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12 Black-Scholes

12.1 The fundamental PDEs

1. Stock procesqGeometric Brownian Motion)

dS = puSdt+oSdz

2. Option process
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3. Riskless portfolio
* The foregoinglF' equation is difficult because of the random term.
e Convenient to eliminate that term by constructing a risklportfolio:

— Go short one derivative and go log shares of5
— Portfolio value is

V=—-F4+NS
Its change is
dV = —dF + NdS
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— To make this portfolio riskless, choosé = 83

2
oF 1 aF)dt

jdv:_(§+2 RE

Denis Pelletier, North Carolina State University CompitedNovember 8, 2006 at 09:19



ECG590I Asset Pricing. Lecture 12: Black-Scholes 3

4. Equality with riskless asset return

e The last equation is the return from holding a risk-freetfodio.

Absence of arbitrage guarantee that this return equalsethen from
putting the value of the portfolio into the risk-free asset:

dV =rV dt

We therefore must have

oF 1 , ,0*F oOF
N il _ o
(at+2aSaS2)dt r( +aSS)dt

Which can be written as
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This is the fundamental equation for all derivative prag;iknown as
the Black-Scholes (-Merton) equation. Solving this giyés
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* The Black-Scholes equation applies to any derivativeta¥gkat
distinguishes the different assets are the boundary aondit

— At S =0, we havedS = 0, becauseS = u.Sdt + 0S5 dz.

— The other boundary condition occurs at the expiration (@rese point
In the case of an American option) and is different for eadlvdave
asset.

— For example, a call option’s condition is

F(S,T) = max(St — K,0)
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12.2 Solving the equation

1. Two approaches:
 PDE with boundary conditions

* Risk-neutral valuation (martingale theory). This apmiog more
convenient for this problem.

2. Risk-neutral valuation

(a) Applies here because

* There is a finite stopping time (the expiration date)
* No element of investor risk preference enters the Bladke&xs

equation.
— Note in particular that the expected returmon the stock is

absent from the equation. The value.ofloes depend on
risk preferences.
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(b) Useful implication
o If risk preferences do not enter the equation, they do rfetathe
solution.
= Any set of risk preferences can be used when evaludting
= We can use risk-neutral preferences
e = Discounting can be done with the risk-free rate

(c) Simple procedure
» Assume the expected return from the underlying asset isgkdree
rate (i.e, replace by r).
» Calculate the expected payoff from the option at maturity.
» Discount the expected payoff at the risk-free rate.
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(d) Note:

e The assumption of risk-neutral preferences is a conveeriehhe
resulting solution is valid for any preferences, includthgse in the
real world.

 When we move from risk-neutral to risk-averse preferentes things
happen:

— The expected growth rate of the stock changes
— The discount rate changes

It turns out these two effects always exactly offset eacleroth
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(e) Simple example of how to use risk-neutral valuation tbege
derivative asset price:
« Take a long forward contract with maturity dateand delivery price
K.
Value of the contract at maturity IS — K
Therefore, the value at time O is

F = e E*[S;r — K]
— e—rTEv* [ST] . KG—TT

Under risk-neutrality, the growth rate of the stoclequalsr, so we can
write
E*[ST] — S()GTT

Substitute this result into the preceding expressiontfeo get

F = S() — KG_TT

which agrees with what we had derived earlier in the semester
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3. Preliminary lemma
Lemma: If InV ~ N(m, S?), then

E [max(V — K,0)] = E[V]N(dy) — KN(d>)

where
n () +
Cll = S
E[V 2
m(5) - 5
ClQ — S

and N () is the cumulative distribution function of a standardized
normal distribution evaluated at

N(z) = /x n(u)du  and n(u) = \/12—7_(_6%1‘2
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Proof: Let g(V') be the probability density df'. Then

0. @)

Emax(V — K,0)] = / (V — K)g(V)dV

K

By assumptionin V' ~ N(m, S?) and by the properties of the
log-normal distribution, the mean af V' is m,

m = In(E[V]) — S2/2

with the mean ol beinge™+5%/2,
Define the standardized normal variable

InV —m
S

Q=

with density
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We can then use a change of variables to write

Emax(V — K,0)] = / N (e95T™ — K) h(Q)dQ

nK—m

S

_ /OO_ e9TMh(Q)dQ — K /; hQ)dQ

But
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Therefore
E [max(V — K, 0)]
= e [ wQ-se-K [ mQuQ

n K—m

S

. 2 [ In K —m InK —m
_ - 11— N _S)| =K [1=N
R e I R

o [ (2R )| [ (e

becauséV is symmetric about zero

— em—l—%Q [N (hl(EI[(V]) + g)
S

by substituting form
— "5 N(dy) — KN(dy)
= EV|N(di) — KN(d»)
by substituting form again
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4. Main result
Theorem: A European call option on a non-dividend stock with
maturity datel’ and strike pricek has a price of

C = S()N(dl) — KG_TTN(CZQ)

where
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Proof: The value of the call is
c=e ""E* [max(Sr — K, 0)]
Because the stochastic processSas
dS = pSdt+oSdz
we knowS is log-normal. Also, from earlier results, we know that

E*[ST] = S()GTT
Var(InSy] = o°T

So using the previous lemma,

¢ = e "'E*max(Sy — K,0)]
— G_TT [SofirTN(dl) — KN(d2>i|
= SoN(di) — Ke "' N(d,)
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where

Denis Pelletier, North Carolina State University CompitedNovember 8, 2006 at 09:19



ECG590I Asset Pricing. Lecture 12: Black-Scholes 16

5. Put option

« Similar reasoning established the price for a Europearmption:
D = KG_TTN(—CZ2> — S()N(—d1>
whered; andd, are the same as for the call option

« An alternative proof is to use the put-call parity:

p+S, = c+ Ke
=p = SyN(d) — Ke "™"'N(dy) + Ke™™ — S,
= —Sy[1 = N(d))]+ Ke ™ [1 - N(dy)]
= —SyN(—dy) + Ke "' N(—d,)
since the normal distribution is symmetric
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