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Summary

There are several rhythms which are expected to manifest themselves in heart-period data.  The relative weights of the corresponding frequencies may prove useful in diagnosis of severity of circulatory incidents and the like.  The analytical tools are spectral and bispectral analysis, as well as spectral analysis of the square of the centered process (the cosquariance).  ____________________________________________________________________

Abstract

This talk concerns aspects of some work with the Brain Body Center (Stephen W. Porges, Director) through the Center for Health Statistics (Robert D. Gibbons, Director).  Porges works on problems of neuro-physiological psychology.  One of his focuses is on the integrity of systematic functions such as heart beat and breathing, and how this integrity may be compromised under abnormality or physical stresses.  The connection between heart and breathing rates is exhibited through RSA (respiratory sinus arrhythmia) in which respiratory frequency manifests itself in heart-period data.  Here we discuss some time- and frequency-domain methods for demonstrating such phenomena as RSA.  

The observed processes cannot be assumed to be Gaussian and so the usual covariance spectrum may not be adequate.  One needs to consider higher order moments and their spectra, such as the third moment and the corresponding bispectrum.  Alternatively, a method based on a functional I call the cosquariance, essentially the covariance function of the square of the process, can be considered.    The method is based on the remarkable fact that in the class of infinitely divisible distributions, as in the Gaussian family, mutual independence reduces to pairwise independence, but the measure of dependence is the cosquariance rather than the covariance.  

_________________________________________________________________________________

1.  Introduction

This talk concerns aspects of some work with the Brain Body Center (BBC) of the Department of Psychiatry, UIC.  The BBC is a center for advanced research in behavioral neurobiology.  One of the focuses of the BBC is on the integrity of systematic functions such as heart beat and breathing, and how this integrity may be compromised under abnormality or physical stresses.  

2.  Background

The connection between heart and breathing rates is exhibited through RSA (respiratory sinus arrhythmia) in which respiratory frequency manifests itself in heart-period data.  There is also a blood pressure wave, the Traube-Hering-Mayer wave.  Here we discuss some frequency-domain methods for demonstrating such phenomena.  We motivate the approaches via time-domain sine-wave modeling. 

Temporal data are time-ordered.   A time series is a set of time-ordered data that has been observed at equally spaced time points.  

3.  Methodology

3.1.  Introduction to Spectral Analysis

3.1.1.  Definitions

We consider time series, that is, time-ordered data observed at regular intervals.  A time series is said to be stationary if for every n and every n-tuple t1, t2, . . . , tn , and for every u, the joint distribution of the variables at times t1, t2, . . . , tn is the same as that of the variables at times t1+u, t2+u, . . ., tn+u.    A process is said to be covariance stationary if  

E[Xt]   =  for all  t,

and  

C(t,s)  =  Cov[Xt, Xs ]  =  Cov[Xt+u, Xs+u],   for all  s, t, u.

When this holds, taking u = -s, we have C(t,s) = C(t+u,s+u) = C(t-s,0), so the function depends upon the time arguments only through their difference.  We write C(t,s)  =  C(t,t+h) = (h).  

So, the covariance function of the covariance stationary process { Xt } is  

E[(Xt-)(Xt+h-)] = h) = ∫ exp(ih)f()d

where   f()  is the spectral density function at the frequency .  The inverse relation gives  f()  as the discrete Fourier transform of the covariance sequence,  

f()  =  Const. h exp(-ih) h)                                           (*)

The spectral density shows the importance of the frequency    in representing the covariance function.

 3.1.2.  Estimation

 

The spectral density can be estimated in two ways, the indirect way and the direct way.    

3.1.2.1.  Indirect



The indirect way (called "indirect" because it goes via the estimated covariances rather than the raw data) is to plug  s(h), the estimate of (h), into (*), and possibly to use a smoothing window w( ).  

