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SUMMARY

Three-level data occur frequently in behaviour and medical sciences. For example, in a multi-centre
trial, subjects within a given site are randomly assigned to treatments and then studied over time. In
this example, the repeated observations (level-1) are nested within subjects (level-2) who are nested
within sites (level-3). Similarly, in twin studies, repeated measurements (level-1) are taken on each twin
(level-2) within each twin pair (level-3). A three-level mixed-e�ects regression model is described here.
Random e�ects at the second and third level are included in the model. Additionally, both proportional
odds and non-proportional odds models are developed. The latter allows the e�ects of explanatory
variables to vary across the cumulative logits of the model. A maximum marginal likelihood (MML)
solution is described and Gauss–Hermite numerical quadrature is used to integrate over the distribution
of random e�ects. The random e�ects are normally distributed in this instance. Features of this model
are illustrated using data from a school-based smoking prevention trial and an Alzheimer’s disease
clinical trial. Copyright ? 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In many areas of research, the outcome data are ordinal in nature. For example, in clini-
cal studies, the outcome could be the severity of the disease designed as mild, moderate or
severe. In social studies the response could be level of agreement to a particular question
(strongly agree, agree, no opinion, disagree, strongly disagree). In addition, data (longitudinal
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or clustered) are structured in a hierarchical manner. For example, in a multi-centre trial,
subjects within a given site are randomly assigned to treatments and prospectively studied
over time. Here, the repeated measurements are nested within subjects who are nested within
sites to create three levels of data. In prevention studies, various educational programmes
designed to minimize risk taking behaviour (e.g. smoking and/or drug prevention) may be
compared where randomization to various design conditions is at the level of the school and
the intervention is performed at the level of the classroom. In this case each subject is charac-
terized by a single response, but subjects (level 1) are nested within classrooms (level 2) and
classrooms are nested within schools (level 3). When analysing these hierarchical data, one
would also like to account for all levels of clustering. Ignoring either the variability in level-1
units within the level-2 units (repeated observations of the subject or observations of subjects
within classrooms) or between the level-2 units within level-3 units (individuals within the
same site, classrooms within the same school) will lead to invalid tests of hypothesis, incon-
sistent estimates of uncertainty and misleading inferences and conclusions regarding overall
signi�cance of the intervention of interest [1, 2].
For both clustered and longitudinal data, mixed-e�ects models have been extensively de-

veloped to model continuous outcome data [3–6]. A review of the literature also reveals that
mixed-e�ects models for binary outcome data have been widely developed, most of the work
using logistic or probit response functions [7–10]. Gibbons and Hedeker [2] extended the
mixed-e�ects model to allow for three-level binary data where observations are nested within
individuals are nested within study sites. Other researchers that have developed mixed-e�ects
models for correlated binary data include Longford [11], Qaqish and Liang [12], and Breslow
and Clayton [13]. Ten Have et al. [14] compared the two-level and three-level mixed-e�ects
model for binary responses in the context of three-level toxicity data and found that the three-
level model achieves better coverage of con�dence intervals for �xed e�ects log odds ratios
than the two-level model that ignores the association at either level of clustering.
For two-level ordinal data, mixed-e�ects models that account for the correlation within

clusters (clustered model) or within individuals (longitudinal model) have been described
by several authors. Harville and Mee [15] developed a mixed model procedure to analyse
ordinal outcome data using a Taylor series expansion to estimate the random e�ects. Ezzet and
Whitehead [16] presented a mixed-e�ects model using the Newton–Raphson method that only
allowed for a single random e�ect. Hedeker and Gibbons [1] developed a mixed-e�ects model
for ordinal responses that allow for multiple random e�ects, and Hedeker and Mermelstein [17]
extended this model to allow for non-proportional odds for a set of explanatory variables.
Mixed-e�ects models for three-level ordinal data have been proposed by Yang [18] and

Rabe-Hesketh et al. [19]. Yang [18] used the marginal quasi-likelihood (MQL) or predic-
tive quasi-likelihood (PQL) methods to estimate the statistical parameters. These estimation
procedures have been shown to have an appreciable bias or higher mean square error, de-
pending on whether the �rst-order or second-order methods are used [20]. On the other hand,
Rabe-Hesketh et al. [19] describe a full-likelihood solution that does not su�er from these
biases. Both the Yang [18] and Rabe-Hesketh et al. [19] methods consider the case when the
proportional odds assumption is reasonable.
In this paper, we will extend the three-level binary mixed-e�ects model of Gibbons and

