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ABSTRACT

Metamodeling techniques have been widely used in
engineering design to improve the efficiency in simulation and
optimization of design systems that involve computationally
expensive simulation programs. Many existing applications are
restricted to deterministic optimization. Very few studies have
been conducted on studying the accuracy of using metamodels
for optimization under uncertainty. In this paper, using a two-
bar structure system design as an example, various
metamodeling techniques are tested for different formulations
of optimization under uncertainty. Observations are made on the
applicability and accuracy of these techniques, the impact of
sample size, and the optimization performance when different
formulations are used to incorporate uncertainty. Some
important issues for applying metamodels to optimization under
uncertainty are discussed.
Keywords: metamodeling, optimization under uncertainty

1. INTRODUCTION

When wusing computationally expensive simulation
programs in engineering design, it becomes impractical to rely
exclusively on simulation codes for the purpose of design
optimization. A preferable strategy is to utilize approximation
models which are often referred to as metamodels as they
provide a “model of the model” (Kleijnen, 1987) to replace the
expensive simulation model. A comprehensive review of
metamodeling applications in mechanical and aerospace
systems can be found in (Simpson, et al., 1997).

A comparative study of various metamodeling techniques
has been provided by Jin et al. (2000) using multiple modeling
criteria and multiple test problems. While many existing works
illustrate that the accuracy of using metamodels in locating the
optimum solution is often sufficient, most of these applications
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are restricted to deterministic optimization. Some researchers
have documented the use of metamodels in robust design
applications where system variations are considered (Chen et al.
1996; Padmanabhan and Batill, 2000). Nevertheless, very few
studies have been conducted on studying the accuracy of this
approach for optimization under uncertainty. As one can
predict that the accuracy for deterministic design optimization
largely depends on whether a metamodel can capture the
general (global) tendency of the design behavior, the accuracy
for optimization under uncertainty also relies on how accurate
the metamodel is in capturing the performance variations, which
could be caused by small perturbations of design parameters.
The knowledge on the accuracy of various metamodeling
techniques in this context will be very valuable.

Our objective in this paper is to study the applicability and
accuracy of various metamodeling techniques for optimization
under uncertainty. Three representative techniques, the
polynomial regression (PR) (Box, et al.; 1978; Myers and
Montgomery, 1995), the Kriging method (KG) (Sacks, et al.,
1989; Booker, et al., 1999), and the method of radial basis
function (RBF) (Hardy, 1971; Dyn, et al., 1986) are
investigated. These methods are tested for different types of
feasibility and objective function formulations in optimization
models with the consideration of uncertainty. Through our
investigations, we aim to answer the following questions: Is
metamodeling generally applicable for uncertainty propagation
and optimization under uncertainty? What is the impact of
sample size on the accuracy? Is there a particular optimization
formulation (with consideration of uncertainty) more effective
than the others when applying the metamodeling approach?
Among the various metamodeling techniques, is there a
technique superior to the others for optimization under
uncertainty? A two-bar structural design problem is utilized to
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help us answer these questions and demonstrate the various
aspects involved.

2. THE TECHNOLOGICAL BASE
2.1 Incorporating Uncertainty in Engineering Design

It is generally recognized that uncertainty is inevitable at
every stage of the life cycle development of a product. As an
example, manufacturing variations could be considered as a
contributing source of uncertainty in product design.
Deterministic approaches do not consider the impact of such
variations, and as a result, a design solution may be very
sensitive to these variations. Moreover, deterministic
optimization lacks the ability to achieve specified levels of
constraint satisfaction (such as under reliability considerations).
Therefore, a design based on the deterministic factor of safety
may be infeasible or over-conservative.

Many approaches exist in the literature to incorporate
uncertainty in a design formulation. Robust design, originally
proposed by Japanese engineer G. Taguchi (Taguchi, 1993), is a
method for improving the quality of a product through
minimizing the effect of the causes of variation without
eliminating the causes (Phadke, 1989). When using a nonlinear
programming formulation for robust design (see, e.g., Parkinson
et al.,, 1993; Sundaresan et al., 1993; Chen et al.1996; Su and
Renaud, 1997), a robust design solution is obtained by making
the tradeoff between "optimizing the mean performance 4," and
"minimizing the performance variance O'y2 ". To capture the risk
attitude of designers under uncertainty, a rigorous approach to
decision making is to utilize utility function optimization.
Decision-Based Design (DBD) is an emerging paradigm of
engineering design that casts design into the framework of
decision theory (Hazelrigg, 1998) and utilizes the approach of
utility optimization. The preferred design option is chosen as
the one that maximizes the expected utility U (Von Neumann
and Morgenstern, 1953), which is the integration of the utility
function u(v) and the probability distribution p(v), where v
stands for the value measure such as the profit.

