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15 CAPM and portfolio management

15.1 Theoretical foundation for mean-variance analysis

« We assume that investors try to maximize the expectedytili
E[U(W)], wherelV is their wealth.

» Consider a Taylor expansion of the utility function arourid?’] (the
expected wealth):

UW) = U(EW])+ U (E[W]) (W - E[W])
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* Next, take the expectation:
EUW)] = UEW])+U(EW)E[W — EW])]
U (BW)E [(W — B[

i anty%U(n)(E[WDE (W = E[W])"]

« With a mean-variance analysis we stop at the second order.

* There are two cases where this can be justified:

— If W is normally distributed, then the first two moments
characterize all the moments.

— If the utility is quadratic, thed/ (W)™ = 0 for n > 3.
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15.2 Portfolio with minimum variance

15.2.1 Simple case: 2 assets

» Consider the following two assets andx, with
— Varlz,] = 0%, Var|xs] = 05 andCov[zy, 25] = 019
— wy. the weight of the first asset in the portfolio

— 1 — w;: the weight of the second asset in the portfolio

- Denote byo; the variance of the portfolio:

o; = Varlwz + (1 —w)zs

= UJ%O'% -+ (1 — w1)20§ -+ 2w1(1 — w1)012
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« We want to find the minimum variance portfoliotin,,, o

e The First Order Condition (FOC) is:
2’11];0'% — 2(1 — w’f)ag + 2(1 — ’lUT)O'lz + Qwik(—l)O'lg = 0

« Solving forwy, we get
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 Diversification principle:
— Look at the FOC when we take, = 0:
—(w; =0) = 2(012 — 03)

— 2([)120102 — U%)

02
= 207109 (,012 — —)
01

— If p1o < 0o0rif p1o > 0 butoy /oy > pia, then%(wl =0)<0sol
should increase (i.e. buyingzx,).

— If p12 >0 bUtO'Q/O'l < P12, theng;ﬁ(wl = 0) > () so | should
decreasev; (i.e. short-sell,).
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15.2.2 Case withNV assets

« Consider the following elements:

— w = (wy,ws, ..., wy)": portfolio weights
— x = (x1,29,...,xy)": @sset returns
— T = (T1,%2,...,Ty)": €xpected asset returns

— the variance matrix

_ , _
09 012 O1N
012 o2 02N
2
Y =
2
| 01N O2N - ON

— x, = w'z: portfolio’s return

— 0, = w'Xw: portfolio’s variance
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* Define the following elements:

— 7. N x 1 vector of 1.

- A=/Y"17
- B=1%"'z
- O =Y

— D = BC — A? (we can show thab > 0)

« Show thatw'>Xw is the variance of the portfolio.
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We want to characterize the mean-variance frontier (figdire
portfolio with the lowest variance for a given expected raju

The problem is

min —w’ Yw
subjectto Jw =1

—/
Tw = W

This is a constrained optimization

We write the Lagrangian
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1
L= §w’§]w + (1 —d'w) + Mp — Z'w)

e The FOCs are

I 8L/6w1
8—w - :

_ﬁL/ﬁwN
0L
—— = 1—=7'w =
> rw =0
3_L _ — 7w =0
an Pt

Denis Pelletier, North Carolina State University
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From equation (1), we get

w* =X+ A2z

We need to solve foy and A

From equation (2), we know that— 'w* =0

1—i'yS i+ A0z = 0
1—v'Y - 'Yz = 0
1—vC —XA = 0 (4)

» From equation (3), we know that— z'w* = 0

p—2' XAz = 0
=Y = 'Sz = 0
u—yA—AXB = 0 (5)
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* We can solve (4) and (5) for and\. We get

Cu—A
\ =
D
B Ap
7T 7D
« It follows that the optimal portfolio is
(B—Aul o, [Cu—A]o .
o 2 1 2 1
w _ D ] z—l—[ D ] T
BTN ATz N Ox~lz  AYX Y4
- T D D D D |
= g+ hpu
where
1 - _
g = E_Bz—li—Az—la—;_
1 - _
h — 5 _C’Z_lf - AE_li_
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 Variance of the portfolio whemw = w*

ol = w'Xw*
= w'S(yZ Tl AN )
= w*” [YEX i+ ATE 7]
= w* [yi + \7]
= YW+t AW'T
e )
= 7+ A\

_ B-Ap_(Cp-A
- D p ¥
B —2Au+ Cu?