Hedeker [2] to allow for ordinal outcome data. This model will allow random e�ects at either
level of clustering. For the covariates, both proportional and non-proportional odds models
will be described. By comparing these two, the proportional odds assumption can be tested
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and if rejected, one can estimate partial and non-proportional odds models. A logistic response
function is assumed and a full maximum marginal likelihood solution is used to estimate the
parameters in the model. The Gauss–Hermite quadrature method is used to approximate the
integrals, and the solution to the likelihood equations are obtained by Fisher’s method of
scoring. Details of the full-likelihood solution are presented in Appendix A. Model features
will be illustrated using data from two studies: (a) a school-based smoking prevention trial
and (b) an Alzheimer’s disease clinical trial.

2. THREE-LEVEL MIXED-EFFECTS ORDINAL LOGISTIC MODEL

The ordinal logistic or probit model can be motivated by assuming an underlying latent
variable (y) that is related to the ordinal response Y through the threshold concept. When
the outcome is ordinal, instead of one threshold value � (as in the binary case), there are
several values (depending on the number of ordinal categories) on the continuum that separate
individuals into the various response categories. The response of a given subject is determined
by the interval in which their unobserved response falls. In other words, an individual is in
category c (Y = c) when y exceeds the threshold value �c−1, but does not exceed the threshold
value �c. For an ordinal model, a series of thresholds �1; : : : ; �C−1 are assumed, where C is
equal to the number of ordered categories and �0 = − ∞, and �C =∞. Assuming a normal
or logistic distribution for the underlying latent variable leads to an ordinal probit regression
model or an ordinal logistic regression model, respectively.
To describe the model, the three-level data structure is de�ned as follows: Assume that there

are k=1; : : : ; nij level-1 units that are nested within j=1; : : : ; ni level-2 units that are in turn
nested within i=1; : : : ; n level-3 units. Assume that there are c=1; : : : ; C ordered categories.
In terms of the latent response strength for subject j in cluster i on occasion k (yijk) the
three-level mixed-e�ects model can be written as

yijk =x′
ijk�+ �ij + �i + �ijk (1)

where xijk is the covariate vector, � are unknown regression parameters, �i is the unknown
random e�ect at level-3, �ij is the unknown random e�ect at level-2, and �ijk are the model
residuals that follow a logistic distribution (or a normal distribution in the case of the probit
model). The distribution of the random e�ects is assumed to be the following: �ij∼N(0; �2(2))
and �i∼N(0; �2(3)). Since the level-3 subscript i is present for the both �ij and �i, not all
level-2 units are assumed to have the same number of level-1 units nested within, and not all
level-3 units are assumed to have the same number of level-2 units nested within. In other
words, there is no assumption of equal sample size at any level.
Assuming a logistic response function, for a given level-2 unit j nested within level-3

unit i, the probability that Yijk = c (that is, a response occurs in category c), conditional on
the random e�ects �ij and �i is given by

Pr(Yijk = c | �ij; �i)=�[(�c − zijk)]−�[(�c−1 − zijk)] (2)

where zijk =x′
ijk� + �ij + �i and �(·) represents the logistic cumulative distribution function

(c.d.f.), namely �(z)=1=[1+exp(−z)]. Since the scale of the latent variable y is arbitrary, it
is common to assume that the logistic distribution is in its standard form, that is, with mean
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0 and variance �2=3. Additionally, for identi�cation, one must set either one of the thresholds
equal to zero (e.g. �1 = 0) or the intercept to zero (i.e. �0 = 0). In what follows, we will
specify the latter and therefore estimate C − 1 thresholds.
With the cumulative probabilities for the c-ordered categories (c=1; : : : ; C) given by

Pijkc=Pr(Yijk6c | �ij; �i)=�(�c − zijk) (3)

Then the mixed-e�ects logistic regression model can be written in terms of the cumulative
logits as

log
Pijkc

(1− Pijkc)
= �c − (x′

ijk�+ �ij + �i) (4)

By including the random e�ects �i and �ij, (4) is an extension of the (�xed-e�ects) proportional
odds model described by McCullagh [21]. Since the regression coe�cients � do not depend
on c, the model assumes that the relationship between the explanatory variables and the logits
do not depend on c.
To obtain the solution for the likelihood equations, the method used by Gibbons and Bock

[9] to orthogonally transform the response model is applied. Letting �i= �i�(3) and �ij= �ij�(2),
the reparametrized model is then

zijk =x′
ijk�+ �(2)�ij + �(3)�i (5)

where �i and �ij are the standardized univariate normal random e�ects at level-3 and level-2.
The random-e�ects variance terms are now explicitly included in the regression model, and
so they are on the same scale as the regression coe�cients, namely, in terms of the logit of
response.

