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ABSTRACT

Uncertainty is inevitable a every stage of life cycle development of a product. To make
use of probabiligic information and to make relidble decisons by incorporating decison
maker's risk atitude, methods for propagating the effect of uncertainty are therefore
needed. When desgning complex systems, the efficiency of methods for uncertainty
propagation becomes criticd. In this paper, a most probable point (MPP) based
uncertainty andyss (MPPUA) method is proposed.  The concept of the MPP is utilized
to generate the cumulative didribution function (CDF) of a system output by evauating
probability estimates a a serid of limit daes across a range of output performance. To
improve the efficiency of locating the MPP, a noved MPP search dgorithm is presented
that employs a new search adgorithm and a search drategy. A mathematica example and
the Pratt & Whitney (PW) engine design are used to verify the effectiveness of the
proposed method. The proposed MPPUA method will serve as a useful tool for

propagating the effect of uncertainty when making decisons under uncertainty.

Key words. Uncertainty andyss, most probable point, probabiligic distribution, decison

making under uncertainty.
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1. INTRODUCTION

The notion that engineering design is a decisorrmaking process has been paid more and
more dtention in recent years [1-5]. When uncertanty is conddered in engineering
desgn, probabilisic desgn modds ae adopted ingead of deterministic modds.
Unfortunately, probabilistic modds require order(s) of magnitude increase in the andyss
in compaison to the determinigic modes [6]. The problem is worse when a design
modd involves complex computations, such as caculations of dresses, temperatures,
heat trander rates, and fluid flows through numericd dgorithms or smulation tools that
could involve finite dement andyds, computaiond fluid dynamics, etic. One of the
chdlenges to use probabiliic design models is to capture the effect of uncertainty on the
system output in an efficient manner. The problem can be dated as. given the probability
distributions of the random variables in a sysem (e.g., those of the design variables and
parameters), what should be the probability distributions of the system output? This
process is often referred to as uncertainty propagation or uncertainty andyss. Our am in
this paper is to deveop efficient methods for uncertainty andyss that are practicaly
affordable in engineering design gpplications.

Once the effect of uncertainty is propagated, the information on system output
digribution will be used further for making relidble decisons through optimization. The
decisonbased design (DBD) [3] is such a framework that provides the capability to
make use of probabiligic information and to incorporate decison maker's risk dtitude
under uncertainty through utility function optimization.

Researches on the sources of uncertainty and how to modd them can be found in

the literature (the recent references including [7-10]. The commonly used method for



uncertainty andyss is the sengtivity-based approximation approach that includes the
wors case andyss and the moment matching method [11-14]. With the worst case
andyss, dl the fluctuations are assumed to occur Smultaneoudy in the worst possble
combinations and based on this assumption, the worst vadue of the system output
(extreme condition) can be found by the fird order Taylor expanson or optimization.
With the moment matching method, the firs order moment (mean vaue) and the second
order moment (standard deviation) of a sysem output are obtained. However, the
moment matching method is generdly not sufficiently accurate, especidly when the
parameter uncertainty is large. Besides, low order moments do not provide the shape of
the resulting probakility digtribution.

Compared with the sengtivity-based approximation approach, Monte Carlo
Smulation (MCS) is a more comprehensve method that can generate the cumulaive
digribution function (CDF) and the probability densty function (PDF) of a system
output based on data sampling. The shortcoming of MCS is tha great computationd
effort is required for any genera cases Some modified MCS methods have been
proposed to improve the computationd efficiency. Among them are the importance
sampling method [15,16], the Latin hypercube sampling method [17], the shooting Monte
Carlo approach [18], and the directiond dgmulation [19]. However, even with
modifications, MCS is generdly not affordable in the desgn of complex engineering
systems.

As the direct use of data sampling methods is very expendve, an dterndive
gpproach that is being widely consdered is the use of response surface models to replace

the numericd modds [6, 20-23], ether over the space of dl variables or that of the



random variables only [24,25]. Data sampling is then performed based on the response
surface modd ingead of the origind numericd modd. The drawback of usng this
agpproach is the cost associated with generating an accurate response surface model for
the purpose of uncertainty propagation. Besdes, some of the response surface methods
tend to “smooth” the behaviors. This results in large errors when the smooth function is
used to evauate loca sengtivitiesin probability andyss.