— = parabola
D p
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- - - *
Expected return and variance combination for w=w
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* We can find the global minimal variance

0012):20#—214_ A

=0 = = —
A D Ha = ¢

 What is this variance?
2
02 — B -2A&+C(g)
/9 D
BC — 2A% 4+ A2
CD
BC — A?
CD

L
C
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Minimum variance portfolio

Efficient
portfolios

AC-—————— -

Inefficient portfolios

0 1/C
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* What isy and for this j,?

C(4)-A . .
Ag = 5 = 0 expected return constraint not binding
_ B-A@@) 1
o T 7D T C

 What is the portfolio with minimum global variance?
Wy = ’ng_li -+ )\92_156'

1

— 62—% +0X 17
1

— 62_17;
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 If we go back tow* (optimal portfolio for a given expected return):

w* = YN+

PRy Yoz
= *yC( c )+)\A( y )
. , o )

TV
:’u)g =wq

We see thatv* is a combination of:

— The portfolio with the lowest global variance but lowest ezfed
return @,).

— A second portfolio {v;) that will increase expected return but will
Increase the variance.
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e ButwhatisyC' + \A?

B— Ay Cpu— A
vC' + NA ( 5 )C+( 5 )A
BC — ACu  ACp — A?
D i D
BC — A?
D

= 1

Conclusion:(vC') and(AA) are the two shares of a portfolio
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15.3 Covariance properties of minimal variance
portfolios

* w, has a covariance constant with every asset or portfetia (C):

Cov(xg, 1) = E |w)(z—2)(x—T)w)

— w B[z - )(x — 2)')w,
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« Covariance of portfoliav; with any other portfolio:

Cov(xg,x,) = FElwi(e—7)(x—T)w)
= w,Xw,
= 7 2 Wy,

A
A
Tp
A

We see that the expected return of any portfolio will be prapoal
to its covariance withw, sincez, = A Cov(xg, x,).
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« Consider a portfolia: on the minimum variance frontier
(w, = (1 — a)w, + awy). What is the covariance betweerand
another portfoligy?

Cov(z,,z,) = (1—a)Cov(xy, )+ aCov(zg,x,)
- 1z,
= (1-— a)c + a—y

If x, = z,, then

Cov(xg,x,) = Var(z,) =
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As long asz is not the minimum variance portfolio, it's possible to
find a portfolioz that has a zero covariance wiih

Cov(xg,x,) = - —I—CLZ:O
g a—1A
T, = —
a C

This is the expected return of a portfolio with zero covacemvith
any portfolio on the minimum variance frontier.

« We saw previously that

Il —a n a _
_xa
C A
ax, a _ : : :
= —— + % using the result from previous slide

(ja o jz)

Var(x,)

@
A
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e Next, define

Cov(xg, x,)

Bpa = Var(x,)
« Using previous results
1—a a —
+ S
ﬁpa — aC’_ A_p
Z(xa xz)
L All—a a _
Oral@a=T:) = 177 z“’]
A0 -a)A+aCT,
- a | C'A
l—aA
= — 4
a C P
fp — jz—i_ﬁpa(fa_jz)

Denis Pelletier, North Carolina State University = CompitedNovember 17, 2006 at 14:44



ECG590I Asset Pricing. Lecture 15: CAPM and portfolio magragnt 24

e The last equality is the CAPM equation without a risk-freset.

« Itis telling us that the expected return on any portfglig.e. z,) is
equal to the expected return on a portfolio uncorrelateti wartfolio
a (i.e. z.) plus3,, times the excess return ofover z.