When formulating robust design or decision-based design
under the optimization framework, the feasibility of the
constraints under uncertainty also needs to be considered.
Feasibility under uncertainty is ensured by making the
probability of the constraints being satisfied being greater than
the user specified probability, a very similar concept as that
used in reliability-based design (Rao 1992). In the work of Du
and Chen (2000), several feasibility-modeling techniques are
examined.

2.2 Optimization Formulations Under Uncertainty

By examining the optimization formulations under
uncertainty in this section, we tend to identify the desired
properties of the metamodeling approach to optimization under
uncertainty. To start, a deterministic optimization model is
stated in Eq. (1):

minimize F(x.q)

subjectto g;(x 9020,  j=1,2,..,J (1

X; SX<X,

3
T
]

where x=[x.---x,]' 1s a vector of design variables and

q=lq;.-q,)" is a vector of design parameters whose values are

fixed as a part of the problem specifications. Both design
variables and design parameters could be the contributing
sources of variations. Consequently, the system performances
F(x, q) and g(x, q) are random functions. For optimization
under uncertainty, if only the mean and standard deviation
(STD) of performance are used in constructing the objective
function, such as the case in robust design, the objective
function can be expressed as

Min or Max  z[up(x.q).0F (x.q)] 2

If the utility optimization approach is employed, the
objective function can be represented as

Max U= Iu(F)p(F)dF 3)

For achieving the feasibility of constraints under
uncertainty, a general probabilistic feasibility formulation can
be expressed as follows:

Plg;(x.q)2012 R, j=1--.J, 4)

where p,; is the desired probability for satisfying constraint j.

To reduce the computational burden associated with the
probabilistic feasibility evaluation, simplistic approaches are
widely used in the literature. Assuming g;(x.q) is normally

distributed, the constraint can then be written as:
Hgj—kjOg 20, ©)
where k; :d)‘l(PO_j) and ®~!() is the inverse function of the cdf

(cumulative density function) of a standard normal distribution.
This kind of constraints is also called moment matching
formulation (Parkinson et al. 1993). For example, ;=2 stands

for Py;=09772 and ;=3 means P,; =0.9987 .

From Egs. (2-5), we note that the accuracy of using the
metamodeling approach to optimization under uncertainty
highly depends on the accuracy in evaluating the following four
functions: (a) the mean of performance i, t; (b) the STDs of
performance o, Oy; (c) the probability of constraint feasibility
Plg;(x.q)20]; and (d) the expected utility (Eq. 3). While the

accuracy in evaluating (a) should be very close to that is
achieved from deterministic metamodels, the accuracy in
evaluating (b), (c) and (d) are not necessary identical. It should
also be noted that the ultimate interest of a designer is to
identify a design solution that is close enough (especially in its
performance space) to the one obtained using the original
simulation program. In optimization, both the constraints and
the objective have confounding contributions to an optimization
solution. An empirical approach seems to be appropriate to
help us achieve a better understanding on the applicability of
using metamodeling techniques for optimization under
uncertainty.

2 Copyright © 2001 by ASME



2.3 Metamodeling Techniques
The principal features of the three metamodeling
techniques examined in our study are described in this section.

Polynomial Regression (PR)
A second-order polynomial model can be expressed as:

k Kk k
v=5 +z ﬁ[x[+z Z Bijxix; (6)
i=1

i=1 j2i

Polynomial model is very easy to implement and it may
capture the contributions of the most critical design variables.
However, there is always a drawback when applying PR to
model high dimensional and highly nonlinear behaviors.
Second-order PR models are considered. in this work.

Kriging Method (KG)

A kriging model postulates a combination of a polynomial
model and departures of the form:

k
p= ) Bifx+ 2 (M
j=1

where Z(x) is assumed to be a realization of a stochastic
process with zero mean and spatial correlation function given
by

Cov[Z(x;).Z(x)] = 7 R(x;, Xj), ®)
where o is the process variance and R is the correlation. In this
work, a constant term for fj(x) and a Gaussian correlation are
used. Kriging method is extremely flexible in capturing
nonlinear behavior because the correlation functions can be
tuned by the sample data. However, the model construction
process can be very time-consuming and fitting problems due to
singularity have been observed when using kriging models.

