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11 Elements of asset pricing

11.1 Stochastic processes

1. Definition: A variable whose value evolves over time adaog to an

established law of motion that is in some way dependent ondora
variable.

— The stochastic process itself is a random variable.
2. Examples
» Autoregression of ordey (AR(p)):

Xe =@+ 01 Xp1+ -+ 0 Xy + &
wheree, is a “white noise™:
e ~ N(0,07%)
Elees_p] = 0 1f h#0
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« Moving average of ordef (M A(q)):
Xe =@+ e +vie_1+ -+ Yy
o ARMA(p,q):
Xi=0o+ 01 Xe1+ -+ 0, X p+ e+ Y161+ -+ Y
e Random walk with drift:

Xy = Qo+ Xio1 + e
S X=X = ¢t e
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e Continuous time
— The foregoing examples adiscrete-time stochastic processes.
— For asset pricing (and many other things) it is more convdrieuse

continuous-time stochastic processes
— We must define a continuous random variable and established |

properties.
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11.2 Markov process

1. A Markov process is one whose future values depend onl®n t
process’s current value, not any earlier values.
2. Examples
e The random walk is MarkovX;,; = X; + €41
« The AR(1) is Markov: X;,1 = ¢g + ¢1.X; + €41
 The AR(2) is not Markov: X, 1 = ¢g + 1 Xy + P2 Xy 1 + €141
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3. An implication: The probability distribution of a Markqwocess
value in a given period is not dependent on the path followethb
process in the past.

4. Markov stock prices and market efficiency

* Weak market efficiency

— States that there are no unexploited profit opportunitiesibse of
market competition

— All information contained in the past history of economiciaales
IS contained in the current values

— The current price of an asset contains all information presethe
past prices of the asset.

« Stock prices are Markov
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11.3 Wiener processes (Brownian motion)

1. These are the continuous-time version of the random walk

2. Properties of a drift-less random wakl_; = X; + ¢,41:

o Attimet + 1 conditional on information up to time

B X)) = Xi+ Eiles]
= X,
VCLTt [Xt—{—l] = VCLTt [Xt -+ Et—l—l]
2
= o0
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o Attimet + 2 conditional on information up to time

By Xipo] = EiXip1 + €40
= B[ X
= X,
Vard Xiel = Vard X1 + €0

= VCLTt Xt -+ €+11 -+ Et_|_2]

= VCLTt :€t+1] + VCLTt [€t+2]

— 202
 In general,
EXen] = X,
VCLTt[XH_h] = ]’LO'2
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3. The important properties are
o F,[ X — X;| = 0: The expected change is equal to zero.
e Var:X;,»] = ho?: The variance is linear in time

e Std;[X:1n] = Vho: The standard deviation is proportional to the
square root of time.
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4. Wiener process

(a) Arandom variable is a Wiener process if:

e Property 1: The change induring a small interval of time\¢ is
Az = ey/At wheree ~ N(0, 1).

* Property 2: The value ahz for any two non-overlapping intervals
are independent.

Property 1= 2z ~ N(0, At)

Property 2= 2 is Markov
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(c) Consider the change mover a long period of timezr — 2.

* \We can treat this as the sum of changes aver short intervals of time
of lengthAt, where

N =T/At
e Then,

N
2T — R) — ZE@VAt
=1
* We take the limit ag\t — 0 to get

dz = eV dt
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5. Generalized Wiener process
(@) der =adt+bdz
(b) The terma dt is the drift. If b were 0O, then

dr = adt
N dx
- — a
dt
= Ty = Xo+at

(c) The termb dz adds noise or randomness to the path .of
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(d) We can writedz = a dt + beV/dt:

Eldz] = adt
Varlde] = b*dt

Also,

Var[zy —x9] = b*T
6. Ito process:

dr = a(x,t)dt+b(x,t)dz
= a(z,t)dt + b(x,t) eVdt
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11.4 Stock price model

1. If there were no randomness, we would wantdh@wth rate (rate of
return) to be constant:

a1 _
it s, "

<:>dSt = ,uSt dt

= Sr = Spet  exponential growth

2. To include randomness in the return, we use an Ito process
dSt = ,LLSt dt + O'St dz

wherea (S, t) = pS, andb(S,t) = o.5;.
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3. The parametet ando:

11 1S the expected rate of return.