2.1. Non-proportional odds

As noted by Peterson and Harrell [22], violation of the proportional odds assumption is not
uncommon. Thus, they described a (�xed-e�ects) partial proportional odds model in which
covariates are allowed to have di�erential e�ects on the C − 1 cumulative logits. Similarly,
Terza [23] developed a similar extension of the (�xed-e�ects) ordinal probit model. Hedeker
and Mermelstein [17] utilize this extension within the context of a two-level ordinal regression
model. For this, the model for the C − 1 cumulative logits can be written as

log
Pijkc

(1− Pijkc)
= �c − (x′

ijk�+ u
′
ijk�c + �(2)�ij + �(3)�i) (6)

where, uijk is a h×1 vector containing the values of observation ijk on the set of h covariates
for which proportional odds is not assumed.
Here, �c is a h × 1 vector of regression coe�cients associated with these h covariates.

Because �c carries the c subscript, the e�ects of these h covariates are allowed to vary across
the C−1 cumulative logits. These terms are often referred to as threshold interactions. A given
model that includes covariates in both x and u would be a partial proportional odds model,
whereas one with only u variables would be a non-proportional odds model. Comparison of
models (6) and (5), using a likelihood-ratio test, provides a way of assessing the validity of
the proportional odds assumption.
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Parameters are estimated using a maximum marginal likelihood (MML) estimation method.
The details about the estimation are described in Appendix A. Fisher’s method of scoring can
be used to provide the solution to these likelihood equations. For this, provisional estimates
for the vector of parameters �, on iteration i are improved by

�i+1 =�i − E

[
@2 log L
@�i @�

′
i

]−1 @ log L
@�i

(7)

where, following Bock and Lieberman [24], the information matrix, or expectation of the
matrix of second derivatives, is given by

E

[
@2 log L
@�i @�

′
i

]
= −

N∑
i=1

h−2(Yi)
@h(Yi)
@�i

(
@h(Yi)
@�i

)′

At convergence, the large-sample variance covariance matrix of the parameter estimates is
then obtained as the inverse of the information matrix.

2.2. Numerical quadrature

In order to solve the above likelihood equations, numerical integration on the transformed
� space was performed. For this, Gauss–Hermite quadrature was used to approximate the
integrals to a practical degree of accuracy. In Gauss–Hermite quadrature, the integration is
approximated by a summation on a speci�ed number of quadrature points Q for each dimen-
sion of the integration; thus, for the transformed � space, the summation �rst goes over Q2
points for the level-2 e�ects, then over Q3 points for the level-3 e�ects. For the standard
normal univariate density, optimal points and weights (which will be denoted Bq3 , Bq2 and
A(Bq3), A(Bq2), respectively) are given in Reference [25]. Although the random e�ects were
considered to be normally distributed in the described model, other distributional forms can
be used. For example, if a rectangular or uniform distribution is assumed, then Q3 and Q2
points may be set at equal intervals over an appropriate range (for each dimension) and the
quadrature weights are then set equal to 1=Q3 and 1=Q2. Other distributions are possible: Bock
and Atkin [26] discuss the possibility of empirically estimating the random-e�ect distribution.
The two-level mixed-e�ects models in this article were estimated using the MIXOR program
[27], while the three-level models were programmed using FORTRAN code. The starting
values for the parameters � and � were obtained using the �xed-e�ects regression approach,
and the random-e�ects variance terms were arbitrarily set. For the Gauss–Hermite quadrature
solution, we used 20 quadrature points and corresponding weights. Convergence was achieved
when corrections for all parameters were less than 0.001.

