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11 Elements of asset pricing

11.1 Stochastic processes

1. Definition: A variable whose value evolves over time according to an
established law of motion that is in some way dependent on a random
variable.

→ The stochastic process itself is a random variable.

2. Examples

• Autoregression of orderp (AR(p)):

Xt = φ0 + φ1Xt−1 + · · · + φpXt−p + ǫt

whereǫt is a “white noise”:

ǫt ∼ N(0, σ2)

E[ǫtǫt−h] = 0 if h 6= 0

Denis Pelletier, North Carolina State University Compiledon November 8, 2006 at 12:21



ECG590I Asset Pricing. Lecture 11: Elements of asset pricing 2

• Moving average of orderq (MA(q)):

Xt = φ0 + ǫt + ψ1ǫt−1 + · · · + ψqǫt−q

• ARMA(p, q):

Xt = φ0 + φ1Xt−1 + · · · + φpXt−p + ǫt + ψ1ǫt−1 + · · · + ψqǫt−q

• Random walk with drift:

Xt = φ0 +Xt−1 + ǫt

⇔ Xt −Xt−1 = φ0 + ǫt
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• Continuous time

– The foregoing examples arediscrete-timestochastic processes.

– For asset pricing (and many other things) it is more convenient to use

continuous-timestochastic processes

– We must define a continuous random variable and established its

properties.
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11.2 Markov process

1. A Markov process is one whose future values depend only on the

process’s current value, not any earlier values.

2. Examples

• The random walk is Markov:Xt+1 = Xt + ǫt+1

• TheAR(1) is Markov:Xt+1 = φ0 + φ1Xt + ǫt+1

• TheAR(2) is not Markov:Xt+1 = φ0 + φ1Xt + φ2Xt−1 + ǫt+1
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3. An implication: The probability distribution of a Markovprocess

value in a given period is not dependent on the path followed by the

process in the past.

4. Markov stock prices and market efficiency

• Weak market efficiency

– States that there are no unexploited profit opportunities because of

market competition

– All information contained in the past history of economic variables

is contained in the current values

– The current price of an asset contains all information present in the

past prices of the asset.

• Stock prices are Markov
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11.3 Wiener processes (Brownian motion)

1. These are the continuous-time version of the random walk

2. Properties of a drift-less random walkXt+1 = Xt + ǫt+1:

• At time t+ 1 conditional on information up to timet:

Et[Xt+1] = Xt + Et[ǫt+1]

= Xt

V art[Xt+1] = V art[Xt + ǫt+1]

= σ2
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• At time t+ 2 conditional on information up to timet:

Et[Xt+2] = Et[Xt+1 + ǫt+2]

= Et[Xt+1]

= Xt

V art[Xt+2] = V art[Xt+1 + ǫt+2]

= V art[Xt + ǫt+1 + ǫt+2]

= V art[ǫt+1] + V art[ǫt+2]

= 2σ2

• In general,

Et[Xt+h] = Xt

V art[Xt+h] = h σ2
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3. The important properties are

• Et[Xt+h −Xt] = 0: The expected change is equal to zero.

• V art[Xt+h] = h σ2: The variance is linear in time

• Stdt[Xt+h] =
√
h σ: The standard deviation is proportional to the

square rootof time.
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4. Wiener process

(a) A random variablez is a Wiener process if:

• Property 1: The change inz during a small interval of time∆t is

∆z = ǫ
√

∆t whereǫ ∼ N(0, 1).

• Property 2: The value of∆z for any two non-overlapping intervals

are independent.

(b)
Property 1⇒ z ∼ N(0,∆t)

Property 2⇒ z is Markov
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(c) Consider the change inz over a long period of time:zT − z0.

