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14 Greeks Letters and Hedging

14.1 lllustration

« We consider the following example through out this section

« A financial institution sold for $300,000 a European calliop on
100,000 shares of a non-dividend paying stock. We assurhe tha
— The stock price i, = 49
— The strike price i = 50
— The risk-free interest rate is= 5% per annum
— The stock price volatility isr = 20% per annum
— The time to maturity is 20 weekq'(= 0.3846 years)

— The expected return from the stock is 13% per annum.
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* The Black-Scholes price for this option is about $237,000.

In (£) + (0.05 + 22 0.3846
0.21/0.3846

ot

dy =

— 0.0542
In (£) + (0.05 — °2°) 0.3846

50
0.24/0.3846

= —0.0699
c = 49N(0.0542) — 50e~"0>x0-3846 \r(().0699)
= 2.3745
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 When buying/selling options you can have a:

— Naked position: you buy/sell the option and do nothing else.
~ In our example, ideal if the stock price falls below $50. Yaegk
the $300,000 and don’t pay anything.
* But if the stock price goes above $50, you then have to pay. For
example, if the price in 20 weeks is $60, then you have to pay $1
million.

— Covered position:you buy (short) shares on the days you sell (buy) a
call option.
* [n our example, the institution would buy 100,000 shares.
= |f the price in 20 weeks is above $50, then the losses form the

option are offset by the gains on the stock.
+ But if the price in 20 weeks is below $49, then you lose money on

your long stock position.
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* We see that naked position and covered position are natgterf

* There is uncertainty about the cost. It can be as little &3, & $1
million, or even more.

« With a perfect hedge, the discounted expected cost to gtkunion
should be about $237,000.
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14.2 Stop-loss strategy for hedging

* From the results above, we see that when selling a call opyou
would like to have a covered position when the price is abigvand
you would like to have a naked position when the price is below

o Stop-loss strategy: You buy the stock when the price goegealy
and you sell it when the price falls belok. You might buy and sell
many times over the life of the option.

* Does not really work in practice:

— You pay K for the stock before maturity of the option, which
once discounted is more thdn at maturity.

— Bid-ask spread: when we say that the pricé,isit means that
you buy atS; + ¢ (bid) and you sell ab; — ¢ (ask). And that does
not even include possible transaction costs.
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14.3 Delta hedging

We introduced the delta of an optiaf, previously.

A Is the rate of change of the option price with respect to tiheepyf

the underlying asset:

oc
A= —
0S

If the delta of an option is 0.4, then if the stock price chesgy a
small amount, the option price changes by about 40% of thd sma
amount.

From Black-Scholes, we know that the value of a portfolimposed
of -1 call option andA shares of the stock will not change for small
change in the asset price.
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Delta of a European call optiol\ = N (d;)

Delta of a European put optiods = N(d;) — 1

In our example, if we delta-hedge, the cost of the call apsbould
be $237,000.

We have two examples in Hull. One where the asset price igaabo
the strike price at maturity and one where the asset pricel@b
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Costs of Cum. cost

Shares shares pur. Inc. int. Interest cost

Week S A purchased ($000) ($000) ($000)

0 49.00 0.522 52,200 2,557.8 2.557.8 2.5

1 48.12 0.458  (6,400) (308.0)  2,252.3 2.2

2 47.37 0.400 (5,800) (274.7) 1,979.8 1.8

3 50.25 0.596 19,600 984.9 2996.6 2.9

18 54.62 0.990 1,200 65.5 5,197.3 5.0

19 55.87 1.000 1,000 55.9 5,258.2 5.1
20 57.25 1.000 0 0.0 5,263.3
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 Week 0: Since5; = 49.00, A = 0.522. Hence, we must borrow
$2,557,800 to buy 52,000 shares of stock. The interestsdi®oi so
the interest payment on the loan that we will have to pay nedkns
$2,500.

* Week 1: The price goes down to $48.12. Delta is nows 0.458
(maturity is now 19 weeks). We can resell 6,400 shares [8-:45
0.522)x 100,000] at $48.12 a share for $308,000. The cumulative
costis2,557.8 + 2.5 — 308 = 2, 252.3 thousand dollars. Next week,
the interest payment on the loan will be $2,200.
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* As we get closer to week 20, we see that at maturity the stack p
will probably be above $50 and the call option will be exeedisThe
delta hedge increases to 1. The cumulative cost is $5,26339
receive 5 million dollars from whoever exercise the call.nde, the
total cost of the call option is $263,300.

* The total cost is not $237,000 because we rebalance th®lmrt
every week instead of continuously.