2.3. Intraclass correlation

For random-e�ects models it is often of interest to express the cluster variance in terms of an
intraclass correlation. For a two-level problem, this equals �2(2)=(�

2
(2) + �2=3), where the latter

term in the denominator represents the variance of the underlying latent distribution, which is
a standard logistic distribution here. For a three-level model, we have several di�erent kinds of
intraclass correlation coe�cients (ICC) that are of potential interest. For the model described
in this paper, �2(3)=(�

2
(2)+�2(3)+�2=3) represents the ICC at level 3, (�2(2)+�2(3))=(�

2
(2)+�2(3)+�2=3)
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the ICC at level 2 and level 3 and �2(3)=(�
2
(2) + �2(3)) represents the ICC at level 2. Snijders

and Bosker [20] describe in greater detail the di�erent interpretations that these ICCs have.

3. ILLUSTRATION

3.1. Study 1: a school-based smoking prevention study

The Television School and Family Smoking Prevention and Cessation Project (TVSFP)
study [28], was designed to test independent and combined e�ects of a school-based social-
resistance curriculum and a television-based programme in terms of tobacco use prevention
and cessation. For this illustration, a subset of the TVSFP data was used. The data set consisted
of data on seventh grade students from 135 classrooms and 28 schools in the Los Angeles
area. Students were randomized to four study conditions: (a) a social-resistance classroom
curriculum (CC), (b) a media (television) intervention (TV), (c) CC combined with TV, and
(d) a no-treatment control group. Randomization for this study was at the school level while
the intervention was delivered to the students in the classrooms. One of the primary response
variables for this intervention was the tobacco and health knowledge scale (THKS) score. The
scale takes values from 0 to 7, with higher scores implying greater knowledge. Only the 1600
children who had both pre- and post-intervention scores were included in the analysis. The
resulting data was unbalanced with a range of between 1 and 13 classrooms per school and
between 2 and 28 students per classroom. Table I lists the student frequencies for the THKS
scores broken down by each of the condition groups. Based on the frequency distribution of
the post-intervention THKS scores, ordinal classes of 0–1, 2, 3, and 4–7 correct responses
were used for the purpose of analysis.
A three-level ordinal logistic model was �t to these data. This data set was previously

analysed using a two-level ordinal probit regression model [1] and a three-level binary probit
regression model [2]. For the present illustration of the model, we will consider a three-
level ordinal logistic regression model. Additionally, for each analysis we will compare the

Table I. THKS post-intervention results subgroup frequencies (and percentages).

Subgroup THKS score

CC TV 0–1 2 3 4–7 Total

No No 117 129 89 86 421
(27.8) (30.6) (21.1) (20.4)

No Yes 110 105 91 110 416
(26.4) (25.2) (21.9) (26.4)

Yes No 62 78 106 134 380
(16.3) (20.5) (27.9) (35.3)

Yes Yes 66 86 114 117 383
(17.2) (22.5) (29.8) (30.5)

Total 355 398 400 447 1600
(22.2) (24.9) (25.0) (27.9)
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Table II. THKS post-intervention (ordinal) scores: comparison of two- and three-level mixed-e�ect
logistic model estimates (standard errors).

Term Fixed-e�ect model Two-level model school Three-level model

Threshold 1 −0:040 −0:089 −0:099
(0.123) (0.313) (0.336)

Threshold 2 1.185 1.153 1.175
(0.124) (0.282) (0.300)

Threshold 3 2.345 2.332 2.385
(0.133) (0.293) (0.310)

Baseline THKS 0.422∗∗∗ 0.403∗∗∗ 0.408∗∗∗

(0.038) (0.043) (0.044)
Social resistance (CC) 0.863∗∗∗ 0.924∗∗ 0.885∗∗

(0.132) (0.371) (0.388)
Television (TV) 0.253∗∗ 0.275 0.232

(0.125) (0.315) (0.342)
Interaction (CC × TV) −0:367∗∗ −0:466 −0:368

(0.183) (0.406) (0.419)
Class SD 0.385

(0.115)
School SD 0.271 0.215

(0.091) (0.122)
Log L −2125:10 −2119:74 −2114:52
∗∗∗p¡0:01; ∗∗p¡0:05.

