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2 Present Value

* If you have to decide between receiving 100$ now or 100$ @ae y
from now, then you would rather have your money now.

* If you have to decide between paying 100$ now or 100$ one year
from now, then you would rather pay one year from now.

» This section is about computing the value today of somgtmrihe
future.
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2.1 Definition

Present value:the value today of an amount to be paid at a specific date
In the future.

2.2 Simple case

* One payment of face amount (princip&), one period in the future.

— First, suppose you hald now and could save it at interest rdte

In one period, you would hav& = V(1 + R).
— Rearrange terms to gét = =.
— V is thepresent valueof X.
« Two periods in the future:

2

X = VA+R)(1+R)=V][Q+R)

1=1
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from which we get:

* Many periods:

V=X !H(l +R)!

e Special case wheR; = Ry =--- = R; = R:
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2.3 More complicated cases — interim payments

Cl CQ
Vo= CO+1+Rl+(1+Rl)(1+Rg)+'”
Cr
AT R0+ Ry (11 Ry
X
_|_

(1+R1)(1+ Ry)--- (14 Ry)

provided that we definé&, = 0.

1

G+ Ry

7=0

+ X |Ja+R)™

1=0
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2.4 Continuous time

« Compounding:
— 1R = (L B+ ) = (1+ )
—1+R— (14 2£)"
— lim, (1 + E)" =e
-1+ R = [L+ ) =1+

— Timy, oo (1 4 B)nt = Bt

R

* Present value ok to be paid at timdg’":
V= Xe I

e Continuous-time vs. discrete-time interest rates:
— Once per annumt + R = &

— n times per annum(l + &) = f
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« Evaluating a continuous, constant, cash fléxgonstant:

T
V = / Xe Fdt
0

T
= X/ et
0

— X 1 —Rt !
[
= %(1—6_RT)

Note thatl” — == asT — oo: perpetulity.
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e Time-varying X:
T
V :/ Xte_tht.
0

Can’t say more until the functiofX; is specified. For example, if
X; = AeP?, then

v

T
/ AePte 1t gt
0

T
= / Ae~(R=B)t

A

_ 1 — —(R—-B)T
R_B( e )
A4 if R>B
7o g | >
o If RSB
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e Time-varyingR, constantX:
T t
V = / Xe™ Jo Bsds gy
0

(explanations follows).

 General case:
T t
V= / Xye Jo Fiedo gy
0

(explanation follows).
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2.5 Deriving (and understanding) continuous
discounting

2.5.1 Integrating factor

We know how to compute derivatives. For example,

dexp(z")
dx

We then know that, up to an integrating constant,

= 72%exp(z")

/73:6 exp(x”)dxr = exp(x”)

The integral| exp(«")dx might be hard to compute, but it would be
much easier if we could somehow multiplyp(z”) by 7z°.

In this example7z® is the integrating factor. More on this in a few
slides.
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2.5.2 Continuous discounting

e Earnings on an initial stock of wealth

dV;
— L = RV,
dt t

l.e., continuous compounding at rafe To help you see this:

dv,/dt Vi — Vi

Vi Vi

R —
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What isV at time1? To find out we solve the differential equation:

dV;
=0

The integrating factor is~** (how do we know that that'’s the
integrating factor? We just know, or we wait a few more sljdes

aVe _pe

dt — V,Re =0
& %(Vte ) =20
So we get
"1d —Rt

0 = /0 [E(Vie )]dt
0 = Ve

0 = Vye ' —

Ve = ViefiT
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* Now suppose there also is a time-varying income

dV,

o = X
or

dV,

@ Rh=X

which is just a forced (or non-homogeneous) linear ODE whtn t
same integrating factor:

Ve _pe

dt — ViRe™ Rt — Xte_Rt

d

S (Ve ™) = Xe ™
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So that we have

T d T
/ [— (V}eRt)] dt = / X,e fqt
o Ldt 0

T
=  Vee TV, = / X,e Bt
0

T
= Vi = Vet + 6RT/ X,e it
0
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Note that ifV, = 0, we have

|

Qo)
ay)
N

e

© |
&

.

