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Prerequisites

e Lectures 6.1 and 6.2

Further readings

¢ No particular suggestion

Goal

¢ This lecture guides the students through the
solution of some simple examples of manual
synthesis of combinational networks.

Homework

¢ Students are recommended to try to solve the
exercise by themselves, before looking at the
proposed solutions.

Exercise #6.3.1

Design a combinational circuit with 1 output U
and an input X (3 downto 0) that, when it receives
on X an unsigned hexadecimal digit X, provides,
on U, a logical value 1 iff:

X<4 or X>8.
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Solution #1

e We are going to present a complete first
solution, i.e., till the netlist of the target
circuit.

Solution #1

X(3) X(2)
X)X\ 00 01 11 10

00

01 A
11
10

\

HINT:
label each cell with its
corresponding decimal value

vy

16

Solution #1
X<4 or X>8.
X(3) X(2)
X)X\ 00 01 11 10
00| 1o 4| 12 s
01| 11 5| 13 o
11|13 7| 15 n
10| 12| 6| 14 10
U

Solution #1

X(3) X(2)
X(1)XO)\ 00 01 11 10
00
01
11
10

>
. x1e U
Solution #1
X(3) X(2)
X(M X0\ 00 01 11 10
00| of 4| 12| s
01| 1| 5| 13 o
11 3| 7| 15 n
10| 2| 6| 14 10
U

vy

16
Solution #1
X<4 or X>8.
X(3) X(2)
X)X\ 00 01 11 10
00| 1o a|1127 s
01| 11 s5[113 10
11|13 7| 11511
10| 12| 6| 114 110
U
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vy vy
Solution #1 Solution #1
X<4 or X>8.
X(3) X(2) X(3) X(2)
XM X\ 00 01 11 10 XM XO)\ 09 01 11 10
00| 10| 0s| 1120 s 001 0/ 1|0
01|14 05/ 11319 o1/ 1] 0o 1|1
11| 13| 07| 145 111 11} 1), 0| 1|1
10 | 12| Os| 114/ 110 10/l 1), 0| 1|1
U U
U=
= =
_ %y %y
Solution #1 Solution #1
X(3) X(2) X(3) X(2)
X(1)XO)\ 00 01 11 10 X(1)XO)\ 00 01 11 10
001 0 1|0 o010/ 1|0
o1 1] 0|11 o1 1] 0|11
X3y X(2) 111 o] 11 XGEIX2) 111 o] 11
100l1) o] 11 1001 o] 11
U U
U= U= x(3yx@2y
= =
_ %y %y
Solution #1 Solution #1
X(3) X(2) X(3) X(2)
X(1)XO)\ 00 01 11 10 X(1)XO)\ 00 01 11 10
001 o[1] 0 001 o[1] 0
011 0] 1] 1 o1/ 1] o/ 1] 1
11 1] ol 1] 1 11 1] o] 1]/ 1
10/l1) ol 1) 1 10/ 1) o]L1]] 1
U U
X(3) X(2)
U= X3y X(2) U= X3y X(2)
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w5y vy
Solution #1 Solution #1
X(3) X(2) X(3) X(2)
X(1)XO)\ 00 01 11 10 X(1)XO)\ 00 01 11 10
ool1] o/ 1] 0 oo[1] o/ 1] 0
o1/ 1] o 1] 1 o1 1] o1 1)
11 1] ol 1] 1 1) 1] oll1[ 1)
1001 o1] 1 1001 o] 1] 1
U U
X(3) X(2)
U= X(3)X(2) + X(3) X(2) U= X(3)X(2) + X(3) X(2)
w5y vy
Solution #1 Solution #1
X(3) X(2) X(3) X(2)
XW)XON 00 0111 10 / XW)XON 00 0111 10 /
001 o[1] 0 X@) X(0) ool1] o/ 1] 0 X@) X(0)
o1 1] o1 1) o1 1] o1 1)
1) 1] oll1[1) 1) 1] oll1[1)
10/l1) ol 1) 1 10/ 1) o] 1] 1
U U
U= X(3) X(2)’ + X(3) X(2) U= X(3) X(2)’ + X(3) X(2) + X(3) X(0)
w5y vy
Solution #1 Solution #1
X(3) X(2) X(3) X(2)
X(1)XO)\ 00 01 11 10 X(1)XO)\ 00 01 11 10
oo[1] 0/1]o oo[1] o/1]o
011 011 011 011
11 1] o171 11 1] o171
101 ofla]1 101 ofla]1
X(3) X(1)