proportional odds model to a non-proportional odds model in order to assess the assumption
of proportional odds for the explanatory variables.
In the clustered situation, subjects (level 1) were nested within classrooms (level 2) and

schools (level 3). The post-intervention THKS scores was modelled in terms of the baseline
THKS score, and e�ects of CC and TV (as main e�ects) and the CC × TV interaction.
Table II lists results from the analysis.
The results from the �xed-e�ects model indicates a signi�cant CC × TV interaction. How-

ever, results from the mixed-e�ects logistic regression model allowing for the nesting of
students within schools (column 2 in Table II) are slightly di�erent from those obtained
by the �xed-e�ects model in that neither the interaction term nor the main e�ect due to
television are signi�cant. The standard errors (s.e.) for the two-level model are larger than
those from the �xed-e�ects model indicate ignoring the clustering leads to underestimated
standard errors. The three-level model (students within classrooms within schools) leads to
similar conclusions as the two-level mixed-e�ects model and indicates a positive e�ect of the
social resistance curriculum. However, the standard errors for the three-level model are the
largest, as expected and the e�ect of the social resistance intervention is not as strong as in
the two level case. Both the two and three-level model provide a signi�cantly better �t than
the �xed-e�ects model (�21 = 10:72; p¡0:01 and �22 = 21:18; p¡0:01, respectively).§

§Likelihood-ratio tests of variance parameters tend to be overly conservative [20], so if anything, the signi�cance
of the random-e�ects variance parameters is understated.
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In addition, the three-level model also provided a signi�cantly better �t than the two-
level model (�21 = 10:46; p¡0:01), supporting the inclusion of both random classroom and
school term in the model. The intraclass correlation was 0.043 and the intra-school correlation
was 0.013. Hence, approximately 4.3 per cent of the variability was due to classrooms and
1.3 per cent was due to schools. It should be noted that there is concern in using Wald statistics
for hypothesis testing of random-e�ects variance terms [29]. Hence, we do not list these for
the random-e�ects parameters in the tables. Finally, �tting a three-level non-proportional odds
model (not shown), which allowed the four explanatory variables to have varying e�ects
across the three cumulative logits, resulted in a log-likelihood value of −2110:39. Thus, the
assumption of proportional odds for these variables is not rejected (�28 = 8:26; p=0:41), and
so the reported results for the three-level proportional odds model are reasonable.
The results from this analysis generally agree with the results reported earlier [1] when these

data were analysed using a two-level ordinal model (students within classrooms), though as
one would expect the standard errors are larger for the treatment e�ects in the presented three-
level model. This is especially true since they considered students nested within classrooms,
rather than students within schools (as we present in Table II). Additionally, the current
analysis which accounts for all levels of clustering in the data is more appropriate than
models that ignore either level of nesting, and the likelihood ratio test clearly supports the
signi�cance of including a random e�ect to the model at all levels of nesting.

3.2. Study 2: an Alzheimer’s disease clinical trial

The haloperidol, trazodone, and behaviour management techniques in Alzhemier’s disease pa-
tients with disruptive agitated behaviours (AP) trial [30] was a randomized, placebo-controlled
multi-centre clinical trial designed to compare haloperidol, trazadone and BMT with placebo
in the treatment of agitation in AD patients. The study enrolled a total of 149 patients ran-
domized to one of the three treatment arms or the placebo. Assessment was conducted at the
mid-point (week 9), after 16 weeks of treatment (posttreatment), and at 3 months follow-up.
Of the 149 patients, 129 (87 per cent) had data at week 9, 114 (77 per cent) had data at
posttreatment and 84 (56 per cent) had data at 3 months follow-up. The primary outcome
measure for this study was the ADCS clinical global impression of change (ADCS-CGIC),
completed by a trained clinician blind to treatment assignment. The ADCS-CGIC is a 7-point
ordinal scale (that range from marked improvement to marked deterioration) used to assess
change from baseline. The data set had a three-level clustered data structure with a range of
1–3 ADAS-CGIC repeated observations per participant and between 1 and 17 participants per
clinical centre. Hence, these data are highly unbalanced with a varying number of observations
at both levels of clustering.
For the analysis, the ADCS-CGIC was recorded into a 3-point scale (1= any improvement;

2= no change; 3= any deterioration) due to the fact that there were very few participants
in several of the cells and to facilitate the clinical interpretation of the results. The test
groups were also combined since analysis showed a similar result for all three treatments.
Three ordinal logistic models were �t to these data: A two-level proportional odds model
(ignoring the clustering due to site), a three-level proportional odds model, and a three-level
non-proportional odds model. For all models, two dummy-codes were included for the time
e�ect using mid-point (week 9) as the reference cell. Similarly, a dummy-code was included
for treatment group (active treatment vs placebo). The Cohen–Mans�eld agitation inventory
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Table III. CGIC response over time. Ordinal logistic model estimates and standard errors.