— It should depend on underlying economic variables suches th
Interest rate and also the riskiness of the stéck

— We can ignore all this because the value of a derivative (wisc
what we want to price) generally is independent.of

¢ is the volatility parameter.
— It is very important in determining the value of most derivas.
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11.5 Ito's lemma

1. Derivatives are functions of stock prices.

* The value of the derivative today is its discounted expbutdue
(under risk neutrality) at the time of expiration.

The latter depends on the stock price at the time of expmati

We have a model of the evolution 6f but what is the model for
the evolution of the option’s price?

If we denote the option price as a functiénof S and time,
F(S,t), then we we want to knowF (S, t).

To get it, we use Ito’s lemma.
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2. The lemma
(@) Ito’s lemma: IfdS = adt + bdz andF = F(S,t), then

2
dF:(aF oF 1 6’F) OF

_2— —_—
aaS+ 5 +2b 532 dt+basdz

(b) Derivation
I. We can use the total differential to derive an approximafor the
change inF' in response to a small changedn

OF
AF ~ —AS
0S

ii. Then by lettingAS — 0, we get

OF
dF = —d
05 o
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lii. We could have started with a closer approximation byngsa
higher-order Taylor approximation

oF 10*°F
AF ﬁAS 5@(AS)

However,(AS)? — 0 faster thamA S, so the second term becomes
negligible with respect to the first asS — 0.
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Iv. Taylor's approximation for a function of two variablg$s, t):

AF

Q

Q

OF OF
@ASJFEN

10°F , 10°F , O°F
+§@(AS) +§W(At) +asat(AS)(At)
OF OF

A il
55 S + 5 At forsmall AS andAt

OF OF
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v. However, when we apply Taylor's approximation to an ltoqess,
some of the second-order terms do not drop out. If

dS = adt+bdz
— adt+beVdt

wherea = a(S,t) andb = b(S, t), then
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OF OF o 1 0°F 52F
AF ~ ZEAS LAty 298 (A2 4 225 (A2 AS) (A

S A0 T G At 555 (AS) 4 555 (A1) 4 o (AS) (A1)

OF OF 1 92F 2

_ ${aAt+be\/At}+EAt+§@ aAHbE\/At} n
10°f ., O°F
OF OF
10°F | 2 3/2 | 12.2
+§@[a (A1)? + 2abe(At)*? + bPe* At +

| 2 F 92 F
T (A
> A 5

[a(At)? + be(At)*?]
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vi. As At — 0, terms inAt with powers greater than one will go to zero
faster thanAt itself goes to zero. Therefore

OF OF  10°F _,,
AF = S |adt + bev/dt] + Sodt + 5= [t

OF OF 1, ,0°F OF
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vii. There is one more refinement. Consider the t%rb%ﬁg%ﬁt.
» We know thatF[¢] = 0 andVar[e] = 1.
e SO

E[e’At] = E[e’]At

Var[e?At] = E[(eAt)?] — E[e2At]?
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We see that the variance will go to zero faster tigras At — 0.
It follows thate? At becomes non-stochastic As — 0.

2 At — Ee*dt] = E[e?]dt = dt asAt — 0.

So we finally have

2
szz( oF aF-+1wQJ€)dt+bQEdz

“95 T ar T3 as2 95

which is Ito’s lemma.
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3. Application to financial markets

(a) General result
* The value of a financial derivative is a function of
— The value of the underlying assgt
— Time (because we care about how much time is left until
expiration).
¢ S0,D = F(S,1).
e SupposesS is an Ito process:

dS = a(S,t)dt + b(S, t)dz

 Then the change iV as time passes is

OF OF 1 L O°F OF

dD = |a(9,t)
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(b) Example: forward contract

 \WWe have seen earlier that the value of a forward contraotat# with
delivery atl” > t is

— S,e" =Y (assuming is constant)
» S process.Suppose the process f6ris
dSt — /,Lstdt + O'Stdzt

where we have(S,t) = uS; andb(S,t) = o5;.
e F process.