Rdiability anadyss based approaches have emerged as efficient uncertainty anayss
methods with a lot of promises 26,27]. They generdly provide much better accuracy
compared to sengdtivity-based approximations and response  surface modding
agoproaches, and much better efficiency compared to sampling-based methods.
Rdiability andyss methods are characterized by the use of andyticd techniques to find
a paticular point in design space that can be related (at least approximately) to the
probability of sysem falure, defined by a limit Sate [28] This point is often referred to
as the most probable point (MPP) or the design point. The typicd methods in the filed of
rdiability andyss for probability estimation include FORM (first order second moment
method) and SORM (second order reliability method) [28]. Dealls of rdiability andyss
method are provided in Section 2.2.

In this paper, we propose an efficent method for generating the probabiligic
digributions of a system output based on the concept of the most probable point MPP).
We cdl this method the most probable point based uncertainty andyss (MPPUA)
method. To overcome the limitations of the exigting MPP search methods, a noved MPP
search approach is presented that employs a set of searching drategies, including usng a

new inverse dgorithm, tracing the MPP locus, and predicting the initid search point.



This paper is organized as follows. In Section 2, the frame of references of our
research is presented. The concepts of Monte Carlo Smulations and the most probable
point (MPP) are introduced respectively. The proposed MPPUA method is presented in
Section 3 dong with the discussons of an MPP search dgorithm and other search
drategies. In Section 4, two examples are used to demondrate the effectiveness of the
proposed method. The accuracy and efficiency of the MPPUA method are examined.

Section 5 isthe closure of this paper.

2. FRAME OF REFERENCES

A generic uncertainty anayds problem is conddered in this work. We let modd
inputs X ={x;,%,..-- X} be mutudly independent random varigbles with the cumulative
digribution function (CDF) F,(x) and the probability dendty function (PDF) f.(x)
(i=14n). The sysem modd g(x) maps modd inputs X ={X,,X,..--X,} into an output
yas

y =9(x). D

Anayticad methods can be used to generate the PDF of the output y. However they
are difficult or even impossble to use for complex sysem behaviors. Smulation methods
are widdy used whenever the andytica methods are not practica.

2.1 Monte Carlo Simulation (MCYS)

MCS is used for the purpose of confirmation in this paper. Results from the proposed

method will be compared with those from MCS to show the effectiveness of the proposed

method. TheCDF of y a vy, (i =1,K ) isdefined by the following probability:



F,(y)=Ply<vy}=Plg(x)<vy}.

Sety(i), i=1, K

v

Fori=1, N

v

)

v

Sample X={X1,X2,%4 ,Xn}

v

Compute y=g(X)

If g()< 9X)
P()=P()+1

Fori=1, K

v

CDF(i)=P(i)/N

v
Ifi>1

PDF(j) =[CDF(i)-CDF{(i-1)]
Ny(i)-y(i-1)]

v

End simulation

Figure 1 Monte Carlo Smulation

The procedure of MCSis shown in Fig. 1. With MSC, the samples of input variables

X are generated based on their cumulative digtribution functions F,(x) (i =1Ln) or therr
probability densty functions f (x). A sysem output y is then evauated a each X

sanple. The CDF of y a y, (i =1K) is esimated by the frequency of y samples less

then y, shown asfollows:

Fy(yi):

where N isthetotd number of amulations.

Number of ysamples lessthan vy,
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The PDF of y a y, can beevduated by the differentia of CDF:

_F0- R

i~ JYi-1

f, (¥i) (4)

MCS is flexible for any types of input digributions and any forms of modd functions.
Neglecting the dgorithmic eror caused by sSmulaions, if a sufficient number of
smulaions N are used, MCS often results in solutions with a high accuracy. Compared
with other numerical methods, MCS has a remarkable feature that its accuracy does not
depend on the dimenson of the random modd input varidbles (Niederreiter, 1992).

However, in generd, it istime consuming to obtain accurate enough results viaMCS,

2.2 TheMost Probable Point (MPP) M ethod

The MPP method was origindly developed in the fidd of rdiability andyss [29]. It
requires that limit-gate functions be defined and then the probability of the limit-date
functions bigger or less than zero can be evauated gpproximately. The limit-state

function is defined as.
z(x)=y-c=9(x)- c, )
wherec is a constant.