U= X(3) X(2)’ + X(3) X(2) + X(3) X(0)

U= X(3) X(2)’ + X(3) X(2) + X(3) X(0)

© P.Prinetto - all rights reserved
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Solution #1 Solution #1

X(3) X(2) U= X(3)X(2)' + X(3) X(2) + X(3) X(0) + X(3) X(1)

00 01 11 10
1] o/[1] 0
011
011
ol1]l1
u

X(1) X(0)

00
01
11
10

{_L_L_L_L

X(3) X(1)

U = X(3) X(2)’ + X(3) X(2) + X(3) X(0) + X(3) X(1)

Solution #1 Solution #1
U= X(3)X(2)’+ X(3) X(2) + X(3) X(0) + X(3) X(1)

% =D B
o —— B = >—= =

Further optimization:
¢ by observing that:

X2 u
c
§§gﬂ Df e one gets:
X(3 b
w0

;
'

Solution #1 Solution #2
X(3) A e We are going to present now an alternative
X(2) :DO’ solution, due to a different cover of the K-map

of the circuit.

X3 — )5
X% I u
X3 — [ \C
o p—
X3 — D
WD
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Solution #2

X(3) X(2)
00 01 11 10
0 0

X(1) X(0)
00

01
X@yx@2y 11

{_L_L_L_L
{_L_L_L_L

1
1
10 1

0
0
0
u

X(3) X(2)

U= X3/ X(2)’ + X(3) X(2)

Solution #2

X(3) X(2)

X)X\ o0 01 11 1067
oo 1] 011

o1 1) 11

1)1 ]

(1] 1

X(2) X(0)

0
11 o
10.1] o

U

6.3

U= X(3y X(2)’ + X(3) X(2) + X(2)’ X(0) D_V
33

Solution #2

X(3) X(2)

X(1) X0 \ 00 01 11 10
0o/ 1/ o
o1f 1] o0

11 o
0

1)
1
nicw
1

10 1 1|
U&
X@rX(1

U= X(3) X(2)’ + X(3) X(2) + X(2)’ X(0) + X(2)’ X(1)

Solution #2

X(3) X(2)
00 01 11 10
001 ol[1]l0

(1]

01
1
1

X(1) X(0)

1
111

0
0
10.1] o
U

{_L_L_L_L

U= X(3) X(2)’ + X(3) X(2)

Solution #2

X(3) X(2)

00 01 11 10

0o[1] o1

o1 1] 0

11 o

101 o
U

X(1) X(0)

{_L_L_L_L
-

6.3

U= X(3y X(2)’ + X(3) X(2) + X(2)’ X(0) D_V
34

Solution #3

We shall now present a solution based on the map
composition approach.

© P.Prinetto - all rights reserved
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X(3) X(2) X(1) X(0) = abed i
. x1e U
Solution #3

ab

cd\ 00 01 11 10

0| 1[0 1] 0

o1 1]o0| 1] 1| =

1) 1/0] 1] 1

10 1/0| 1] 1

f

f:

al
cd

00
01
"

>
. x1e U
Solution #3
b ab ab
00 01 11 10  cd\ 00 01 11 10 I\ 0o 01 11 10
1/0/ 1 0 0| 1]/0/1]0 0 -|0| -] 0
101/ 1 = o1 |1]0/1]0/ vot-|of-|1
10 1)1 11[(1]0/1]0 1M -0 -|1
110 1] 1 101 (0| 1|0 10| - (0] -| 1
f E R
E=ab’+ab=(a®Db)
R=ad + ac
f=E+R

>\ >
Exercise #6.3.2

Design a combinational circuit with a 4-bit input
and a 3-bit output such that, when it receives on
its input a hexadecimal digit X, provides, on its
output:

[ sqrt (X)

vy

16

Solution #3
ab ab ab
cd\ 00 01 11 10  cd\ 00 01 11 10 4\ go 01 11 10
| 1/0/ 1] 0 0| 1/0/1/0 oo -|0|-|o
o1 1]/0[ 11 = o110/ 1|0/ vo-|o|-|1
1)1]0]/ 1] 1 1]1]0] 10 11-]o| -] 1
10 1]0] 1] 1 10[1/0/1/0 10-|0]|-|1
f E R
f=E+R
>
. Xis . U
Solution #3
ab ab ab
cd\ 00 01 11 10  cd\ 00 01 11 10 4\ go 01 11 10
| 1/0/ 1] 0 0| 1/0/1/0 oo -|o0|-|o
o1 1]/0[ 11 = o110/ 1|0/ voi-|o0|-|1
1) 1]0/ 1] 1 M|{1)o/ 10 11-]0]-|1
10 1]0] 1] 1 10[1/0/1/0 10-|0]|-]1
f E R
E=ab’+ab=(a®Db)
R=ad + ac
f=E+R=ab’ +ab+ad+ac