3.1.2.2.  Direct
Consider the regression of the time series on  cos t ,  sin t:  

Xt  =     +   cos(t)    +   sin(t)   +  t .
This is of the familiar form  Xt  =     +   z1t    +   z2t   +  t  .  The explained sum of squares (sum of squares due to regression) is  b12 z1t2 + b22 z2t2, where  b1 and b2 are the usual least squares estimates of 1 and 2.  In the trigonometric model the explanatory variables are  z1t    = cos(t)    and  z2t  =  sin(t) .   These explanatory variables are orthogonal, so their reductions in sum of squares add.  The explained sum-of-squares is  proportional to the estimate of the squared amplitude of the signal, R2  =  a2  +  b2  ,   where   a   and  b    are the usual estimates of and  .    This is done for many values of   (by an efficient computational scheme called the Fast Fourier Transform, FFT).  A plot of R2  vs.  is the periodogram.   It can be shown (see, e.g., Chatfield, Section 7.3.1) by elementary algebra and trigonometric identities that R2  = f()  as expressed in (*).   The periodogram is smoothed to provide a more precise estimate of  f .   When the process is Gaussian, the whole dependence structure is captured by the covariance function, or, equivalently, the spectral density.  

In dealing with a model such as Xt  =     +   z1t    +   z2t   +  t , it is natural to consider introducing interaction, or quadratic, terms, such as  z1t2    and  z1t z2t .   In the current setting, this gives a model like 

Xt  =     +   cos(t)    +   sin(t)   +   cos(t) sin(t) +  t .

When we look at two frequencies, say  and simultaneously, we obtain models such as 

Xt  =     +   cos(t)    +   sin(t)   +   cos(t) sin(t) 

+   cos(t)    +   sin(t)   +   cos(t) sin(t) +  t .
The corresponding spectral density is then a function of two frequency variables  and  and is termed the bispectrum.  It is a tool for seeing which pairs of frequencies are important in representing the process.  Just as the spectrum provides an integral representation of the covariance function of the process, the bispectrum provides an integral representation of the third-moment function of the process.  When the observed processes cannot be assumed to be Gaussian,  the covariance function and its associated spectrum are not alone adequate.  

So, one needs to consider higher order moments and their spectra.  One would begin with the third moment function  E[(Xs-)(Xt-)(Xu-)] .     By arguments similar to those above,  E[(Xs-)(Xt-)(Xu-)] =  E[(Xt-)(Xt+h-)(Xt+k-)]  =  (h,k), for all t, h, k.  Since there are two arguments, h and k here, the corresponding spectral density will have two arguments and so is called the  bispectrum .    We have   

E[(Xt-)(Xt+h-)(Xt+k-)]  =     (h,k)  =     ∫∫ exp [i(h1 + k2)] f(1,2) d1d2 ,

where  f(1,2) is the bispectral density.   This means studying the third moment function in terms of a plane of frequencies.  (Actually, due to symmetries and invariance, one needs consider only part of the plane, in fact, part of the positive quadrant.)  The bispectrum is the inverse Fourier transform of the third moment function.  Again, there are indirect and direct methods of estimation.  The indirect method involves substituting the sample third moments   s(h,k)  for  (h,k)  .  The direct method involves using the raw data without forming the sample third moments.  

As an alternative to studying the third moment and bispectrum,  a method based on a functional I call the cosquariance, essentially the covariance function of the square of the process, can be considered.   This leaves the problem in terms of a single frequency argument .   

The method is based on the remarkable fact that in the class of infinitely divisible (ID) distributions, as in the Gaussian family, mutual independence reduces to pairwise independence, but the measure of dependence is the cosquariance rather than the covariance.   We discuss this development now.  

3.2.  Two Variables

Suppose  X  and  Y  are distributed according to a bivariate normal distribution.  Then, X and  Y  are indep. iff. 

Cov[X,Y] = 0.

Note that Cov[X,Y]  =  E[(X-EX)(Y-EY)]  =  Cov[X-EX,Y-EY].  

Two variables whose joint distribution is in the ID class are indep. iff. 

Cov[(X - EX)2, (Y-EY)2] = 0 .

I call  Cov[(X - EX)2, (Y-EY)2]    the "cosquariance."

3.3.  From Two to Several Variables

First consider p variables having a multinormal distribution.   They are mutually independent iff. they are pairwise independent, and they are pairwise independent iff. their covariances   Cov[X,Y] are zero.  So, mutual indep. reduces to pairwise independence, and there is a simple way of measuring the extent of dependence, through the normalized covariance, the correlation,  Corr[X,Y]  =  Cov[X,Y]/SD[X]SD[Y] .  