Portfolio a is a portfolio on the minimum variance frontier. Portfolio
z Is a portfolio uncorrelated with portfolia.
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15.4 Introduction of a riskless asset

» Now assume there is one more asset. This asset is risklddmara
risk-free rater;.

e The problem is now
min —w' Xw
subject to

w'z + (1 —wi)ry = p
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« We form the Lagrangian

1
L= §w’§]w + AMp —w'z — (1 —w'i)ry)

e The FOCs are:

OL .

Y Yw 4+ M=z +irg) =0 (6)
OL . N

o p—wz—(1—wiri=0 (7)

 In equation (6) we can solve far:

w* = AT —iry) (8)
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» We can solve fon using equation (7):

po= w'r+ (1—w'i)r;
po= NNz —ir))z+ (1= NS T —irg)]i)ry
no= NT —rp) ST+ (1= XNT — ')y
po= N@ZXT'Z —rp’ ST oy = NES TN — S
p = MNB—-riA)+rr—ANA—7r:C)ry
p—ry = )\(B—2A7“f—|—07“]2c)
—r
N — H e f (9)

whereH = B — 2Ar; + Cr;

« Equation (9) into equation (8):

w* = XNT —iry) ('u;[rf)
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* The variance of this portfolio is

/
o = w'Xw”

Denis Pelletier, North Carolina State University = CompitedNovember 17, 2006 at 14:44



ECG590I Asset Pricing. Lecture 15: CAPM and portfolio magragnt 29

Expected return and variance combination with a riskless asset
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« Recall the parabola when we halerisky assets:

) B —2Au + Cpu?
P D

Minimum variance portfolio

-

-

ug =A/lC

|
1c
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e Intheu — o plane we get

Expected return and standard deviation combination

ACT- -~~~ ~~~~"~~~~=--~-=-7--°-°7-7°7-777"1
I

llcl/Z O-
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« It can be argued that in equilibrium we should haye< A/C

Expected return and standard deviation combination

ACT- -~~~ ~~~~"~~~~=--~-=-7--°-°7-7°7-777"1
I

llcl/Z O-
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 If we create a portfolio by combining the risk-free asseiva
portfolio b on the frontier, we could get the following combination of
1 ando

Expected return and standard deviation combination

1/01/2 0-
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« The portfoliox;, would not be optimal. It is possible to get a higher
for the samer by switching fromb to m (a portfolio that is tangent)

Expected return and standard deviation combination

A combination of any other risky portfolio with the risk-geasset
would give less: for the same.
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« |t follows that everyone should choose a portfolio whiclisfan the
rr —m line.
— If you want higher paif, o), you put more weight om..
— If you want lower pair(u, o), you put more weight on risk-free asset.

— The relative proportion of the risky assets should be thessam
regardless of where you are on the— m line. We refer tom as the
market portfolio.

— Your risk aversion will determine where on the — m line you are

= Higher risk aversion= close tor
*+ Low risk aversion=- close tom or beyondm.
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 What is the CAPM equation when we have a risk-free asset?

 consider the portfolian. (which is a portfolio on the frontier), then
for a portfoliog

Cov(zq, Ty) = w,Xwy,

= ’LU;Z 2_1(3_7 — ’iT‘f)lumT_rf
Hm —Tf
H
(g = 7¢)(ftm — 7¢)
H

= w,(T —iry)
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e But we also know from slide 28, when we take= 1,,, that

0_2 _ (,um — Tf)2
m H
2
P, — T'f Om
— R o
H (bm — 1)

« We can next combine the last equation with ¢e(x,, x,,)
equation on the previous slide to get

o
C z,) = ) om
ov(egn) = (g =)
Cov(xy, )
g =T = o (Hm = 7)
—Bym

« Conclusion: the expected return of an asset/portfolio:
— Does not depend on its variance.
— Depends only on its covariance with the market.
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