Solution #1 (truth table)

ABCD | [sqrt(X)]
0000 000
0001 001
0010 010
0011 010
0100 010
0101 011
0110 011
0111 011
1000 011
1001 011
1010 100
1011 100
1100 100
1101 100
1110 100
1111 100

=V >
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_ =V >
Solution #1 (Karnaugh maps)
AB AB AB
CD\ 00 01 11 10 €PN\ 00 01 11 10 ©P\oo 01 11 10
00l o o 1/ 0] oolo|1(0o|1| oolo|o0|0O]| 1
o1 of o/ 1/ 0] ot|o|1]o|1 | of|1|1]|0]1
11 0 o/ 1| 1| 11|1]|1lojo| 11]o|1|0]| 0
10/ o/ o] 1] 1] 10[1[1|ofo]| 10[o[1]0] 0
[ sqrt (X) ]
i
. x1o U
Solution #1
X(3) X(2)
X)X\ 00 01 11 10
00 o 4| 12| 8
01 1] 5| 13 o
11 3 7| 15 m
10 2| 6| 14 10
U
i
. x1o U
Solution #1
X(3) X(2)
X)X\ 00 01 11 10
001 0| -|0
o1, 0] -1
X3P X(2) 1)1 o - |-
101 0| - | -
U
U= X(3rx(2y

Exercise #6.3.3

Similar to the example #1, with the only difference
that the input digit X is, in this case, a decimal

one.
% 3y
Solution #1
X(3) X(2)
X)X\ 00 01 11 10
00| 10/ Os] -12/ 08
01| 11 0| -13 109
11| 13| O =15 =11
10| 12| 0| -14 =10
U
% 3y
Solution #1
X(3) X(2)
XW)XON 00 0111 10 /
oo1] 0 -|o0 X@) X(0)
ot 1] o|(-]1)
X3/ X2 1 1] ol-|.)
101 o] - | -
U
U= X(3/ X(2)’ + X(3) X(0)

© P.Prinetto - all rights reserved
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e

Solution #1 Solution #2
X(3) X(2)
X)X\ 00 01 11 10
U= X(3)X(2)’ + X(3) X(0) ool 1l o] -l o
— o011 0] -1
X(3) —>— X3 X2y 11| 1) 0| - | -
. D e
X(3) ]
o
U= X3/ X2
i
. e . =
Solution #2 Exercise #6.3.4
X(1) X(0) X@) X(2) Design a comparator which, receiving in input:
00 01 11 107 IO e A(1 downto 0) and B(1 downto 0)
00 m s 0/ @rx) ¢ a signal 2c/~um specifying the coding used for
0 ?ﬁ 0l - W A and B (1=2's complement, O=unsigned
X3 X(2) 1.1] o] - |- 'Zag";t"de)
o provides 3 outputs A GT B, A EQ B and A_LT B
10 uj 0 such that:
U eaGT B =1iffa > B
v/ , eA EQB =1iffa =8
U=X(3) X@r + Xy X(©) eAa LT B =1iffA < B.
B BAlAO 2c/~um=0 2c/~um=1
1
A oM =0 20/-um =1 70\ 00 01 11 10 00 011110
B(1)B(0)\ 00 01 11 10 00 01 11 10 oolo! 1/ 1/ 1 o1/ 0 o
00 01|00 1 1 0,0 00O
01 11/0(0 0/ O |1 /1] 0 O
1 100/0/ 1/ 0 |1 /1] 110
10 A gt_B
© P.Prinetto - all rights reserved Version 6.0 6.3.9
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Solution #1 Ei[}}:

The implementation of A_eq_B is trivial:

AA, 2c/~uM=0 2c/-~um=1

BlBO
00 01 11 10 00 011110
001/ 0,0 0 |1/0 00
0101, 0 0 0|1 00
11/0/0 1,0 (0/0 10
10/0/ 0/ 0/ 1 [0/0] O 1

A eq B

U

Design a combinational circuit with an input X (2
downto 0) and an output Y (2 downto 0) such that,
when it receives on X an unsigned decimal digit X,
provides, on Y, the 3 most significant bits of X2