The MPP is fomdly defined in a coordinate sysem of an independent and
dandardized normd vector u ={u,,u,,---u.}. The input variables x ={x;,X,..--X.} (in
the origind desgn space) ae tranformed into the dandard norma  Space
u={u;,u,,---u.}. The most commonly used transformation is given by Rosenblatt [30]

as



u =F R  (i=Ln), (6)

where F ! is the inverse of a normd digribution function. The transformation maintains
the CDF s being identica both in x space and u space (see Figure 2).

The limit-gtate function is now rewritten as

2(u) = g(u) - c. ()

X-Space u-Space

& g(x)-c=0 :> e

X1 Uy
Figure 2. The Transformation of input variables

Hasofer and Lind [29] defined b as the shortest distance from the origin to a point on
the limit-date surface in u space (see Fg. 2). Mahemdicdly, it is a minimization
problem with an equaity congtraint:

b =nin]u] ®
subjectto g(u)- ¢=0. 9

The solution U, Of this minimization problem is cdled the most probable point
(MPP). From Fig. 3, we see that the joint probability dendty function on the limit-tate
surface has its highest value a the MPP so that the MPP in the standard normal space

has the highest probability of producing the value of limit-state function Zu) [31]. In

other words, it is the point that contributes the most to the integra for probability



edimation b is dso referred to as the sfety index in rdiability andyss and the MPP

becomes the critica design point.

Figure 3. The MPP concept

If the limit-gtate function z(x) or the modd function g(x) is linear in terms of the
normaly distributed random variables x , the accurate probability of limit-state less than
zero is given by the equation:

) 1 F(b) ifP305
P{z(u) <0} = P{g(x) <& Ti1- F(b) if P<05

(10)

If g(x) is nonlinear or random varigbles x; (i =1,n) are not normaly distributed, a
good gpproximation can ill be obtaned by the above equation, provided that the
magnitude of the principd curvaures of the limit-state surface in the u space at the MPP
is not too large [27]. If the limit-state function is highly nonlinear, an dternaive second-

order gpproximation at the MPP can be used, which takes into account the curvature of

the limit-state surface around the MPP [32, 33].
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3. A MPP BASED METHOD FOR UNCERTAINTY ANALY SIS

In this work, a most probable point (MPP) based uncertainty anayss (MPPUA)
method is developed to estimate the probabiligtic distribution of a sygsem. The concept
of the MPP is utilized to generate the cumulative didribution function CDF) of a system
output by evduatiing probability estimaes a a serid of limit dates across a range of
output performance. A novel MPP search dgorithm is dso developed to support the

procedure of CDF generation.

3.2 Generating probabilistic distribution of a system output
The basic idea of the MPPUA method is to utilizes rdiability assessments (P{y =
g(u)= c¢}) a multiple limit dates ¢; to obtain the probability estimates P; across a range of
performancey. The definition of the CDF of a system output is
Fy()=Py<c=Pgu)<dg, 11
which isequivdent to
F,(c) = P{g(u) - C£0} = P{z(u) <0} . (12)
The andogy is if we could identify the MPP for a ystem output y (or g(u)) a a limit
state c, this will provide us an estimate of the CDF of y when y = c. For each MPP, there
is a corresponding value of b (the shortest distance). Based on Egn. 10, the CDF of y at y
= c becomes

i F(b) if P2 0S5
F,(c)=Ply<c =P{z(u) <0 =7

i1- F(b) if P<05’ (13

If we could evauate the CDF vaues using this way for a st of ¢ vaues chosen in a
range of system output y, then we will be able to obtain a (discretized) complete CDF

across a range of y.  Since the reasonable range of a system output is generdly not

11



known in advance, difficulty will arise when choosing the s&t of ¢ vdues. To overcome
this difficulty and to ensure that the generated CDF roughly occupies the complete
interva of [0, 1], we utilize an inverse goproach to implement the proposed concept.
Soedificdly, we will identify the limit-state values ¢; in the domain of a sysem output v,
for a given st of probability levels {F,,F,,,---,Fx} usng the MPP concept.  To
facilitate the MPP search procedure introduced in the later sections, instead of
discretizing the probability levels, we choose to discretize the corresponding b vaues

into equal segments. A serid of b ischosen as:
b' = Do (i=1,M) (14)
M )

where M is the number of points picked. b is sdected in the range of [0, 3] or[0, 4],
which corresponds to CDF vdues in the range of [0.0013,0.9987] or
[3.1671" 10°,0.99997], respectivdly. Geometricaly as shown in Figure 4, in the
standard normal space u, we will consider a family of concentric spheres with radius b’

and we call these spheres b-spheres.

