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The Family of Multivariate Normal Distributions

 Parameters

A family of distributions is specified by an expression for a probability density function (p.d.f.) containing parameters.  The parameters vary in a set called the parameter space.  Specifying a point in the parameter space specifies the family member.

In the family of multivariate normal distributions, the parameters are the mean vector and covariance matrix.

Remark.    Since each covariance is the product of the corresponding correlation, times the product of the standard deviations, specifying the covariance matrix is equivalent to specifying the

correlations and standard deviations.

The Role of D-square

The multivariate Normal probability density function (p.d.f.) involves Mahalanobis D-squared,  

D2(x;,  ),  

which is the quadratic form

(x-)T  -1   (x-) ,

where  x   is the vector of values of the variables,  is the mean vector, and    is the 

covariance matrix.   Denote this quadratic form by  Q  for short.  Then the  p.d.f. is of the form   

Const. exp(-Q/2) ,
where  exp(x)  =  ex,  Const. =   1/[(2)n/2 det()1/2]  and  n    is the number of variables.

The quantity  Q  is the square of the statistical (Mahalanobis)  distance between  x  and  . The larger this distance, the smaller the probability density:   the density decreases exponentially  with the square of the distance.  When    is diagonal, the p.d.f. factors, and the  n  variables are independent.  

 Bivariate normal distributions

 Parameters.   A bivariate normal distribution (joint normal distribution of just n = 2 variables)  is specified by giving the values of five parameters, namely, the two means, the two standard deviations, and the correlation (or the covariance).

Example.   Suppose for a population of adult males, height   (H) and weight (W)  are jointly normally distributed with   E(H) = 68",  SD(H) = 2.5", E(W) = 165 lbs., SD(W) = 25 lbs.,  and Corr(H,W) = +.4. 

With a correlation  of  +.4, 

Cov(H,W) = Corr(H,W)*SD(H)*SD(W) = (+.4)(2.5)(25) = +25.0.

Shape.   Let  f(x,y)  be a bivariate normal p.d.f.   Since  the density decreases exponentially  with the square of the distance between (x,y) and the mean vector,    the surface  z = f(x,y)  looks like a bell.   If the variables are uncorrelated and of equal variance, it looks like the usual symmetric, rounded bell; otherwise, it looks like a squashed bell, or a triangular hat (like George Washington's).  

Exercise.  Write down Mahalanobis D-squared and the p.d.f.  for the bivariate case.

Conditional Distribution of Y given X

 Another way to specify a bivariate normal distribution is in terms of the conditional distribution of Y given X and the  marginal distribution of X.   Analogous to

Pr(A and  B)  =  Pr(A)Pr(B|A),

for pdf's we have   f(x,y)  =  f(x) f(y | x)  It is often easy to describe these two and then multiply them

to get the joint p.d.f.  

 The conditional distribution of Y given X involves the mean of Y when X = x; this function is called the "regression function."   In the example the mean Wt for men of height  h   is   A + Bh,

where

B  = Cov(H,W)/Var(H) = +25.0/6.25 = +4.0

and

A  =  mean Wt - B(mean Ht)  = 165 - (4)(68) = 165-272 = -107,

i.e., the mean Wt for men of height h is  4h - 107; e.g., if  h =  70", this is 4(70) - 107  =  280 - 107 =  173 lbs.

Other Multivariate Distributions

There are many continuous multivariate distributions besides the normal.    It is interesting to construct one from elementary considerations.  Let the conditional distribution of  Y  given  X=x  be exponential with parameter x:

f(y | x)  = x exp(-xy),  y > 0,  x > 0.

Let  X  have an exponential distribution with parameter k:

f(x)  =  k exp(-kx),  x > 0.

Then  

        
f(x,y)  
=     f(x)f(y|x)

=    k exp(-kx) x exp(-xy)

            

=     k x  exp[-(kx+xy)]

             

=   k x  exp[-x(y+k)],

x > 0,  y > 0.
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