Two-level model Three-level model

Proportional odds Proportional odds Partial-proportional odds
model 1 model 2 model 3

No improvement† Deterioration‡

Term Estimate (s.e.) Estimate (s.e.) Estimate (s.e.) Estimate (s.e.)

Threshold 1 −0:40 −0:35 −0:53
(0.46) (0.55) (0.55)

Threshold 2 1.27 0.92 1.07
(0.13) (0.55) (0.55)

Baseline CMAI (High) 0.54 0:81∗ 0.35 1:15∗∗

(0.37) (0.40) (0.43) (0.39)
Time 1 (Week 17) −0:09 −0:12 −0:11

(0.28) (0.28) (0.28)
Time 2 (Month 3 FU) 0.22 0.21 0.21

(0.31) (0.43) (0.42)
Treatment (Active) 0.28 0.14 0.13

(0.43) (0.43) (0.42)
Site SD (Level 3) 1.03 1.02

(0.41) (0.39)
Patient SD (Level 2) 1.59 1.29 1.22

(0.26) (0.31) (0.30)

−2 Log L 688.14 678.32 669.11

∗0:025¡p¡0:05; ∗∗p¡0:01.
†Logit comparing deterioration and no change versus improvement.
‡Logit comparing deterioration versus no change and improvement.

(CMAI) was dichotomized into participants with high and low scores at baseline based on a
median split. For the non-proportional odds model, the e�ects of CMAI, time and treatment
were allowed to vary across the two cumulative logits. The likelihood ratio test supported the
non-proportional odds assumption but the only variable where the e�ect was di�erent across
the two logits was CMAI. Hence, the �nal model treats the e�ect of time and treatment to
be constant across the cumulative logits and allows the CMAI e�ect to vary (i.e. a partial-
proportional odds model).
Table III presents the results of these analyses.
The �rst column gives the results from the two-level regression model that ignores clustering

of the sites. The analysis shows no e�ect of baseline CMAI score, time or treatment on the
ADAS-CGIC scores during the study. The three-level proportional odds model, on the other
hand, indicates a signi�cant e�ect due to baseline CMAI score (p=0:0452). In other words,
patients with a poor baseline performance in CMAI (i.e. higher CMAI scores) tend to do
worse consistently across time.
Like the two-level results, there is no signi�cant treatment or time e�ect in the three-

level model. The likelihood ratio �21 statistic comparing models 1 and 2 is 9.82 (p¡0:001),
indicating that the three-level model provides a better �t compared to the two-level model.
Turning to column three, comparison of the two three-level models indicates that the
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Table IV. E�ect of CMAI scores (aggregated across all timepoints) across the
cumulative logits.

CGIC score

CMAI group Improved No change Worsened

Lower baseline score 66 52 67
Cumulative odds 66/121 118/67
logit −0:5 0.6

Higher baseline score 56 21 77
Cumulative odds 56/98 77/77
logit −0:5 0

assumption of proportional odds is not resonable for CMAI (likelihood-ratio �21 = 9:21;
p¡0:001). In other words, the baseline CMAI e�ect is not identical across the two cu-
mulative logits. From Table III, we see that the baseline CMAI e�ect is not signi�cant in
terms of the no improvement logit (that is, comparing deterioration and no change categories
combined versus improvement), while there is a signi�cant e�ect of baseline CMAI perfor-
mance in terms of the deterioration logit (that is, comparing deterioration versus no change
and improvement categories combined). Thus, patients with higher baseline CMAI scores are
more likely to show deterioration during the course of the study, relative to those with lower
CMAI baseline scores. The e�ects of time and treatment are not signi�cant and are similar
across the two three-level models.
To better describe the non-proportional odds results, the breakdown of CGIC scores and

their cumulative logits (aggregated across all time points) by CMAI groups is presented in
Table IV. From the table, we see the varying group di�erence on the two cumulative logits
(group di�erence of 0 for the �rst logit and 0.6 for the second logit). This di�erence in CMAI
e�ect across the cumulative logits is consistent with the results obtained by the three-level
partial proportional odds model. Namely, whereas the groups are very similar in terms of the
improved category, the higher CMAI group has relatively more responses in the worsened
category (or, the lower CMAI group has relatively more responses in the no change category).
In terms of the random e�ects variance terms, there is considerable variability associated

with both patients and sites, as expected. The estimated intraclass correlation for patients
is 0.36 and the estimated intraclass correlation for sites is 0.20. Hence, the data are highly
correlated with 36 per cent of the variance attributable to the patient and 20 per cent of the
variance attributable to the site. Clearly, ignoring either of these levels, with their moderately
high degree of intraclass correlation, would not be reasonable.