1
F(bs)
F(bs)
- i~ CDFofy
F(b1)
// PDF of y
) /X
1-F (b, /
1-F (b2
CETCYS) P / ..... , \
ERTCYN I . >
0 C1 C, C3 Cs cs Cs C7 Cs

Figure4. Concept of The MPPUA Method



Oncethe b' (i=1M) are specified, the corresponding CDF of y are calculated by
Egn. 13. Sinceevery b' yidds two vaues of F, exceptfor F;=05,i.e, b =0 (Egn
13), thetota number of F; and that of b' have thefollowing rdationship

K=2M +1, (15)
where K isthetotd number of F; .

Note that the MPPs are identified in the standard norma space u and they should be
trandormed into the initid x space. Once the x vaues of the MPP are identified, y; can
then be evduated usng the sysem function g(x). As shown in Figure 4, for each b
sphere, two MPPs will be identified, corresponding to two output levels.

Basad on the proceeding discussions, we summarize the procedure of generaing the
CDF of asystem output y asfollows:

(1) Specify asetof b' index (i =1, M);

(2) Cdculate the two corresponding CDF vaues using Egn. 13.

(3) Foragiven b', find two MPPs U, in u space (details see Section 3.2);

(4) Map u' _ intox spaceto obtain X,,pp USNg

Xupe. | = F ' IF (Uyep, )] (1 =LK; j=1,n). (16)

(5) Evduaethevaueof a system output at aMPP by

Vi = 9(Xpp) - (17)
Once the discretized CDF is obtaned, we can then obtan the PDF:
(fy(yi), yi)using Eqgn. 4.

13



3.2 Searching the MPP

From the above procedure, we see that the key to generate the correct
probabilisic distribution function is to find the rignt MPPs for different b'. Various
techniques have been proposed in the literature to search the MPP, such as the
hypersphere method [33], the directiond cosnes method [34], the advanced mean vaue
(AMV) [31], the sampling-based MPP search [26], and the optimization method.
Unfortunatdly, there has been no sngle search agorithm that could succeed to find the
rignt MPP for al dtuations. As stated by Tichy [33], the common problems are: 1) The
MPP obtained appears logicd, but it is incorrect, as the iteration leads to a local extreme
of the trandformed limit-gate functions; 2) Solution does not converge. For example, the
search process may oscillate between two points. The newly developed sampling based
MPP searching dgorithm [26] seems to be highly robugt, but it needs many iterations and
much sampling to obtain the correct MPP.

In this paper, we develop a new agorithm that uses the derivative informetion of
the limit-gtate function to direct the search and traces the MPP locus step by step from the
center of a didribution to its tails. The agorithm is expected to be efficient and robust as
it suits the nature of our proposed procedure in which probability levels are identified
incrementally. Two issues are involved in the proposed agorithm. One is the MPP search

dgorithm for a specific b' and the other is the determination of the initid point for each

search. Wewill discuss them in detall next.

3.2.1 Searching theMPP at b’
The idea behind our MPP search dgorithm is to locate the tangent point of the

hypersphere (cdled b -sphere with radius b') and the limit-state surface in the u space.

14



At this tangent point, the vector d' connecting the MPP u',., and the origin o should

overlap with the gradient Ng(u},.) of the function g(u) (see Fig. 5). This condition is
vdid for both MPPs on each b sphere, no mater what is the curvature (convex or

concave) of thelimit date.

Limit-state
Uy 4 sufece

/ Ng(uiMPP)

b'-sphere d

i
Uvipp

0 >
U1
Figure 5. Overlapping Condition at MPP

If we let the current point be u, onthe b’ -sphere (k stands for the kth iteration in
searching the MPP that correspondsto b'), our proposed search process is stated as
follows

(1) Set the vector connecting u, andtheorigin o as:

d, =ul. (18)

(2) Cdculatethe gradient Ng(u}) at uj ;

D1 g Ng(u),) iy .
(3) Ifa, _C031—||dik||>{Ng(u‘k)|| e, , Uj,pe = U} and stop;

else, goto (4);

15



e, isavery smdl angle, for example, 0.1° or 1°.

