random-e®ects model are divided by
p
c2¾2

À + 1

where c = 16
p

3=(15¼). The inverse of the constant c re°ects the fact that the

standard logistic distribution has variance ¼=
p

3 and that multiplying this variance

by 15/16 provides improved empirical ¯t of the data (see Long, 1997, pages 40-48,

or Zeger, Liang, and Albert, 1988). These \marginalized" coe±cients, denoted ¯¤,
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can then be directly used to produce marginal proportions by applying

P (Yij = 1 j xij) =
1

1 + exp[¡(x0ij¯
¤)]

(18)

As an example, for the pattern-mixture analysis in Table 4, the marginalization

factor is calculated as
p

(:346)(3:697)2 + 1 = 2:394 (note that c2 ¼ :346). Thus, the

estimated proportion at adolescence for young completers is equal to

1

1 + expf¡[(¡3:343 + :513(¡1)¡ :243(0))=2:394]g =
1

1 + exp[¡(¡1:611)]
= :166 :

Alternatively, using quadrature yields .175 for this proportion. The actual observed

proportion for this subgroup at adolescence is .173, so the quadrature estimate

is a little closer to the observed data, though this is not always the case. The

marginalization approach was used to produce the trend lines depicted in Figures

1-3. A similar set of ¯gures (not shown) was produced using quadrature. These two

sets of ¯gures di®ered very little. In general, because the marginalization approach is

simpler and provides very similar results to the more involved quadrature approach,

its use is reasonable for examining approximate model ¯t.
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Table 4

Smoking Status across Time (N = 3613)

Logistic RRM parameter estimates (est.), standard error (se), and p-values

Completers (N=1899) All Subjects (N=3613) Pattern-Mixture (N=3613)

est. se p < est. se p < est. se p <

Intercept ¯0 -3.406 .244 .001 -2.528 .150 .001 -3.343 .232 .001

T1 ¯1 .519 .109 .001 .489 .094 .001 .513 .109 .001

T2 ¯2 -.247 .118 .036 -.111 .081 .171 -.243 .118 .038

Cohort ¯3 -.220 .258 .394 -.304 .172 .078 -.222 .252 .378

Cohort by T1 ¯4 -.245 .137 .074 -.181 .117 .122 -.242 .137 .077

Cohort by T2 ¯5 .172 .147 .243 .030 .110 .785 .169 .147 .250

Miss ¯6 1.633 .292 .001

Miss by T1 ¯7 -.355 .229 .121

Miss by T2 ¯8 .286 .163 .080

Miss by Cohort ¯9 .258 .353 .465

Miss by Cohort by T1 ¯10 .685 .276 .013

Miss by Cohort by T2 ¯11 -.369 .232 .112

Subject sd ¾À 3.776 .184 3.667 .146 3.697 .159

-2 log L 4451.4 7771.9 7648.2

T1 and T2 represent two Helmert contrasts for time (coded as -1, .5, .5; 0, -1, 1).

Cohort coded as 0 for age · 28 or 1 for age > 28.

Miss coded as 0 for complete-data subjects or 1 for incomplete-data subjects.

p-values not given for variance estimates (see Bryk and Raudenbush, 1992, page 55)