4. DISCUSSION

A mixed-e�ects regression model that allows for both an ordinal response and a three-level
data structure is described in this article. This model allows random e�ects to be included at
the second and third level of clustering. This model can be used both in the case of clustered
and longitudinal data and is an extension of the three-level mixed-e�ects model for binary
data proposed by Gibbons and Hedeker [2]. Covariate e�ects are allowed to be the same
or vary across the cumulative logits of the model. Thus, the proportional odds assumption
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can be tested and, when violated, non-proportional or partial-proportional models can be �t.
Parameter estimation is done using maximum marginal likelihood estimation, with Gauss–
Hermite quadrature used to numerically integrate over the distribution of random e�ects. The
solution to the non-linear equations is obtained iteratively using Fisher’s method of scoring.
Several statistical software programs are now available to estimate mixed-e�ects regression

models for ordinal data, but they vary as to which speci�c models can be �t. The pack-
ages can be broadly divided into three groups based on the models that they �t: two-level
non-proportional or proportional odds models (SAS NLMIXED, MIXOR, HLM), three-level
models without using full-likelihood estimation methods (MLwiN) and three-level proportional
odds models using full-likelihood estimation procedures (GLLAMM). The two level models
in this manuscript were �t using MIXOR while a FORTRAN program was written to �t the
proposed three-level proportional odds and partial proportional odds models.
One of the issues when using the quadrature method is the determination of the number of

points used to approximate the integrals. In the analysis of the data described in this paper,
we used 20 quadrature points per dimension for the solutions. The use of Gibbs sampling
and related methods [31] provides an alternative way of handling the integration over the
random-e�ects distribution. While the quadrature solution is relatively fast and computationally
tractable for models with few random e�ects, Gibbs sampling is more advantageous for models
with many random e�ects. For example, if there is only one random e�ect, the quadrature
solution requires only one additional summation over Q points relative to the �xed e�ects
solution. In the present case with one random e�ect per level, but two levels of clustering, the
quadrature solution requires summation over Q2 points, and so the quadrature solution was
viable. For models with many more random e�ects, the adaptive quadrature method might
also be more bene�cial. This method uses fewer points per dimension, since the quadrature
is adapted to the location and dispersion for each subject [32]. More work is underway to
explore this issue further.
The examples demonstrate the use of the random-e�ects approach for correlated multi-level

data. There are alternative approaches, such as the generalized estimating equations (GEE)
approach [4] that can be applied to correlated data. This approach has the advantage that it
is easier to implement, the parameter estimates are on the marginal scale and the model is
robust to misspeci�cation of the variance–covariance structure. In contrast, since the random
e�ects are speci�cally included in the model, parameter estimates from mixed-e�ects models
depend on the speci�ed distribution of the random e�ects and the statistical tests are valid
only under the assumed correlation structure. However, the quadrature solution used in this
article allows the use of varying distributions for the random e�ects. The random-e�ects
approach proposed in this article, has several advantages of its own. Often, the random e�ect
themselves are of interest (for example, in behavioural research, twin studies). The random-
e�ects model allows the estimates of these random e�ects to be computed. Another issue
that is important to consider between the two approaches is the assumptions that the method
makes about missing data: the random-e�ects approach assumes that the missing data are
missing at random (MAR) as compared to the GEE approach that requires a more restrictive
missing completely at random (MCAR) assumption. It should be noted that this comment
relates to the original representation of GEE, now often referred to as GEE1 [33], and that
generalizations of the GEE approach to allow MAR missing data have been proposed (e.g.
[34]). More details on the di�erences between GEE and random e�ects models are discussed
by several authors [35–37].
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Data from two studies were used to demonstrate this model. The �rst study was a be-
havioural intervention study where the outcome assessment was the THKS score, an ordinal
outcome with four response categories. The analyses demonstrated the necessity to account for
the multiple levels of nesting, and indicated that the proportional odds assumption was rea-
sonable. The second study was a Alzheimer’s disease therapy trial where the outcome was the
ADAS-CGIC score, an ordinal variable with three categories. In this analysis, the proportional
odds assumption was violated for one of the model covariates. Both these examples illustrate
the usefulness of the model in accounting for the variability due to clustering at both levels
of these data when estimating the e�ects of model covariates. The second example illustrates
the usefulness of the model in testing the assumption of proportional odds and, if not met,
providing an appropriate alternative to this restrictive assumption.

