
©  P.Prinetto - all rights reserved Version  2.0 6.5.1

6.5 – Tackling circuit complexity (2)ECE 465

Tackling circuit 
complexity (2)

Paolo PRINETTO
Politecnico di Torino (Italy)

University of Illinois at Chicago, IL (USA)

Paolo.Prinetto@polito.it
Prinetto@uic.edu

www.testgroup.polito.it

Lecture 

6.5

26.5 

Goal

• This lecture is the latter part of a group of 2 
lectures aiming at presenting methods used 
in manual combinational synthesis to 
overcome the limitations of the purely manual 
approach presented in lectures 6.1-6.3

36.5 

Prerequisites 

• Lectures 5.1 and 6.4

46.5 

Homework

• Students are warmly encouraged to solve the 
proposed exercises

56.5 

Further readings 

• No particular suggestion

66.5 

Outline

• Partitioning based techniques

• RT level minimizations

• Synthesis by iterating basic cells



©  P.Prinetto - all rights reserved Version  2.0 6.5.2

6.5 – Tackling circuit complexity (2)ECE 465

76.5 

Partitioning-bases techniques

• The system is first partitioned in functional 
blocks

• Each functional block is then implemented 
resorting to one of the above mentioned 
approaches

• The system is eventually designed simply 
assembling the  functional blocks.

86.5 

Partitioning-bases techniques

• The system is first partitioned in functional 
blocks

• Each functional block is then implemented 
resorting to one of the above mentioned 
approaches

• The system is eventually designed simply 
assembling the  functional blocks.

This step is iterated until each 
functional block is implemented 

resorting to elements that are 
considered to be “basic” or 

“elementary” for the target design

96.5 

RT Level Synthesis

• A peculiar case is the one in which the 
“elementary blocks” are the RT level 
combinational blocks presented in lecture 5.2.

106.5 
behavior    structure   physical

RT Level Synthesis

system

RT

logic

User's
Requirements

Impl

116.5 

RT level synthesis

Approaches to manual RT level synthesis can be 
clustered in 2 major classes:

• intuitive

• systematic (from VHDL RT descriptions)
(presented in module 12).

126.5 

Intuitive approach

The intuitive approach will be presented resorting 
to a couple of examples.
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136.5 

|X|
Module generator

Design a circuit which, getting in input a number X 
of n bits, represented according to the 
2’complement notation, provides in output the 
value:

Y = |X|.

146.5 

|X|
Module generator

Design a circuit which, getting in input a number X 
of n bits, represented according to the 
2’complement notation, provides in output the 
value:

Y = |X|.

X < 0   ⇒ Y = | X | = − X
X ≥ 0   ⇒ Y = | X | = + X

156.5 

X

Y

−X

0 1

|X|

X < 0   ⇒ Y = | X | = − X
X ≥ 0   ⇒ Y = | X | = + X

166.5 

2’s compl.

X

Y

−X

0 1

|X|

X < 0   ⇒ Y = | X | = − X
X ≥ 0   ⇒ Y = | X | = + X

176.5 

2’s compl.

X

Y

−X

0 1

0

<

|X|

X < 0   ⇒ Y = | X | = − X
X ≥ 0   ⇒ Y = | X | = + X

186.5 

Iteration

• The process is iterated until all the functional 
blocks the system has been partitioned in are 
“elementary”, i.e., can be directly 
implemented by one of the components 
present in the target library.
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196.5 

Iteration

• The process is iterated until all the functional 
blocks the system has been partitioned in are 
“elementary”, i.e., can be directly 
implemented by one of components present 
in the target library.

• Let’s assume the target library be the RT level 
combinational blocks presented in lecture 5.1

206.5 

2’s compl.

X

Y

−X

0 1

0

<

|X|
Comparator

216.5 

2’s compl.

X

Y

−X

0 1

0

<

|X|

Multiplexer

226.5 

2’s compl.

