Notes on Lagrange Multipliers

Stanley L. Sclove, Ph.D.

Notation.     x is a vector; f and g are scalar functions of x. The dot

product (inner product) of vectors u  and  v  is denoted by < u,v >.

The null vector is denoted by 0 . The gradient of f(x), denoted by

grad f(x), is the vector of partials of f with respect to the elements of

x.

PROBLEM:  Maximize f(x) subject to x in S, where S = {x: g(x) = 0}.

Remark.  This is called "maximizing f subject to the side condition (constraint) g(x) = 0."

LEMMA.  Suppose f attains its maximum on S at a point x* not on the

boundary of S. Then

grad f(x*) = k grad g(x*)

for some constant k.

THEOREM. A point x* where f(x) has its maximum value on the surface g(x) = 0 satisfies  g(x*) = 0  and  grad (f - kg)(x*) = 0 for some constant k.

REMARK. The application of the theorem is in maximizing f(x) subject to the "constraint" g(x) = 0. One forms the function

f(x) - k g(x),

takes its partial derivatives with respect to the elements of x, sets them equal to zero. One then solves the resulting equations, together with the equation g(x) = 0.

PROOF OF LEMMA.    Let   x = P(t)   be any path lying in S and passing

through x*: x* = P(t*) for some t*.   Then  f[P(t)]  has its maximum

at t* and its derivative must be zero there.   The chain rule gives

dx/dt = <grad f, P'(t)> .

Since dx/dt = 0 vector at x*, <grad f(x*), P'(t*)> = 0, so grad f(x*) is orthogonal to P'(t*), i.e., grad f(x*) is perpendicular to the path at x*. Therefore  grad f(x*) lies in the direction normal to S at x*. But grad g(x*) is normal to S at x*. Therefore grad f(x*) and grad g(x*) are parallel, i.e., there exists a constant k such that grad f(x*) = k grad g(x*) .

PROOF OF THEOREM.

grad f = k grad g
iff. grad f  =  k grad g = 0 

iff. grad (f-kg) = 0  .
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