Now consider  p  variables in the ID class.  They are mutually indep. iff. they are pairwise independent, and they are pairwise indep. iff. the covariances of the squares of the centered variables are zero.    (BTW, Hudson and Tucker (1979) proved, without the assumption of finite second moments, that in the ID class, variables are mutually indep. iff. they are pairwise indep.  However, the parametric measure of dependence, which depends upon finiteness of second moments, is very important in the present application.)

3.4.  From Several Variables to Time Series

Now consider a time series,   {Xt, t = 1,2, . . .  }.   The finite-dimensional projections of the process are the X's for each  m  and t1 , t2, . . . tm .     

Instead of Cov [X,Y ] we think in terms of  Cov[Xt, Xt+h], h = 1,2,3, . . .  . That is, Y is in turn, Xt+1, Xt+2 ,  . . . ,  Xt+h ,  . . .     .    We consider  

(h)    =   ∫ eih  f() d  = =   ∫   cos(h) f() d    +  i ∫  sin(hw) f() d  .

The periodogram is smoothed to provide an estimate of the spectral density.

More generally, we may consider the third moments and the associated bispectral density.  When the series is not necessarily Gaussian but ID, an alternative is to apply this spectral analysis to the covariances of the squares of the centered variables.  This notion is developed in what follows.  

3.5.  The Concept of Infinite Divisibility

Suppose instead of considering the development of limit theorems in forward gear, we do it in reverse.    That is, instead of seeing what conditions and what normalization we need on a sum of random variables to get a limiting constant or limiting distribution, we consider a variable or distribution and ask what properties it must have if it's to be a limit distribution.   It must be infinitely decomposable, leading  to the concept of a triangular array,  defining infinite divisibility:    A random variable  X  is said to be infinitely divisible if there exists a triangular array X11 ; X21 , X22; X31, X32, X33;  . . . ; ; Xn1  , Xn2,  .  .  . ,  Xnn;  .  .  .  ,

such that 

X11
X21 + X22
X21 + X22 + X23 

  
 . . .

Xn1 + Xn2 + . . . +  Xnn
. . .

are all distributed as X.  Actually, it turns out that the more general definition is in terms of c.f.s:   for every  n,  there exists a c.f.   n  such that 

[n(u)]n  =  (u)  .

Example (Gaussian).  For   N(,2), we have  (u)  = exp(iu - u/2)  =  [exp(iun - (1/2)u/n)]n  =  [n(u)]n   where  n(u)  =  exp(iun - (1/2)u/n), the c.f. of  N(/n,2/n).  

The definition in terms of c.f.s is more general because there may not exist sample spaces on which each  Xin  is defined.   However, I find the triangular array very helpful conceptually.   Think of particles bombarding a surface, divided into smaller and smaller rectangles.  The total number of particles X is the sum of the numbers hitting the smaller rectangles.  

Because of this definition, as was proved by Levy and Khintchine, the c.f. of an ID random vector must have a particular form.  Because of this form, the pairwise result occurs.

Now, the point is, the ID class includes many families of distributions, such as the Normal, Cauchy, and Gamma.  (Is the class of  ID distributions  dense in the class of all probability distributions ?  That is, given any distribution, there is an ID distribution arbitrarily close to it. ) 

Now, when a time-series is not Gaussian,  the covariance function and its associated spectrum will not be adequate for studying the process.   Higher moments must be considered.  But, by studying the cosquariance, one will be studying a functional which is applicable to the whole ID class, not just the Gaussian family.  The procedure is that if  {Yt} is an ID process, then we study the (ordinary) spectrum of the process {Xt},  where  Xt  = (Yt - 2  .  
4.  Spectral Analysis of Heart-Period Data 

4.1.  Data Preprocessing

Some operations are valid on the raw, IBI data.  Differencing is a valid operation.  The TSPAC segmentation algorithm can be run, to segment an S's series into relatively homogeneous subseries.  

But for any use of formulas involving  t  as time, the data have to be a time-series -- time-ordered data observed at equal time intervals -- not just temporal data.    This is the case for application of any filtering formulas or trigonometric functions.  