• We can treat this as the sum of changes inz over short intervals of time

of length∆t, where

N ≡ T/∆t

• Then,

zT − z0 =
N

∑

i=1

ǫi
√

∆t

• We take the limit as∆t→ 0 to get

dz = ǫ
√
dt
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5. Generalized Wiener process

(a) dx = a dt+ b dz

(b) The terma dt is the drift. If b were 0, then

dx = a dt

⇔ dx

dt
= a

⇒ xt = x0 + at

(c) The termb dz adds noise or randomness to the path ofx.
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(d) We can writedx = a dt+ b ǫ
√
dt:

E[dx] = a dt

V ar[dx] = b2 dt

Also,

E[xT − x0] = aT

V ar[xT − x0] = b2T

6. Ito process:

dx = a(x, t) dt+ b(x, t) dz

= a(x, t) dt+ b(x, t) ǫ
√
dt
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11.4 Stock price model

1. If there were no randomness, we would want thegrowth rate (rate of

return) to be constant:

dSt

dt

1

St

= µ

⇔ dSt = µSt dt

⇒ ST = S0e
µT exponential growth

2. To include randomness in the return, we use an Ito process

dSt = µSt dt+ σSt dz

wherea(S, t) = µSt andb(S, t) = σSt.
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3. The parameterµ andσ:

• µ is the expected rate of return.

– It should depend on underlying economic variables such as the

interest rate and also the riskiness of the stockS.

– We can ignore all this because the value of a derivative (which is

what we want to price) generally is independent ofµ.

• σ is the volatility parameter.

– It is very important in determining the value of most derivatives.
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11.5 Ito’s lemma

1. Derivatives are functions of stock prices.

• The value of the derivative today is its discounted expected value

(under risk neutrality) at the time of expiration.

• The latter depends on the stock price at the time of expiration.

• We have a model of the evolution ofS, but what is the model for

the evolution of the option’s price?

• If we denote the option price as a functionF of S and time,

F (S, t), then we we want to knowdF (S, t).

• To get it, we use Ito’s lemma.
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2. The lemma

(a) Ito’s lemma: IfdS = a dt+ b dz andF = F (S, t), then

dF =

(

a
∂F

∂S
+
∂F

∂t
+

1

2
b2
∂2F

∂S2

)

dt+ b
∂F

∂S
dz

(b) Derivation

i. We can use the total differential to derive an approximation for the

change inF in response to a small change inS:

∆F ≈ ∂F

∂S
∆S

ii. Then by letting∆S → 0, we get

dF =
∂F

∂S
dS
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iii. We could have started with a closer approximation by using a

higher-order Taylor approximation

∆F ≈ ∂F

∂S
∆S +

1

2

∂2F

∂S2
(∆S)2.

However,(∆S)2 → 0 faster than∆S, so the second term becomes

negligible with respect to the first as∆S → 0.
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iv. Taylor’s approximation for a function of two variablesf(S, t):

∆F ≈ ∂F

∂S
∆S +

∂F

∂t
∆t

+
1

2

∂2F

∂S2
(∆S)2 +

1

2

∂2F

∂t2
(∆t)2 +

∂2F

∂S∂t
(∆S)(∆t)

≈ ∂F

∂S
∆S +

∂F

∂t
∆t for small∆S and∆t

→ ∂F

∂S
dS +

∂F

∂t
dt as∆S → 0, ∆t→ 0
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v. However, when we apply Taylor’s approximation to an Ito process,

some of the second-order terms do not drop out. If

dS = a dt+ b dz

= a dt+ b ǫ
√
dt

wherea = a(S, t) andb = b(S, t), then
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∆F ≈ ∂F

∂S
∆S +

∂F

∂t
∆t+

1

2

∂2F

∂S2
(∆S)2 +

1

2

∂2F

∂t2
(∆t)2 +

∂2F

∂S∂t
(∆S)(∆t)

=
∂F

∂S

[

a∆t+ b ǫ
√

∆t
]

+
∂F

∂t
∆t+

1

2

∂2F

∂S2

[

a∆t+ b ǫ
√

∆t
]2

+

1

2

∂2f

∂t2
(∆t)2 +

∂2F

∂S∂t
(a∆t+ b ǫ

√
∆t)(∆t)

=
∂F

∂S

[

a∆t+ b ǫ
√

∆t
]