(4) Set the next search direction as the vector between d, and Ng(uy,)

- d, Ng(uik) _ 19
ol o) +
(5) Update the current point:
i —hi dik+1
U = b ||dik+1 (20)

and goto (1).

As shown in Figure 6, the basic idea of the above procedure is to search two pointson
the b-sphere that satify the overlapping condition If the overlgoping condition is not
satidfied, we update this point on the b-sphere aong the vector with a direction in
between the aforementioned two vectors. If a good initid point uf is chosen, the above
iterative process should terminate quickly. Two initid points with opposte directions
will be used © search the two MPPs on the same b sphere. The sdection of initid search

pointsis discussed in Section 3.2.2.

16



i
i -7 k+1
) 7

4 Limit-state
Up surface /
i No (ul)/[No))|
k .
b'-sphere u:\/IPP
Ui
dices
5 >
U1

Figure 6. Searching theMPP at b’
3.2.2 Tracing the MPP locus and predicting the initial search point
In any search tha involves an iterative procedure, the darting point becomes
citica.  In our proposed method, the probability levels are identified incrementdly to
generate the complete CDF of a system output. Utilizing this fegture, the MPPs identified
for the smdler bs are used to predict the initid search point when searching the MPP for
alarger b. The procedureis geometricaly demonstrated in Fig. 7 and stated as follows:
(1) For i=1, cdculate the gradient Ng(o) a the origin and teke it as the search
direction
dt =Ng(o). (21)
Determinetheinitid MPP search point as:

1
Ug = bli (22)

ool

17



Locate the MPP U3, using the procedure presented in Section 3.2.1.

(2) Fori=2, increasetheradius of b-sphere as

b?=b'+Db, (23)
and take the direction connecting the origin and u’,., asthe searching direction:
dg = Uyep - Uyiep (24)
where u’,,, istheorigin.
Determinetheinitid MPP search point as:
ui=b Zd—g. (25)
o3|
Locate the MPP u3,., using the procedure presented in Section 3.2.1..
(3) For i® 3, increase the radius of b-sphere as
b'=b"'+0b. (26)

Use the three previous MPPs to predict the initia search point u;, by a second order
polynomid. The coefficients a

4 &; ad a,; can be obtained by solving the following
equations:

LU =2y +2,, 0" 43, (b
I;'upgpzaoj +a“b|i2+a21(bl.l_2) 27)
I UII\/]SP = 8y, +aljbl-3 +a2j(b|_3)
t j=Ln
Theinitid search point of the current MPP is predicted as

Up; =ay +ayb' +a,(b')* j=1n. (28)

18



The predicting curve generated by Egn. 28 is shown in Fg. 7. The proposed
procedure is applied to the search of two MPPs on the same b sphere, towards two

opposite directions.

A Uo
predicting curve
M PP locus

0' MPP
U&PP b’ th
b2

b3

[y

limit-state surface

Figure7. Tracing MPP Locus

Our proposed method alows us to locate the MPPs for amdl b-spheres and then use
them to predict the initid search point for the MPP on the next b-sphere with increased
radius. This helps us to locate the right MPPs for larger b-spheres. The radius of the b-
spheres are gradudly increased and the trace of the MPPs is often referred to the MPP
locus. The procedure of sdecting the initid search point (Section 3.2.2) and the MPP
search agorithm (Section 3.2.1) are integrated, which leads to an efficient and robust

MPP search procedure.
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4. EXAMPLES

Two examples are used to demondrate the effectiveness of the proposed method.
Example 1 is a mathematica example and example 2 is a red engineering problem. The
CDFs and PDFs of the system output generated by the proposed method are compared
with those obtaned from the MCS in which veay lage number of smulaions is
considered.

4.1 Example 1 — A Mathematical Example

Two design varidbles x ={x,,%,} are consdered for this example. x, is normdly

distributed with mean as 100 and standard deviation as 20; X, is a lognorma random
variable with mean as 15 and sandard deviation as 14. The system function is
g(x) = (XX, - 2%, X, - X - 2X,e7*)/10000. (29)

CDF vaues obtained by the MPPUA and the MCS are compared in Table 1. The
number of smulations of MCS is 10°. We notice that the two sets of CDF vaues are very
close to each other. Figs 8 and 9 provide graphical comparisons of these two CDF
curves. From Figure 8, we note that the two CDF curves obtained by the MPPUA and
MCS dmost overlgp with each other. From Fig. 9, it is observed that the system output is
not symmetricdly distributed and this character is wdl captured by PDF curve generated
using the proposed method. The two PDF curves are aso close except there is a dight
difference at the pick of the curves. Fig. 10 shows the MPP locus in u space, which

provides us agood visudization of the MPP tracing history.