F F o1 °F F
0 0 + _0-2328 ) dt + O'Sta—dzt

dF, =
t (“Stas ot t'9s? DS
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In this example,

oF 1o
0S
OF
ot
OFF
552

= S

Therefore

dF, = (,LLStGT(T_t) — rSter(T_t)) dt + 0S,e" T Yz,
= (/LFt —’I”Ft) dt—|—O'FtdZt
= (p—r)Fdt+ oFdz
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Note that

E[dF]
E|dF] 1
— T
a F "
which is the excess return dfover the risk-free rate.
e Suppose we don’'t know the value Bf. We can use the equation for

dF; to find F;. We solve an equation closely related to the foregoing

equation, subject to known boundary conditions. We disthiss
method later.

(pp — 7)) Fydt

=

Denis Pelletier, North Carolina State University CompitedNovember 8, 2006 at 12:21



ECG590I Asset Pricing. Lecture 11: Elements of asset @icin 28

11.6 Log-normal property

e Let F(S) =In S and

dS = /,LSdt + O'Stdzt

e Then
oOF 1
oS S
o°F 1
052 52
OF
E_O

o = dF = (p— %) dt+odz,

* This is a generalized Wiener process becauaads are constants.
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* Integrating,
2

InSy—1InS, ~ N(Qkig)@—wp%T—ﬁ>

2

In Sy ~ N(m&+(u—%>ﬁﬂ%wﬁ@—ﬂ)

* The reason the growth rate is— %2 Instead of jusj: is Jensen’s
Inequality (n is a concave function).
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11.7 Rates of return

1. Expected instantaneous rate of return.

* The geometric Wiener process
dSt = ,MStdt -+ O'StdZt

e has an expected change of

_ Bls]1
i s, "
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2. Expected continuously compounded rate of return between tne
OandT.

» Letn be this compounded rate:
ST — Soe”T

- 3 (3)

2
=n ~ N (M — 5 %) (using previous result)

e can see that

2
Elnl = p— % (mean growth rate foim S)

% L (mean growth rate fof)

* This is again a consequence of Jensen’s inequality.
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11.8 Multivariate version of Ito’s lemma

1. Two-dimensional case

» Suppose two Ito processes,; andSs, ;!

dSu 03] 011 012 qu
= dt +
dSQ,t a2 021 022 dWQ,t

where

— a;, 0;; can be functions of; andt.
— E[dWLtdWQ’t] — IOdt

e |f we have a functior¥’ of S; andS,, what iSdF'?
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e |to’s lemma — bivariate form

dF = F,dt+ Fs,dS, + Fs,dSs

1
‘|‘§ [FS1S1dS12 + 2F515«2dS1dSQ + FS2SQdS22]

* We have:
dS,? = |aydt + o1 dWyy 4 012dWay]?
= aidt’ + o, dWT, + 07,dW5, + 2ai011dt AW,
+2a1012dt AWo 4 + 2011012 AW, o dWo
= 0+ O'%ldt + o10dt + 0+ 04 2011012p dt asAt — 0
— (0%1 + a%Q + 20110719 + p) dt

dSQ2 — (0'52 -+ O'%l -+ 20’210’22,0>dt

dS1dSy; = |011091 + 012092 + p (011022 + 0120921)] dt
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 Substituting into the expression f@dF' and rearranging terms
gives
1
dF = {Ft -+ CblFsl + CL2F52 -+ §F515’1 (O'%l —+ 0'%2 -+ 2[)0'110'12)
+Fg, 5, (011021 + 012022 + p (011092 + 012021 )]
1
—|——FS2S2 (0'31 —+ 0'32 -+ 2[)0’210'22) }Clt

2
+ (o1 Fs, + 021 Fs,) AWy + (012Fs, + 022Fs,) dWa,
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2. Financial derivative application

« Consider an option written on a bond. The value of the boneedds

on the entire array of interest rates, that is, on the yieldeu

« Suppose the entire yield curve can be be adequately cadbyrehe
behavior of two interest rates:
— r: short rate
— R: long rate

= Derivative also depends omandR.

e Suppose

dr
dR

dt +

011

021

with E[dW,,dWa,] = 0, i.e.p = 0.
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* Note that,even thougilV; anddlV, are uncorrelatedir anddR are
correlated because they each depend on both Wiener precesse

Cov(dr,dR) = (011021 + 012099)dt
* The behavior of the option’s price is given by
1
dF = {Ft + a1y + ax g + §Frr (0%1 + i)

1
+F7“R [0'110'21 + 0120'22] + §FRR (031 + 0'52) }dt

+ (011 F, + 091 Fr) AWy + (012 F, + 022 FR) dWs
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