The next section is on transforming the data into a time series.  

4.2.  Sampling Rate:  Catch the Wave

	It takes a sampling rate of at least two observations per period to "catch the wave" of that periodicity.   In other words,   for a time interval  t0  between observations the smallest detectable periodicity is  2t0 , i.e., we cannot detect frequencies    higher than 1/(2t0)  or angular frequencies   higher than  2/(2t0)   =    / t0 .   

For an interval of    t0 = 1/2 s between observations,  the smallest detectable periodicity is   2t0 = 1 s,  i.e.,  we cannot detect frequencies  l  higher than  1/(2t0)  =  1 cycle per s or angular frequencies     higher than 2.    


	

	Typically heart beat is at about 1.1 cycles per s (a period of 0.833 s or 833 ms), so it woudn't show up with our boxcar sampling of one every 500 ms (every half second).  
	

	

	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	

	

	
	

	

	
	
	
	

	

	
	
	
	
	


4.3.  Spectra

Data from 44 adult Ss are currently under study.  The spectrum of the process shows a peak corresponding to RSA.  This is being verified using the cosquariance and its spectrum.  We shall also look at the bispectrum to see if there is a pair corresponding to RSA and BP.  
_________________________________________________________________

APPENDIX A     Glossary

We use the terms signal, channel, and time series more or less interchangeably.  

Coherence:  a frequency measure defined for a bivariate time series, for example, heart period and respiration monitored simultaneously.  

Bicoherence:   The bicoherence is the squared normalized bispectrum,  

[f(1, 2 )]2 /  f(1) f(2 ) f(1+ 2 ).

Remarks.  (i) Here the prefix "bi" in bispectrum and bicoherence refers not to two time series  xt, yt   but rather to two frequencies of a single signal.  Setting x  =  y  in the coherence yields the bicoherence.  (ii)  The normalization involves f(1+ 2 )  as well as   f(1)  and  f(2 ) .  
Third-order cumulant.  Given a stationary time series with mean zero, the third moment 3(h,k)  is  E[Xt Xt+h Xt+k].  It is equal to the third-order cumulant.  (For orders higher than three, the higher-order cumulant are not equal to the corresponding moments.)

The bispectrum  f(1, 2)  is a decomposition of the third-order cumulant in terms of frequencies 1, 2.  We have   E[Xt Xt+h Xt+k ]  =   ∫  exp[i(h 1 + k2)] f(1, 2 )  d1d2   .  

Complex Demodulation
The departure of a signal from a pure cosine curve of frequency   can be modeled as 

xt = Rt cos (t + t)

where  Rt  is a slowly moving amplitude and t  is a slowly moving phase.  This is a possible other alternative approach to this study.  See Bloomfield (1975).  

_______________________________________________________________________________________________

APPENDIX B  
Trigonometric Identities

We have 

exp[i(a+b)]  =  cos(a+b) + isin(a+b)

Also,  

exp[i(a+b)]   
=  exp(ia)exp(ib)  =  (cos a + i sin a)(cos b  +  i sin b)   

=  (cos a cos b - sin a sin b)  +  i (cos a sin b + sin a cos b).  

Matching real and imaginary parts, we have 

cos(a+b)  =  cos a cos b  -  sin a sin b

and 

sin(a+b)  =  cos a  sin b  +  sin a  cos b .

When  a = b, we have



cos 2a  =  cos2a - sin2a   =  1 - 2 sin2a  =   2 cos2a  -  1 ,   or  cos2a  =  (cos 2a + 1)/2,  

and  

sin 2a  =   2 cos a sin a   .    

If   cos t , sin t  and   cos 2t , sin 2t   are included in a multiple linear regression model,  then squares and the product of   cos t and  sin t  need not be included:  

· we need not include cos2 t  because it equals  (cos 2t + 1)/2;  

· we need not include  sin2t  because  sin2t  =  1  -  cos2 t    =  (1 - cos2wt)/2

· we need not include    cos t  sin t    because  cos t  sin t         =   1 /2 sin 2a  .

We do need to consider terms involving two frequencies, such as   cos t  sin t  .  
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