X

Y

−X

0 1

0

<

|X|

Can be 
implemented in 

several ways

236.5 

2’s compl.

− X = 0 − X

246.5 

2’s compl.

− X = 0 − X

X0

ADD/~SUB

0

Adder / Subtracter
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256.5 

2’s compl.

− X = 1’s_compl(X) + 1

266.5 

1’s compl.

+1

2’s compl.

− X = 1’s_compl(X) + 1

276.5 

1’s compl.

286.5 

+1

1

|X|

296.5 

X < 0   ⇒ Y = | X | = − X = X’ + 1
X ≥ 0   ⇒ Y = | X | = + X = X  + 0

Alternative 
implementation

|X|

Design a circuit which, getting in input a number X 
of n bits, represented according to the 
2’complement notation, provides in output the 
value:

Y = |X|.

306.5 

Y

|X|

X < 0   ⇒ Y = | X | = − X = X’ + 1
X ≥ 0   ⇒ Y = | X | = + X = X  + 0
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316.5 

0 1

X’

X

Y

|X|

X < 0   ⇒ Y = | X | = − X = X’ + 1
X ≥ 0   ⇒ Y = | X | = + X = X  + 0

326.5 

1

0 1 0 1

0X’

X

Y

|X|

X < 0   ⇒ Y = | X | = − X = X’ + 1
X ≥ 0   ⇒ Y = | X | = + X = X  + 0

336.5 

1

0 1 0 1

0X’

X

Y

|X|

X < 0   ⇒ Y = | X | = − X = X’ + 1
X ≥ 0   ⇒ Y = | X | = + X = X  + 0

346.5 

1

0 1 0 1

0X’

X

Y

0

<

|X|

X < 0   ⇒ Y = | X | = − X = X’ + 1
X ≥ 0   ⇒ Y = | X | = + X = X  + 0

356.5 

Programmable Divider

Design a circuit which, getting in input:

• An 8-bit number X coded 2C

• A 2-bit number D coded 2C

provides on the output Y (coded 2C) the value

Y = X / D

÷

366.5 

Solution

The divider D can get the following 4 
values, only:

• D=−2 Y = −X/2

• D=−1 Y = −X

• D=0 error

• D=1 Y = X

÷



©  P.Prinetto - all rights reserved Version  2.0 6.5.7

6.5 – Tackling circuit complexity (2)ECE 465

376.5 

Y

D

−X/2 −X X
don’t
care

divider / complementer

X

=

ERR

0
10 11 00 01

÷

386.5 

−X/2 −X X

X

divider / complementer

−X

−X X

X

2’s compl.

−X/2

/ 2

÷

396.5 

/ 2

÷

406.5 

Y

D

X

don’t
care

−X

−X

X

2’s compl. 

−X/2

/ 2

10 11 00 01

÷

416.5 

Question

How many bits are needed to properly represent 
Y?

÷

426.5 

Answer

D = −1  ⇒ Y = −X

Thus, representing Y requires one bit more than 
representing X. 

÷
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436.5 

Outline

• Partitioning based techniques

⇒ RT level minimizations

• Synthesis by iterating basic cells

446.5 

Hints

At the end of an intuitive RT level synthesis, it’s 
highly recommended to perform an optimization 
step aiming at locally minimizing  the Functional 
Blocks.

456.5 

Graphic notations

U = A1 op A2 op … op Anop
UA

where op = and, or, xor, nand, nor, exnor

466.5 

Graphic notations

U = A1 op A2 op … op Anop
U

Ui = Ai op Bop
A

U
B

A

where op = and, or, xor, nand, nor, exnor

476.5 

Graphic notations

U = A1 op A2 op … op Anop
U

Ui = Ai op Bop
A

U
B

A

Ui = Ai op Biop
A

U
B

where op = and, or, xor, nand, nor, exnor

486.5 

Some optimizations...