Exercise #6.3.5

2 2
Xgy | Xuoy | X200 | XP) Y

000
001
010
011
100
101
110
11

N o bk ON = O

Solution #1 %@3

I

The 3rd output 2_1t_B can be easily obtained as:
A 1t B = (A_gt _B)’(A_eq B)’

2 2
Xoy | Xuo) | X%n0) | XP) Y

000
001
010
011
100
101
110
111

Xoy | Xao | X%ag | X% Y
000 0 0

001 1 1

010 2 4

o011 3 9

100 4 16

101 5 25

110 6 36

111 7 | 49

© P.Prinetto - all rights reserved
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U U

Xa) | Xao | Xao) | X% Y Xa) | Xao | Xao | X% Y
000 0 0 000000 000 0 0 000000f 000
001 1 1 000001 001 1 1 000001 000
010 2 4 000100 010 2 4 000100, 000
011 3 9 001001 011 3 9 001001 001
100 4 16 010000 100 4 16 010000, 010
101 5 25 | 011001 101 5 25 | 011001 o011
110 6 36 100100 110 6 36 100100 100
111 7 49 | 110001 111 7 49 | 110001 110

X Y XoX,Xo| Y,Y,Y,
000 | 000 000 00
001 | 000 001 00
010 | 000 o010 00 X Xo
w00 01 11 10
011 | o001 o1 01 >
100 | o10 100 10 0
101 | o11 101 11 1
110 | 100 110 00
11 | 110 111 10 Y

XoX,Xo| Y,Y,Y, XoX,Xo| Y,Y,Y,
000 00 000 | O
001 00 001 | O
o010 00 X Xo 010 | 0 X Xo
w00 01 11 10 w00 01 11 10
011 01 > o11 | opt >
100 10 0,0/ 0j0 |0 100 | 0 0
101 11 110l o1 |1 101 ot 1
110 00 110 | 1
111 10 Y M1 | 1 Y;

© P.Prinetto - all rights reserved Version 6.0 6.3.11
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U U

XoX,Xo| Y,Y,Y, XoX,Xo| Y,Y,Y,
000 | O 000 | O
001 | O 001 | O
010 | 0 X Xo 010 | 0 X Xo
w00 01 11 10 w00 01 11 10
o11 | opi > o1 |0 >
100 | 0 0,0/ 00 |0 100 | 01 0
101 | o 1010 111 101 | o1 1
110 | 1 110 | 1
M1 |1 Y; 1M1 | 1 Yo

X, XX, | Y,Y,Y X1 %o X1 %o

20| T271 70 x\ 00 01 11 10 00 01 11 10
2 2

000 | o 00 0/0 0] 0/0 00

001 0 1 1

010 ) X, X, 0| 0 1 1 1 1 1 0

Y. Y

011 o X 00 01 11 10 2 1

100 01 0] 0| O 1 0 X4 XO

110 1 0| 0 O[1

1M1 | 1 Yo ol 110 1o

X1XO X1XO
x,\ 00 01 11 10~ 00 01 11 10

0
110 o ED 1 [1 1J 1] 0 A remark on Y,

The expression an be factorized as it follows:
Y, Y, Yo = XoXi X5 + XoX;7X; = Xo (X4 X5 + X;'X,) = X, (X, © Xy)

Remark

X1 XO

)boo 01 11 10 [v,=xx,

ol ol oll1]o Y, = XX, + XX,
110 o lo Yo = XX, X, + XXX,

— Yo m— — )

© P.Prinetto - all rights reserved Version 6.0 6.3.12
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Remark (conteq) Remark (conteq)
X; Xo
X 00 01 11 10
The same expression could be easily obtained by a 2

proper cover of the Y, K-map: 0| 0/ 0] 1
o 10 |0

Yo

—e3]
Remark (conted) Remark (conted)
X4 Xo Xi Xo
x,\ 00 01 11 10 x,\ 00 01 11 10
0| 0o o1 0 _ 0| 0 0|1 |0 _
o 1,0 |0 110 1]0 |0
Yo X; Xo Yo X Xo
Xi X Xi X w00 01 11 10 w00 01 11 10
x\_00 01 11 10 x\_00 01 11 10 2 2
2 2 0|1, 0|1 |0 A OO0 11
0| 1 01 A OO0 11
] 1 110 1]0 |1 o 11 |0
1 1 1
0 Ao 0 L 0 A B
—(e3] @—V Yo=AB=(X,® X; @ Xp) Xy = (X1 @ X3) X
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