+
∂F

∂t
∆t

+
1

2

∂2F

∂S2

[

a2(∆t)2 + 2abǫ(∆t)3/2 + b2ǫ2∆t
]

+

1

2

∂2F

∂t2
(∆t)2 +

∂2F

∂S∂t

[

a(∆t)2 + b ǫ(∆t)3/2
]
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vi. As ∆t → 0, terms in∆t with powers greater than one will go to zero

faster than∆t itself goes to zero. Therefore

dF =
∂F

∂S

[

adt+ bǫ
√
dt

]

+
∂F

∂t
dt+

1

2

∂2F

∂S2

[

b2ǫ2dt
]

=

[

a
∂F

∂S
+
∂F

∂t
+

1

2
b2ǫ2

∂2F

∂S2

]

dt+ b
∂F

∂S
dz
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vii. There is one more refinement. Consider the term1
2
b2ǫ2 ∂2F

∂x2 ∆t.

• We know thatE[ǫ] = 0 andV ar[ǫ] = 1.

• So

E[ǫ2∆t] = E[ǫ2]∆t

= ∆t

V ar[ǫ2∆t] = E[(ǫ2∆t)2] − E[ǫ2∆t]2

= E[ǫ4(∆t)2] −
(

E[ǫ2]∆t
)2

=
(

E[ǫ4] − 1
)

(∆t)2
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• We see that the variance will go to zero faster than∆t as∆t→ 0.

• It follows thatǫ2∆t becomes non-stochastic as∆t→ 0.

• ǫ2∆t → E[ǫ2dt] = E[ǫ2]dt = dt as∆t → 0.

• So we finally have

dF =

(

a
∂F

∂S
+
∂F

∂t
+

1

2
b2
∂2F

∂S2

)

dt+ b
∂F

∂S
dz

which is Ito’s lemma.
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3. Application to financial markets

(a) General result

• The value of a financial derivativeD is a function of

– The value of the underlying assetS

– Time (because we care about how much time is left until

expiration).

• So,D = F (S, t).

• SupposeS is an Ito process:

dS = a(S, t)dt+ b(S, t)dz

• Then the change inD as time passes is

dD =

[

a(S, t)
∂F

∂S
+
∂F

∂t
+

1

2
b(S, t)2∂

2F

∂S2

]

dt+ b(S, t)
∂F

∂S
dz
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(b) Example: forward contract

• We have seen earlier that the value of a forward contract at time t with

delivery atT ≥ t is

Ft = Ste
r(T−t) (assumingr is constant)

• S process.Suppose the process forS is

dSt = µStdt+ σStdzt

where we havea(S, t) = µSt andb(S, t) = σSt.

• F process.

dFt =

(

µSt
∂F

∂S
+
∂F

∂t
+

1

2
σ2S2

t

∂2F

∂S2

)

dt+ σSt
∂F

∂S
dzt
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In this example,

∂F

∂S
= er(T−t)

∂F

∂t
= −rSte

r(T−t)

∂2F

∂S2
= 0

Therefore

dFt =
(

µSte
r(T−t) − rSte

r(T−t)
)

dt+ σSte
r(T−t)dzt

= (µFt − rFt) dt+ σFtdzt

= (µ− r)Ftdt+ σFtdzt
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Note that

E[dFt] = (µ− r)Ftdt

⇒ E[dFt]

dt

1

Ft

= µ− r

which is the excess return ofS over the risk-free rater.

• Suppose we don’t know the value ofFt. We can use the equation for

dFt to findFt. We solve an equation closely related to the foregoing

equation, subject to known boundary conditions. We discussthis

method later.
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11.6 Log-normal property

• Let F (S) = lnS and

dS = µSdt+ σStdzt

• Then

∂F

∂S
=

1

S
∂2F

∂S2
= − 1

S2

∂F

∂t
= 0

• ⇒ dF =
(

µ− σ2

2

)

dt+ σdz.