©  P.Prinetto - all rights reserved Version  2.0 6.5.9

6.5 – Tackling circuit complexity (2)ECE 465

496.5 

select

0

1 0

1

506.5 

select

0

select

1 0

1

516.5 

select 1 0

A 00…0

526.5 

select

select

1 0

A

A 00…0

536.5 

select 0 1

A 11…1

546.5 

select 0 1

A

select

A

11…1
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556.5 

select 0 1

A

566.5 

select 0 1

A

select

A

576.5 

A

=

00…0

586.5 

A

A

=

00…0

596.5 

0110

=

ABCD

606.5 

A
B
C
D

0110

=

ABCD
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616.5 

<

X 0

626.5 

MSB(X)

<

X 0

636.5 

sel 0 1

A B C D

646.5 

sel 0 1

A B C D

A C B D

sel 0 1 0 1

656.5 

An example

As an example, let’s try to optimize the second 
solution found for the Module generator (slide 13-
33).

666.5 

1

0 1 0 1

0X’

X

Y

0

<

|X|
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676.5 

1

0 1 0 1

0X’

X

Y

0

<

|X|

686.5 

X

X(7)

<

|X|

X
0

696.5 

1

0 1 0 1

0X’

X

Y

0

<

|X|

706.5 

X

X’

|X|

0 1

X’

X

716.5 

1

0 1 0 1

0X’

X

Y

0

<

|X|

726.5 

A

|X|

1

0 1

0

A
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736.5 

Optimized 
Implementation

Y

X(7)

c_in

0

X

|X|

746.5 

Outline

• Partitioning based techniques

• RT level minimizations

⇒ Synthesis by iterating basic cells

756.5 

Synthesis by iterating basic cells

In particular cases, the target architecture can be 
sliced in a set of smaller functional blocks, all 
each other equal, properly interconnected. 

766.5 

N

Basic idea

776.5 

N

N/2 N/2

composition logic 

Basic idea

786.5 

N

N/2 N/2

composition logic 

N/4 N/4 N/4 N/4

Basic idea



©  P.Prinetto - all rights reserved Version  2.0 6.5.14

6.5 – Tackling circuit complexity (2)ECE 465

796.5 

Two kinds of signals can usually be identified:

• broadcast

• daisy chain.

Signal propagation

806.5 

N

N/4 N/4N/4N/4

N/4 N/4N/4N/4

daisy chain broadcast

816.5 

In the following we shall examine some significant 
examples of slicing, mainly referred to the RT 
level combinational blocks introduced in Lecture 
5.1

Some examples

826.5 

Adders

We shall consider:

• full adder

• n-bits adders

− Ripple carry adders

− Carry look-ahead adders

836.5 

Full adder

Implement a full adder:

Σ
Ai Bi Ci

Ci+1 Si

846.5 

Full adder

Implement a full adder:

resorting to half adders:

Ai Bi

Ci+1 Si

Σ
Ai Bi Ci

Ci+1 Si
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856.5 

Ai Bi

Ci+1 Si

Ai Bi

Ci+1 Si

Solution

866.5 

Σ

A[n-1:0]   B[n-1:0] 

S[n-1:0]   

Cn C0

n-bit adder

876.5 

n-bit adder

An n-bit adder can be implemented resorting to n 
full-adders, connected according to two alterna-
tive architectures:

• ripple carry

• look-ahead carry.

886.5 

Ripple carry adder

The implementation in based on the same 
algorithm used when the addition is performed 
manually by paper and pencil:

the carry input Ci of each cell 
is fed by the carry output Ci-1 

of the adjacent less significant cell. 

896.5 

Ripple carry adder

FA FA FA

A0 B0An-2 Bn-2An-1 Bn-1

S0Sn-2Sn-1

C0

Cn

…

906.5 

Delays

The global delay of the adder is:

n ⋅ ∆FA

being ∆FA the delay of each full-adder cell.
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916.5 

Look-ahead carry adder

A look-ahead carry adder is a faster, but more 
expensive, implementation.