APPENDIX A: MAXIMUM MARGINAL LIKELIHOOD ESTIMATION

Let Yi denote the vector pattern of ordinal responses from level-3 unit i for the ni level-2
units nested within the level-3 units, and the nij level-1 units nested within the level-2 units.
Assuming that the responses are independent conditional on the random e�ects, the probability
of any pattern Yi, given �i and �ij, is equal to the product of the probabilities of the level-1
responses:

‘(Yi | �ij; �i)=
ni∏

j=1

nij∏
k=1

C∏
c=1
[�(�c − zijkc)−�(�c − zijk; c−1)]dijkc (A1)

where dijkc=1 if Yijk = c and 0 otherwise (i.e. for each ijkth observation, dijkc=1 for only
one of the C categories), and zijkc=x′

ijk�+ u
′
ijk�c + �(2)�ij + �(3)�i.

The marginal density of Yi is given by the following integrand of the likelihood, ‘(·),
weighted by the prior density g(·):

h(Yi)=
∫
�i

∫
�ij

‘(Yi | �ij; �i)g(�ij) d�ijg(�i) d�i (A2)

where g(�i) and g(�ij) are the univariate standard normal densities. From this point on, for
convenience of notation, �i will be replaced by �(3) and �ij will be replaced by �(2) when it
is used within the integral.
Conditional on the level-3 e�ect �i, the responses from the ni units at level i are independent;

hence, the marginal probability can be written as

h(Yi)=
∫
�(3)

{
ni∏

j=1

∫
�(2)

( nij∏
k=1

C∏
c=1
[�(�c − zijkc)−�(�c − zijk; c−1)]dijkc

)
g(�(2)) d�(2)

}
g(�(3)) d�(3)

(A3)

This marginal probability can be decomposed as

h(Yi)=
∫
�(3)

‘i(�(3))g(�(3)) d(�(3)) (A4)
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where

‘i(�(3))=
ni∏

j=1
h(Yij) (A5)

h(Yij)=
∫
�(2)

‘ij(�)g(�(2)) d(�(2)) (A6)

and

‘ij(�)=
nij∏
k=1

C∏
c=1
[�(�c − zijkc)−�(�c−1 − zijkc)]dijkc (A7)

As a result, di�erentiating the marginal log-likelihood from the n level-3 units, log L=∑n
i log h(Yi), with respect to an arbitrary parameter vector � yields

@ log L
@�

=
N∑
i=1

h−1(Yi)
@h(Yi)
@�

=
N∑
i=1

h−1(Yi)
∫
�(3)

‘i(�(3))
@ log ‘i(�(3))

@�
g(�(3)) d(�(3)) (A8)

where

@ log ‘i(�(3))
@�

=
ni∑

j=1
h−1(Yij)

∫
�(2)

‘ij(�)
@ log ‘ij(�)

@�
g(�(2)) d(�(2)) (A9)

Thus, only @ log ‘ij(�)=@� needs to be separately obtained for each parameter or parameter
vector. For the parameters that do not vary with c, namely, �(2), �(3), and �, we get:

@ log ‘ij(�)
@�

=
ni∑

k=1

C∑
c=1

dijkc
 (�c−1 − zijkc)−  (�c − zijkc)
�(�c − zijkc)−�(�c−1 − zijkc)

@zijkc
@�

(A10)

with,

@zijkc
@�

=xijk ;
@zijkc
@�(2)

= �(2) and
@zijkc
@�(3)

= �(3)

For the threshold parameters, we get for a particular �c′ ,

@ log ‘ij(�)
@�c′

=
ni∑

k=1

C∑
c=1

dijkc
 (�c − zijkc)	c; c′ −  (�c−1 − zijkc)	c−1;c′

�(�c − zijkc)−�(�c−1 − zijkc)
(A11)

with

	c; c′ =

{
1 if c= c′

0 if c �= c′

Finally, for the threshold interaction parameters �c, the form of the derivative is the same as
in (A11), albeit with −@zijkc=@�c= − uijk additionally as a product term in the summation.
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Note that for the logistic formulation,  (·)=�(·)(1−�(·)). For a probit regression formu-
lation, the logistic function �(·) is replaced by the normal response function �(·), and  (·)
is replaced by the standard normal density function 
(·) in the above equations.
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