Sample Size Estimation for Longitudinal Studies

Comparison of two groups at a single timepoint

Number of subjects (V) in each of two groups (Fleiss, 1986):
2(zq + 25)202 _ 2(za+ Zﬂ)2
(11 — po)? (11 — p2) /]2

N =

e 2, is the value of the standardized score cutting off /2
proportion of each tail of a standard normal distribution (for
a two-tailed hypothesis test)

® 23 is the value of the standardized score cutting off the upper
[ proportion

e o2 is the assumed common variance in the two groups

® 1] — o is the difference in means of the two groups
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Some common choices:
® 2z, = 1.645,1.96, 2.576 for 2-tailed .10, .05, and .01 test
® 23 = .842,1.036,1.282 for power = .8, .85. and .90

o effect size = (u1 — pa)/o = .2,.5,.8 for “small,” “medium,”
and “large” effects (Cohen, 1988)

Example
ez = 1.96 2-tailed .05 hypothesis test
® 23 = .842 power = .8
o effect size (g — po)/o =5

2(1.96 + .842)?

V="

— 15.7/.25 = 62.8

= need 63 subjects in each group

notice N = (4/6)?, where ¢ = effect size

Comparison of two groups across time
consistent difference across time

Number of subjects IV in each of two groups (Diggle et al., 2002)

2(zq + 25)2 (1+(n—1)p)

N = Tl — )P

e o2 is the assumed common variance in the two groups

® 11 — po is the difference in means of the two groups
e n is the number of timepoints

e p is the assumed correlation of the repeated measures




Example
ez, = 1.96 2-tailed .05 hypothesis test
e z3 = .842 power = .8
o cffect size (g — pa)/o = .5
e . = 2 timepoints

e p = .6 correlation of repeated measures

21,96+ 842°(1+ (2—1) x .6) _ (1516 _

N= 2 x (.5)2 (2)(.25)

= need approximately 50 subjects in each group

if p =0 then N = 31.4 (cross-sectional)
if p =1 then N = 62.8 (one-timepoint)
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Comparing two groups across timepoints - balanced case

As in Overall and Doyle (1994), sample size of contrast V. of
group population means across n timepoints:

2(zq + 25)202

N —
1
with

n
Ve = 3 cilpmi— pai)
o m 29 . n
oL = X Col+2 X ciciogi
c = = G ;25 1%

° OZZ = common variance in the two groups at timepoint %

® 0;; = common covariance in the two groups between
timepoints ¢ and j

e c; = contrast applied at timepoint %
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If the sample size is known and the degree of power is to be
determined, the formula can be re-expressed as:

y4 = —N\Ilg — Z = \Ij% — Z
A 202 7 T V(D)

where the variance of the sample contrast T, equals

Example
ez = 1.96 2-tailed .05 hypothesis test
® 23 =.842 power = .8
e n = 2 timepoints
e variance-covariance of repeated measures

o[}




1. Average group difference over time
e mean difference p; — po = .5 at both t1 and 2

e time-related contrasts: ¢ = cg = 1/2 (i.e., average over time)
U, =
o ol -

contrast effect size § = Vo/o. = .5//.8 = .56

2(1.96 + .842)?

N= (.56)2

= 50

Notice
e if p =1, then ag =1,0=.5, N=63 (one-timepoint)

eif p=0,then 02 =1/2, § =1, N =16 (cross-sectional)

where p is the assumed correlation of the repeated measures

II. Group difference across time
e mean difference p; — po = 0 at t1 and .5 at 2

e time-related contrasts: ¢; = —1 and ¢g =1

Te = —1(0) +1(.5) = .5

oz = (=117 + ()1 + 2(=1)(1)(6) = 8

contrast effect size § = Vo/o. = .5//.8 = .56

2(1.96 + .842)?
(.56)2

N = = 50
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Notice
e if N was calculated based on ¢2 only, then N = 63
Hy:pg=po2 # Ho:(pg —pan) = (po2 — po1)

eif p=1, then 02 =0
oif p=.9 then o2 =.2, § =1.12, N = 14

oif p=0, then o2 =1/2, § = .25, N =63 cross-sectional
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For average group effect over time
eas p T, then N 1

since it’s a between-subjects comparison of averages

= less subjects needed if the averages are based on more
independent data

For group difference across time
eas p T, then N |

since it’s a between-subjects comparison of a within-subjects
comparison

= less subjects needed if the subject differences (i.e., pre to
post) are based on more reliable data

More than 2 timepoints

e mean differences across time
e var-covar and/or correlation of repeated measures

e time-related contrast

3 timepoints

t1 t2 3
1/3 1/3 1/3 average across time
-1 0 1 linear trend
1 -2 1 quadratic trend

trend coefficients from tables of orthogonal polynomials

4 timepoints

t1 2 t3 t4
1/4 1/4 1/4 1/4 average across time
3 -1 1 3 linear trend
1 -1 -1 1 quadratic trend
-1 3 3 1 cubic trend

often investigators expect

e overall group difference, or

e group by (approximately) linear time interaction

What about Attrition?

e could use N from calculations as N for last timepoint

—e.g., N =50, retention at last timepoint = .9
= start the study with 50/.9 = 56 subjects

e can build the retention rate information into the sample size
formula

— Hedeker, Gibbons, & Waternaux (1999), JEBS, 24:70-93
program RMASS?2 available at
www.uic.edu/~hedeker/works.html
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Comparing two groups across timepoints
unbalanced case