Each cell generates 2 outputs:

Pi = Ai  ⊕ Bi :  propagation function

Gi = Ai  ⋅ Bi :  generation function.

926.5 

The output of the i-th cell can be expressed as:

Si = Ai  ⊕ Bi ⊕ Ci = Pi  ⊕ Ci

Ci+1= Ai Bi + ( Ai  ⊕ Bi ) Ci = Gi + Pi Ci

Look-ahead carry adder (cont’d)

936.5 

The output of the i-th cell can be expressed as:

Si = Ai  ⊕ Bi ⊕ Ci = Pi  ⊕ Ci

Ci+1= Ai Bi + ( Ai  ⊕ Bi ) Ci = Gi + Pi Ci 

Carry signals are evaluated as follows: 

C1 = G0 + P0 C0

C2 = G1 + P1 C1 = G1 + P1 G0 + P1 P0 C0

C3 = G2 + P2 C2 = G2 + P2 G1 + P2 P1 G0 + P2 P1P0 C0

…

Look-ahead carry adder (cont’d)

946.5 

The output of the i-th cell can be expressed as:

Si = Pi  ⊕ Ci

Ci+1= Gi + Pi Ci

Carry signals are evaluated as follows: 

C1 = G0 + P0 C0

C2 = G1 + P1 C1 = G1 + P1 G0 + P1 P0 C0

C3 = G2 + P2 C2 = G2 + P2 G1 + P2 P1 G0 + P2 P1P0 C0

…

Look-ahead carry adder (cont’d)

All carry signals depend on A and B 
signals, only, and can be easily 

generated by a combinational 2 level 
circuit (carry look-ahead generator)

956.5 

P0

S0

A0 B0

P0         G0

A1 B1

P1         G1

A2 B2

P2          G2

A3 B3

P3          G3

P1

S1

P2

S2

P3

S3

C3 C2 C1 C0

C0

C4

Look-Ahead Carry Generator

4-bit look-ahead carry adder

966.5 

The overflow signal OVFL is generated differently, 
according whether the internal carry signals are 
accessible, or not.

Overflow signal generation
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976.5 

The overflow signal OVFL is generated differently, 
according whether the internal carry signals are 
accessible, or not.

Overflow signal generation

OVFL = [ A(n-1) = B(n-1) ] and [ A(n-1) ≠ S(n-1) ] 
= A(n-1) B(n-1) S(n-1)’ + A(n-1)’ B(n-1)’ S(n-1)

986.5 

The overflow signal OVFL is generated differently, 
according whether the internal carry signals are 
accessible, or not.

Overflow signal generation

OVFL = C(n-1) ⊕ C(n-2)

996.5 

Comparators

When comparators are implemented following a  
slicing strategy, the information concerning the 
partial results can flow:

• from the most significant cells

• from the least significant cells.

1006.5 

M
os

t s
ig

ni
fic

an
t 

ce
lls L_i
E_i
G_i

L_o
E_o
G_o

A B

Le
as

t s
ig

ni
fic

an
t 

ce
lls

1016.5 

L_i
E_i
G_i

L_o
E_o
G_o

A B

L_o = L_i ∨ ( E_i  ∧ (A<B) )

E_o = E_i ∧ (A=B)

G_o = G_i ∨ ( E_i  ∧ (A>B) )

M
os

t s
ig

ni
fic

an
t 

ce
lls

Le
as

t s
ig

ni
fic

an
t 

ce
lls

1026.5 

L_o
E_o
G_o

L_i
E_i
G_i

A B

M
os

t s
ig

ni
fic

an
t 

ce
lls

Le
as

t s
ig

ni
fic

an
t 

ce
lls
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1036.5 

L_o
E_o
G_o

L_i
E_i
G_i

A B

L_o = (A<B)  ∨ ( (A=B)  ∧ L_i )

E_o = ( (A=B)  ∧ E_i )