• This is a generalized Wiener process becauseµ andσ are constants.
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• Integrating,

lnST − lnSt ∼ N

((

µ− σ2

2

)

(T − t), σ2(T − t)

)

lnST ∼ N

(

lnSt +

(

µ− σ2

2

)

(T − t), σ2(T − t)

)

• The reason the growth rate isµ− σ2

2
instead of justµ is Jensen’s

inequality (ln is a concave function).
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11.7 Rates of return

1. Expected instantaneous rate of return.

• The geometric Wiener process

dSt = µStdt+ σStdZt

• has an expected change of

E[dSt] = µStdt

⇒ E[dSt]

dt

1

St

= µ
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2. Expected continuously compounded rate of return between time
0 andT.

• Let η be this compounded rate:

ST = S0e
ηT

η =
1

T
ln

(

ST

S0

)

⇒ η ∼ N

(

µ− σ2

2
,
σ2

T

)

(using previous result)

• We can see that

E[η] = µ− σ2

2
(mean growth rate forlnS)

6= µ (mean growth rate forS)

• This is again a consequence of Jensen’s inequality.
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11.8 Multivariate version of Ito’s lemma

1. Two-dimensional case

• Suppose two Ito processesS1,t andS2,t:




dS1,t

dS2,t



 =





a1

a2



 dt+





σ11 σ12

σ21 σ22









dW1,t

dW2,t





where

– ai, σij can be functions ofSi andt.

– E[dW1,tdW2,t] = ρdt.

• If we have a functionF of S1 andS2, what isdF?
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• Ito’s lemma – bivariate form

dF = Ftdt+ FS1
dS1 + FS2

dS2

+
1

2

[

FS1S1
dS1

2 + 2FS1S2
dS1dS2 + FS2S2

dS2
2
]

• We have:

dS1
2 = [a1dt+ σ11dW1,t + σ12dW2,t]

2

= a2
1dt

2 + σ2
11dW

2
1,t + σ2

12dW
2
2,t + 2a1σ11dt dW1,t

+2a1σ12dt dW2,t + 2σ11σ12 dW1,t dW2,t

= 0 + σ2
11dt+ σ12dt+ 0 + 0 + 2σ11σ12ρ dt as∆t → 0

=
(

σ2
11 + σ2

12 + 2σ11σ12 + ρ
)

dt

dS2
2 = (σ2

22 + σ2
21 + 2σ21σ22ρ)dt

dS1dS2 = [σ11σ21 + σ12σ22 + ρ (σ11σ22 + σ12σ21)] dt
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• Substituting into the expression fordF and rearranging terms

gives

dF =
{

Ft + a1FS1
+ a2FS2

+
1

2
FS1S1

(

σ2
11 + σ2

12 + 2ρσ11σ12

)

+FS1S2
[σ11σ21 + σ12σ22 + ρ (σ11σ22 + σ12σ21)]

+
1

2
FS2S2

(

σ2
21 + σ2

22 + 2ρσ21σ22

)

}

dt

+ (σ11FS1
+ σ21FS2

) dW1,t + (σ12FS1
+ σ22FS2

) dW2,t
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2. Financial derivative application

• Consider an option written on a bond. The value of the bond depends

on the entire array of interest rates, that is, on the yield curve.

• Suppose the entire yield curve can be be adequately captured by the

behavior of two interest rates:

– r: short rate

– R: long rate

⇒ Derivative also depends onr andR.

• Suppose




dr

dR



 =





a1

a2



 dt+





σ11 σ12

σ21 σ22









dW1,t

dW2,t





with E[dW1,tdW2,t] = 0, i.e. ρ = 0.
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• Note that,even thoughdW1 anddW2 are uncorrelated,dr anddR are

correlated because they each depend on both Wiener processes:

Cov(dr, dR) = (σ11σ21 + σ12σ22)dt

• The behavior of the option’s price is given by

dF =
{

Ft + a1Fr + a2FR +
1

2
Frr

(

σ2
11 + σ2

12

)

+FrR [σ11σ21 + σ12σ22] +
1

2
FRR

(

σ2
21 + σ2

22

)

}

dt

+ (σ11Fr + σ21FR) dW1,t + (σ12Fr + σ22FR) dW2,t
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