20



Table 1. CDF results of example 1

y CDF by MPPDG | CDF by MCS b
18841.07 0.9987 0.9983 3
14303.79 0.9965 0.9968 27
10842.49 0.9918 0.9925 24
8204.972 09821 0.9835 21
6197.639 0.9641 0.9664 18
4671.936 0.9332 0.9372 15
3513999 0.8849 0.8912 12
2636.634 0.8159 0.8248 09
1973.003 0.7257 0.7374 06
1472.336 0.6179 06318 03
1095.363 05 05155 0
811.6728 03821 0.3979 03
598.3986 02743 0.2883 06
438.6689 0.1841 0.1962 0.9
319.4687 0.1151 0.1244 12
230.8365 0.0668 00734 15
165.1907 0.0359 0.0402 18
116.7804 0.0179 0.0204 21
812578 0.0082 0.009% 24

55.345 0.0035 0.0041 27
3658 0.0013 0.0016 3
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Figure 10. Example1—MPP Locusin u Space

4.2 Example 2 — Pratt & Whitney (PW) Engine Design

The PW engine design problem is used in this sudy to illugtrate the goplicability
of the proposed MPPUA for problems that are in a complex domain and taking a lot of
computational resources. The problem statement of the PW engine design problem is
provided in [35]. A totd of eight continuous design variables are consdered. They are the
Fan Pressure Retio (FPR), the Exhaust Jet Velocity Ratio (VJR), the Turbine Inlet
Temperature or the Combustor Exit temperature (CET), the High Compressor Pressure
Ratio (HPCPR), the Low Compressor Pressure Ratio (LPCPR), High Turbine
Compressor  Efficiency  (EHPC), High Turbine Efficency (EHPT), and Low Turbine

Efficency (ELPT). The digtributions of these design varidbles are listed in Table 2.
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Table 2 Distributions of design variablesin engine design

Mean Standard Deviation Distribution type
FPR 08 01 Lognormal
VIR 2600 300 Lognormal
CET 15 15 Lognormal
HPCPR 3 03 Lognormal
LPCPR 145 01 Weibull
EHPC 0.89 0.08 Weibull
EHPT 0.93 0.01 Weibull
ELPT 0.805 0.01 Weibull

The system outputs are Overdl Pressure Ratio (OPR), Fan Diameter (FANDIA) and
HPTPR (High Turbine Pressure Ratio), al of which are nonlinear and complicated
functions evduated by a therma anadysis program caled SOAPP (Varadargan, et 4.,
2000). Figs. 11 and 12 indicate that the MPPUA method generates excdlent estimations
of CDF and PDF for OPR when the results from MCS are taken as a reference
(smulaion number is 10°). The MPPUA method aso generates good estimations of CDF
and PDF for FANDIA even through there exis some dight differences (see Figs. 13 and
14). However for HPTPR, the estimated CDF and PDF curves are dightly shifted to the
right of those obtained from MCS (see Figs. 15 and 16). This indicates that the moded
function HPTPR may have large curvatures a MPPs, and second-order probability
edimate can be used to improve the accuracy. The totd number of the modd function
evaduations is 398 for this example. If the same number is taken for MCS, the results from

MCSwill be much less accurate than thet from the proposed approach.
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4.3 Discussions

Based on the two examples, we note that the MPPUA method provides us very good

edimations of the probabiligic digtribution of a sysem output. We comment on its

performance in the following severd categories.

1

2)

Effidency: The effidency of the proposed method depends on the speed of MPP
search. Only two or three iterations are needed to locate the MPP at each b for the
above two examples. Our proposed search strategy (section 3.2.1) and the method
of sdecting the initid search point dong the MPP locus (section 3.2.2) have
ggnificantly enhanced the performance of utilizing the MPP concept.