G_o = (A>B)  ∨ ( (A=B)  ∧ G_i )

M
os

t s
ig

ni
fic

an
t 

ce
lls

Le
as

t s
ig

ni
fic

an
t 

ce
lls

1046.5 

Example

ALTBIN ALTBOUT

AEQBIN AEQBOUT

AGTBIN AGTBOUT

A0
B0
A1
B1
A2
B2
A3
B3

Design a 12-bit comparators, resorting to the 
following elementary block:

1056.5 

ALTBIN

AEQBIN

AGTBIN

B[3:0] A[3:0]

ALTBOUT

AEQBOUT

AGTBOUT

ALTBIN

AEQBIN

AGTBIN

B[3:0] A[3:0]

ALTBOUT

AEQBOUT

AGTBOUT

ALTBIN

AEQBIN

AGTBIN

B[3:0] A[3:0]

ALTBOUT

AEQBOUT

AGTBOUT

XGTY

XEQY

XLTY

Y[11:8]X[11:8] Y[7:4] X[7:4] Y[3:0] X[3:0]

Y[11:0]
X[11:0]

Solution

0

1

0

1066.5 

Comparator for 2C numbers 

Are implemented by observing that:

A ? B ⇔ (A + C) ? (B + C)

where “?” is the target comparison operator.

When A and B are n bit numbers, one can choice:

C = 2n-1. 

Then, since

- 2n-1 ≤ A ≤ 2n-1 - 1

adding C = 2n-1 is equivalent to complementing the 
most significant bit.

1076.5 

Solution

UM number 
comparator

>    =    <

A              B

MSB MSB

1086.5 

Multiplexers

How to implement an 8 → 1 mux by  2 → 1 mux’s ?

S(2:0)

I7 I0

2k-1  2k-2    2  1   0
MUX
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1096.5 

S2

S1

S0

I7 I6 I5 I4 I3 I2 I1 I0

1106.5 

Decoders 

How to implement a  3 → 8 decoder by the 
following 2 → 4 decoder?

1116.5 

Decoder 2 → 4

G

A

B

Y0
Y1
Y2
Y3

Inputs Outputs
G B A Y3 Y2 Y1 Y0

1 X X
0 0 0
0 0 1
0 1 0
0 1 1

1 1 1 1
1 1 1 0
1 1 0 1
1 0 1 1
0 1 1 1

1126.5 

G

B

A

Y0
Y1
Y2
Y3

G

B

A

Y0
Y1
Y2
Y3

B

A

C Y0
Y1
Y2
Y3

Y4
Y5
Y6
Y7

Solution: decoder 3 → 8

1136.5 

G1
G2A
G2B

Y0
Y1
Y2
Y3
Y4
Y5
Y6
Y7

A

B
C

Exercise

Design a 5 → 32 decoder, resorting to the 
following 3 → 8 decoder:

1146.5 

~EN24X31

~EN16X23

~EN8X15
~EN0X7

G1
G2A
G2B

A
B
C

Y0
Y1

Y7

G1
G2A
G2B

A
B
C

Y0
Y1

Y7

G1
G2A
G2B

Y0
Y1

Y7

A
B
C

EN1
~EN2

G1
G2A
G2B

A
B
C

Y0
Y1

Y7

1G

1A
1B

~EN3

N3
N4

1Y0
1Y1
1Y2
1Y3

~DEC0
~DEC1
~DEC2
~DEC3
~DEC4
~DEC5
~DEC6
~DEC7

~DEC8
~DEC9
~DEC10
~DEC11
~DEC12
~DEC13
~DEC14
~DEC15

~DEC16
~DEC17
~DEC18
~DEC19
~DEC20
~DEC21
~DEC22
~DEC23

~DEC24
~DEC25
~DEC26
~DEC27
~DEC28
~DEC29
~DEC30
~DEC31

Solution: 
decoder 5 → 32
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1156.5 

Multi level decoders

An n → 2n decoder can be implemented as a 
single-level network, composed of  2n n-inputs 
AND gates.