Denote sample size in first group as Nj; and second group as No;

at timepoint ¢ (i = 1,...,n). The variance of the sample
contrast V. equals

V(\i[c) =

IMS

1 1
0?3+ 2
i=1 Ny; Ny

1 1
+2 & ¢icio; + -
i< A [V’NuNlj V/N2iN2j]

To calculate power for the sample contrast,
w2

28 = —=—

PV ()
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Use sample size in first group at first timepoint (N7;) as a
reference

e define retention rates for this group as ry; for timepoints
t =1,...,n, which indicate the proportion of Ny subjects
observed at timepoint ¢
(note that r1; =1 and Ny; = r;N11)

e similarly, define Noy and ry; for group two

Then,

A 1 n
V(W) = Nll 221 cio;

1 1 N
o
r1; T2 Noj

NH 1 ]
NETIEY: NQI«/TQiTQj

+2 Z CZCJO'ZJ(

and, denoting the ratio of sample sizes at the first timepoint
(N11/Ngp) as N q, then

. 1 1 N
V(\DC) = Ni % 6220'2 +1)
11 li=1 Tl T2
1 1
+2 3 cicjoi; N1
1< /71 7“1] \ /7‘22'7“23

If the retention rates are equal for the two groups across time
ri; = r9; = r;, then

- Ni+1[n co? n CiCi0j;
V(Do) = = y 4oy 2I7W
Ny |i=1 7 i<j \/TiTj
_ N.1 + 1 0_2
]\[11 rc
where o2, extends o2 given earlier, namely

2 n
;= Z czal +2 Z clcjam

for the case where sample sizes vary across timepoints (although
group retention rates are assumed equal)
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To calculate power for any of the above variance formulations of

the sample contrast,
w2
zg = — —z
Pl

In particular, for the case of common retention rates across time
[ Nu ) v
Zﬁ = —
Ni+1

— V4
5 a
Orc

where N q is the sample size ratio between groups

Re-expressing, the number of subjects needed in the first group
at the first timepoint equals:

Ny = (N1 + 1)(ZO;+ Zﬂ>2072"c
&

Based on the sample size ratio between groups /N ; and retention
rates r;, required sample size at each timepoint for both groups
can be calculated
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Example

ez, = 1.96 2-tailed .05 hypothesis test

® 23 =.842 power = .8

e n = 2 timepoints, retention rates r{ = 1 and r9 = .8
e sample size ratio N1 =1

e variance-covariance of repeated measures

vor-[49
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1. Average group difference over time
e mean difference p; — po = .5 at both t1 and 2

e time-related contrasts: ¢; = ¢y = 1/2

v, — %(.5) Fo8) = 5
o2, = (%)24— (1'/82)2 +2[%) [%) (.6)/v8 = .9

contrast effect size 6 = Ve/ope = .5/ V.9 =53

2(1.96 + .842)°

= 56.4
(.53)2

Ny =

Note:if 79 = 1 then Nj; = 50
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II. Group difference across time
e mean difference p1 — po = 0 at ¢t1 and .5 at ¢2

e time-related contrasts: ¢y = —1 and ¢cp = 1
Ve = —1(0)+1(.5) = .5

o2. = (-1)%(1)% + (1)2<1)2+2(—1)(1)(.6)/\/§ = 91

contrast effect size § = V¢/ope = .5/4/.91 = .525

2(1.96 + .842)?

Ny —
= (:525)2

= 57.1

Note:if 79 = 1 then Nj; = 50
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Dichotomous outcomes

Comparison of two groups at a single timepoint

Number of subjects (V) in each of two groups (Fleiss, 1981):

20(20)/% + z(pray + pog2)
(p1 — p2)?

e p| = response proportion in group 1 (g1 =1 — py)
e po = response proportion in group 2 (go =1 — po)
®p=(p1+p2)/2

g=1-p
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Example

ez = 1.96 2-tailed .05 hypothesis test
® 23 = .842 power = .8

ep;=.5and pp=.7

[L96(2 x .6 x 4)1/2 + 842(5 x 5 +.7 x 32"
(5 —.7)2

= 93.03

27

Dichotomous outcomes - longitudinal case

The number of subjects (N) in each of two groups for a
consistent difference in proportions p; — po between two groups
across n timepoints (Diggle et al., (2002):

[za(%@)% + 2g(P1@1 +p2qz)ﬂ2 (1+(n—1)p)
n(p1 — p2)?

e p| = response proportion in group 1 (g1 =1 — py)
® po = response proportion in group 2 (gg =1 — po)
®p = (p1+p2)/2

eg=1—p

e p is the common correlation across the n observations

28




Example
® 2o =196 2-tailed .05 hypothesis test
® 23 =.842 power = .8
e 1 = 2 timepoints
e correlation of repeated outcomes = .6

ep;=.band pp =.7

[L96(2 % 6% )7+ 8425 x 5+ T % .3)%}2 (1+(2—1).6)

B 2(.5 —.7)2
= 74.42

if p =0 then N = 46.51 (cross-sectional)
if p =1 then N = 93.03 (one-timepoint)
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Ordinal outcomes

e methods not as developed

e use methods for continuous outcomes, but adjust the
detectable effect sizes by an efficiency loss (e.g., 80%)

— Armstrong & Sloan (1989, Amer Jrn of Epid) report
efficiency losses between 89% to 99% comparing an ordinal
to continuous outcome, depending on the number of
categories and distribution within the ordinal categories

— Stromberg (1996, Amer Jrn of Epid) report efficiency losses
between 87% to 97% comparing an ordinal outcome with 3
or 4 categories to one with 5 categories
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