Robustness: Our proposed search dgorithm in Section 321 will work for
functions with different curvatures. Tracing the MPP locus is very hdpful for the
convergence of MPP search when deding with different types of system behavior
because it aways gives us good initid search points to gat with. As discussed in
section 3.2.2, we start MPP search on the smdlest b-sphere. It is eader to find a
correct MPP on a andl b-sphere compared with a large b-sphere. The initid
point for the MPP search an the larger b-sphere is predicted usng the MPPs for
sndler b-spheres. Good darting points help to converge to the right MPP points

in an efficient manner.

In spite of the many advantages listed, we should keep in mind that our proposed

method is only an approximation method for predicting the probabiligic digtributions in a

catan dtuations. Its accuracy depends on many issues such as the linearity of the

tranformed sysem function a the MPP, the normdizaion of the nontnorma random

variables, the stopping criteria of the MPP search, etc. The linearity is the key factor that
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affects the accuracy. Highly nonlineer modd function (large magnitude of the principa
curvatures a MPP in u space) may reult in ggnificant errors of CDF edtimation. To
improve the accuracy under this dtuation, the second-order approximation to the

probability P{g(x) <y} can be used to fit the modd function a the MPP. Usudly a

paraboloid or a gphere function [36,37] is used. The smplest of these methods, based on

aparaboloid fitting, is the asymptotic formulation [32]:

Plg) £ y]=F(-b)O@+b'r ). (30)

j=1
where r j denote the main curvatures of the modd function or limit-sate function at the

MPP. When there exig more than one locd minima distance points (multiple MPPs), an
goproximation of the solution can be obtained by fitting planes or paraboloid surfaces at
dl these points [38]. Obvioudy, the improvement of accuracy will involve the
evauations of second derivatives of a function. To avoid this, a MPP based importance
sampling method can be used. This method is implemented by sampling around the MPP
rather than over the whole random space. Therefore the number of smulation is much
lessthan that of the generd MCS. This method is fully documented in [13].

While the accurecy of the MPPUA method mainly depends on the features of a
system modd, its efficency rdies on the problem dimenson (the number of random
variables). Since the MPPUA method is a gradient based method, the number of function
evaduations will be approximatdy equa to the number of random design variables times
the number of derivative updates. Therefore, when the number of random variadles is
very large (for example, bigger than 50), the advantage of the MPPUA method over

smulaion methods may diminish. In this Stuation, MCS may be more efficient to use
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than the MPPUA method. To ded with large-scale problems, one solution is to use the
desgn of experiments techniques to screen out unimportant variables [39] and then to

implement the MPPUA method in the reduced design space.

5. CLOSURE

Adopting probabilistic mode in engineering design is very important for designers to
make intdligent ad reliable decisons under uncertainty. Uncertainty anayss is required
to propagate the effect of uncertainty on a system output. The research of this paper is
focused on how to capture the complete probabilistic distribution of a sysem output with
the exigence of uncertainty in sysem input. To accomplish this god, a MPP based
uncertainty andyss method is proposed. The method utilizes the concept of MPP to
genarate the cumuldive didribution function (CDF) of a sysem output by evauating
probability estimates at a serid of limit Sates across a range of output performance. The
probability dengty function (PDF) can then be edimated by the differentid of CDF. A
novedl MPP search dgorithm is presented that employs a set of searching dtrategies,
including adjusting search directions based on derivatives, tracing the MPP locus, and

predicting the initid point for MPP search.

With the cgpability of generating the probabiligic distribution of a sysem output, the
proposed method can serve as a useful tool in decison making under uncertainty. In
addition to utility function optimization, it can adso be used in many forms of
probabilistic design, such as robust design, stochaestic optimization, and reiability based
design. The proposed method can be used to asss the evduation of mean and variance

(both are mgor concerns in robust design), the probability of success (if the system



output is conddered as the objective in optimization, or the limit-state in rdigbility
andyss), and the feashility robustness (if the system output is consdered as a
congraint). It is expected that the proposed method will generdly provide much better
accuracy compared to sendtivity-based approximations and response surface modeling
approaches, and much better efficiency compared to sampling-based methods. Our future
sudy will be towards a comprehensve comparative study of different methods of
uncertainty andyss for a vaiety of problems with different dimensons.  Conddering
the different usages of MPPUA in enginegring desgn goplications, we will test the
accuracy and effidency of different methods againg different metrics such as the
evduaion of expected utility, the mean and standard deviation, and the limit Sate
evduaion a the tails of didributions. The results from comparative studies will serve as

ussful guiddines for choosing the most efficient technique under different circumstances.
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