Cheaper implementations resort to multiple-level 
networks.

1166.5 

Multilevel  
4 → 16 decoder 

decoder  2 → 4X1
X2

Z0

Z1

Z2

Z3

matrix
4 x 4

decoder 2 → 4

X3 X4

W0 W1 W2 W3

V1

V16

1176.5 

v1

w0

z0

z1

z2

z3

v5

v9

v13

v2

w1

v6

v10

v14

v3

w2

v7

v11

v15

v4

w3

v8

v12

v16

Matrix 4 x 4

1186.5 

Decoder 8 → 256 (1st implementation)

decoder
2 → 4

decoder
2 → 4

decoder
2 → 4

decoder
2 → 4

matrix
4 x 4 x 4 x 4

x1
x2

x3
x4

x5
x6

x7
x8

z0

z255

1196.5 

decoder
2 → 4

decoder
2 → 4

decoder
2 → 4

decoder
2 → 4

matrix
4 x 4

x1
x2

x3
x4

x5
x6

x7
x8

z0

z255

matrix
4 x 4

matrix
16 x 16

Decoder 8 → 256 (2nd implementation)

1206.5 

Exercise

Design a 64K x 16 RAM resorting to 1K x 4 RAM 
modules.
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1216.5 

Solution

DEC
6→64

A[15..10]

RAM 1K x 16

RAM 1K x 16

RAM 1K x 16

RAM 1K x 16

0

1

2

63

EN

1226.5 

Two architectures will be considered:

• carry propagate

• based on elementary modules.

Multipliers

1236.5 

Product of two 5-bit binary numbers

x4         x3        x2        x1       x0
y4         y3        y2        y1       y0

x0y0x1y0x2y0x3y0x4y0
x0y1x1y1x2y1x3y1x4y1

x0y2x1y2x2y2x3y2x4y2
x0y3x1y3x2y3x3y3x4y3

x0y4x1y4x2y4x3y4x4y4

p0p1p2p3p4p5p6p7p8p9

1246.5 

x1y1x3y0x2y1x4y0x3y1x4y1 x2y0 x0y1 x1y0 x0y0

x4y2 x3y2 x2y2 x1y2 x0y2

x4y3 x3y3 x2y3 x1y3 x0y3

x4y4 x3y4 x2y4 x1y4 x0y4

HA

HA

HA

HA

HA

FA

FA

FA FA FA

FA

FA

FA

FA

FA

FA

FA

FA

FA

FA

P9 P8 P7 P6 P5 P4 P3 P2 P1 P0

5-bit carry-propagate multiplier

1256.5 

HAFA FA FA

x1y1x3y0x2y1x4y0x3y2 x2y0 x0y1 x1y0 x0y0

x2y2 x1y2 x0y2

x3y3 x2y3 x1y3 x0y3

x3y4 x2y4 x1y4 x0y4

HA

FA

FA

FAFA FA

FA

FA

FA

FA

HA

FA

FA

HA

FA

HA

P9 P8 P7 P6 P5 P4 P3 P2 P1 P0

x4y1x3y2

x4y2

x4y3

x4y4

Optimized implementation

1266.5 

“Composed” multipliers

To analyze the basic principle driving 
“composed” multipliers let’s consider an  8 × 4 
multiplier, implemented by 4 × 2  multipliers.
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1276.5 

XH XL

YH YL

XHYL XLYL

XHYH XLYH

P
1286.5 

XLYL

K3 K2 K1 K0

XLYH

XHYL

XHYH

K

YL=Y[0:1]

XL=X[0:3]

P0P11 P[0:11]=XY+K

Y[0:3]
X[0:7]

YH=Y[2:3]

XL=X[0:3]

YL=Y[0:1]

XH=X[4:7]

YH=Y[2:3]

XH=X[4:7]