S

Vir

|
?:bl
ey
T
3
o8
~

0
which is the future (time T) value of the cash floYy.

Equivalently,
T
VTeRT:/ X,e Bt
0

IS the present value of the cash flow.
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 Finally, supposer is time varying:

dV,
d—; = RV, + X,
dV,

— d—tt - Rt‘/t — Xt.

The integrating factor is™ Jo B=ds 50 that we can write

%6_ fot des . ‘/the— fot deS — Xte_ f(f des

or

d t '
% (‘/;6_ fo des) — X,e~ I Rsds
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So that

Tra ; T :
— (Ve Jo Bsds ]dt — / X, e~ Jo Bsds gy
/0 [dt( t ) , !

: T T :
|:V;€_ fo de8i| _ / Xte_ fo desdt
0

0

T
VTG_ foT Rsds Vb _ / Xte— Io desdt.
0

The RHS is the present value £k, } when R varies over time.
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2.6 Ordinary Differential Equation (ODE) and finding
the integrating factor

 How do we know what the integrating factor is?

* Once you're familiar with the topic, you tend to “just knowhat it
IS.

e Butit does not mean that there are no formal ways to find it.

* The remaining slides give a general solution for the ird&gg factor
for a specific class of ODE.

® Don'’t getlostin the details. This course is not about sgv@DES
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« Consider a first-order first-degree ODE, which has the form

dy
R
o (x,9)

which can be written as

dy M(z,y)
M d N dy = 0 — = —

e If this equation has a unique solution, it can be written as
U(x,y) = c.
This is a general solution (allow implicit functions).

» If we take the differential on both sides

oU oU
dU = —d —dy =0
U 9 :E+ay Yy
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 Which implies
dy  0U/0x
dv  0U/0y
e So that
ou/ox M
oU/Oy N
* Or
oU/ox  OU/0y
M N
* Denote these ratios hy,
oU oU
“~ —uM — = uN
or " and oy s
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* Next, substitute back into the equation &

dU = pMdx + pNdy = 0
p(Mdz+ Ndy) = 0

U/ g+ Y10 Ny —
M
oU U

Conclusion 1: multiplying the differential equation
M(z,y)dx + N(x,y)dy = 0 by 1 give us an exact differential equation.

We call; an integrating factor.
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Before being able to say whatis, we need an additional result:

o If the differential equationV/dx + Ndy = 0 is exact, then by
definition, there is a functiofy (z, ) such that

Mdzx + Ndy = dU

 But we also have that

oU oU

« Therefore U /0x = M andoU/dy = N.
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* For a sufficiently smooth functioti,

oM O*U
Oy OyOx
0*U
0x0y
ON
O

e Thus,0M /0y = ON/Ox if the differential equation is exact.
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We are ready to fing, i.e. the integrating factor

o If the differential equation becomes exact after beingtmplid by 1,
l.e. uMdx 4+ puNdy, then we have

O(puM) _ d(uN)

oy  Ox

* Next, suppose that is a function ofx only (with a symmetric result
If it s a function ofy alone). In this case

OM ON du
"oy T Mo TV
du 1 ([OM ON
— = = d
R N ( Ay &L’) '
= f(x)dz by hypothesis
= = 6ff(:c)dx
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Conclusion 2:1If M(x,y)dxz + N(x,y)dy = 0 and if

1 fOM ON

thene/ /()= i the integrating function.
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For the first example, we can find the integrating factor usinege results.

» Remember we had

dV;
~! — Ry,
dt t

Which can be written

—RVidt +dV; =0

We see that, remembering that we want togetakey = V;)

r=t, y=V, M(z,y=—-RV,, N(z,y) =1

So we get

1 (OM ON 1

Henceu = e/ ~Hdt = ¢= 11,
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If you want more, have a look at the fine notes on ordinary difféal
and difference equations written by Professor John Sederll find

them on Professor Seater’'s website:

http://www4.ncsu.edu/jjseater

Or on the website of this course.
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