 In practice, we don’t want to rebalance the portfolio contusly (or
very often) because the transaction costs would be to big.
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* The delta of a portfolio of options dependent on a singleteSss g—g
wherell is the value of the portfolio.

o If the portfolio is composed of a quantity: of of optionz, then the
delta of the portfolio is

1=1

whereA; is the delta of theth option.
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14.4 Theta

* The theta of a portfolio of options), is the rate of change of the

value of the portfolio with respect to the passage of timd\ait else
remaining constant.

» For a European call option on a non-dividend-paying sté&rckn the
Black-Scholes formula we get
o dc _SoN/(dl)O'

O=— =
oT 2T

—rKe "T'N(d,)

where

1 2
N'(dy) = e
=
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For a European put option on a non-dividend-paying stock,

B S()N/(d1>0'

O =
2/ T

+rKe "'N(—d,)

where

1 2
N'(dr) = —=e™ /7

e O is usually negative for an option. As time to maturity dese=sa
with all else remaining constant, the option tends to beclas®
valuable.

Do we need to hedge agairtsP No! Passage of time is
deterministic. Hence, there is no uncertainty.

* Nonetheless, many séeas a useful descriptive statistic for a
portfolio.
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14.5 Gamma

 The gamma of a portfolio of options on an underlying aseis the
rate of change of the portfolio’s delta with respect to thiegof the
underlying asset:
011

CEE

 If I is small, themA changes slowly when the asset price changes. It
follows that this portfolio could be rebalance infrequgntl

I’

 If I'is big, thenA changes quickly when the asset price changes. It
follows that this portfolio would need to be rebalanced treuqly.
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« Assuming that the asset price follows a geometric browmation
and that the volatility is constant, the value of the portfoll is a
function of S andt.

» A Taylor series expansion @f gives

11 11 1 0%T1 1 0%T1 211
ATl = 8—AS+8—At+—a—ASQ+—a—At2+ 0

95 TRt o e ST oo Rt

« Terms other than the first three on the right-hand side acedsr
higher thanAt. We can drop them since they are negligible:

oIl oI 167
Al = Pag 4 a4 L0\ o2
TR R T Rt

« Using our notation

1
AIl = AAS + OAt + §FAS2
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* \We can easily make the portfolio delta neutral by buyingrtglet
number of stock shares. Doing so, we get

1
All = At + §FASQ
« We would like to make the portfolio gamma neutral, i.e. immaed

against bigger changes in the stock price.

* This can’t be done by changing the number of shares we havein
portfolio. The value of the portfolio is a linear function thfe asset
price and the second derivative of a linear function is zero.

* We need a position in a derivative that is not linearly dejmsrt on
the underlying asset.
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« Suppose a delta-neutral portfolio has a gamma equal to

e Suppose a traded option has a gamma equig-t(y" for “traded”,
not maturity of the option).

 If we addw units of the traded options to the portfolio, the gamma
of the portfolio is

wTFT -+ r

« Hence, if we includevy = —I"/T"y traded option to our portfolio, it
will become gamma-neutral.

* Including additional options to our portfolio will likelghange its
delta. We might need to buy/sell units of the underlying es&e
keep the portfolio delta neutral.
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 delta neutral: protection against small changes in theetyitig asset
price.

e gamma neutral: protection against larger price movements

* For a European call or put option on a non-dividend payioglst
gamma is given by
~ N'(dy)

= — 2
SQU\/T
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14.6 \Vega

So far we assumed that the volatiliywas constant.
In practice, it changes over time.

This means that the value of a derivative can change becdase
movement in volatility.

The vega of a portfolio of derivatives, is the rate of change of the
value of the portfolio with respect to the volatility of thaderlying

asset:
o1l

" 9o

vV
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* The vega of a position in the underlying asset is zero.

* The vega of a portfolio can be changed by adding a positi@n in
traded option.

* If v is the vega of the portfolio andr is the vega of a traded option,
a position—v /vy in the traded option makes the portfolio
instantaneously vega neutral.

A portfolio that is gamma neutral will not in general be vegautral,
and vice versa.

 If a hedger requires a portfolio to be both gamma neutrahaagz
neutral, at least two different traded options dependenhen
underlying asset must be used.

* For a European call or put option on a non-dividend-paytogls

v = SoVTN'(dy)
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14.7 Rho

* The rho of a portfolio of options is the rate of change of taéue of
the portfolio with respect to the interest rate:

Ol1
rho = —

or

» For a European call option on a non-dividend-paying stock,

rho = KTe "' N(d,)
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14.8 Hedging in practice

In an ideal world, a trader would like to rebalance his partf to get
zero delta, zero gamma, zero, vega, ...

In practice, it can’t be done.

They usually rebalance the portfolio daily to get zero @gmainly
trading the underlying asset).

Zero gamma and zero vega are harder to achieve. The optitdketna
IS not as deep as the market for the underlying asset. It noght
expensive to get the volumes needed to get zero gamma and zero
vega. Gamma and vega are monitored and corrective actiens ar
taken when they get too large.
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