Radial Basis Functions (RBF)

Radial basis functions (RBF) have been developed for
scattered multivariate data interpolation (Dyn, et al., 1986).
The method uses linear combinations of a radially symmetric
function based on Euclidean distance or other such metric to
approximate response functions. A radial basis function model
can be expressed as:

7= alx-xo ®

where a; is the coefficient of the expression and x; is the
observed input. Radial basis function approximations have
been shown to produce good fits to arbitrary contours of both
deterministic and stochastic response functions (Powell, 1987).

3. THE EXAMPLE PROBLEM
3.1 Problem Description

A two-bar structure design problem is used as an example
in our study. The two-bar design example is adopted from
Geilen (Geilen, 1986). The purpose of this design problem is to
find the values of two variables, i.e., d, nominal diameter of the

cross section, and H, the height of the two bar structure, which
can minimize the total volume V' of the whole system. See the
formulation below for details.

Given

« Constant Parameters
Normal stress limit: G, = 400 N/mmz; External Force F'= 150 KN;
Elastic Modulus: E =210,000 N/mm2 ; Width of the structure: B= 750 mm;
Thickness of the cross section: 7=2.5 mm

« Physical Relationships

Total Volume: ¥ =Y, =27 Tdy B>+ H? (10)

Normal stress: o:YZ:FVB2+H2/27rTHd an
Critical buckling stress: o, = V3 = 72E(T +d2)/8(82 + H?) (12)
Find
Nominal diameter of the cross section
The height of the two bar structure
Subject to
« Constraints
Normal stress constraint: G < Gpax;

« Bounds on the design variables
20 mm < d < 80 mm;
Objective
Minimize the total volume V

d =x;, mm
H =x;, mm

Buckling stress constraint: 6 < Gt

200 mm < H < 1000 mm

Figure 1. The Two-bar Structure Design
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Figure 2. Behavior of the Real Performance

c. Y3 from the real model

The two-bar structure design is a very typical design
problem that reflects the situation in most of the real world
problems where the technical efficiency (the normal stress and
the buckling stress constraints) and the economical efficiency
(the volume objective) are conflicting. The three performance
attributes in this example represent engineering behaviors with
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different orders of nonlinearity, which allows us to study the
effectiveness of different metamodeling techniques. (Below x;
and x, are used to denote the design variables d and H
respectively; and Y;, Y, and Y; are used to denote the
performance attributes ¥, o and o, respectively.) From Fig. 2
and Eqgs.(10-12), it is noted that Y; is very close to linear and Y,
is the most nonlinear function (the function decreases sharply
when x; and x, are close to their lower bounds). It is also noted
that Y>-Y; is nonlinear (Fig. 2d).

3.2 Formulations of Optimization under Uncertainty

The nature of the problem allows us test various
optimization formulations under uncertainty. The width B is
considered as the variation source of the problem: it is assumed
to be normally distributed with mean value 1z =750 mm and
STD o3 =50 mm. Three formulations of optimization under
uncertainty, i.e. No 2, 3 and 4, are considered by taking the
different forms of objective and constraint feasibility (see Table
1). All formulations have the same design variables and bounds
as the deterministic model (formulation 1).

Table 1. Optimization Formulations: Objective and Constraints

No Objective Constraints
1 Min. f=Y; Y><400
Y>-Y3<0

5 | Min. 1= Hyila o) | oyb.x))

Hideal Oideal

(IUYZ +3O'Y2)/400 <1
PY,—Y; <0)>099
(’UYZ +3O'Y2)/400 <1
’UYZ_YZ +2'32646Y2—Y; <0
(‘Lly2 +36Y2)/400 <1
P(Y, —Y; <0)>099

. X1.X: Oy1lxy. x
Min. fzqul( 1.%) , oyilx. %)
Hideal Oideal

Max. ;_y- jz«(Y])p(Yl)le

Both Formulations 2 and 3 are robust design models in
which the weighted-sum approach is used to make the tradeoff
between the mean Ay, and STD oy, of Y; (volume). ., and

Olieal » the best achievable optimal solutions of the mean and the
STD of volume respectively, are identified by either minimizing
the mean or minimizing the STD of volume for the given set of
constraints. They are used to normalize the two aspects of
robust design. The constraint feasibility is modeled differently
in Formulations 2 and 3. In Formulation 2, constraint 1 is
modeled using moment matching formulation with k = 3. The
second constraint is expressed in the probabilistic form. In
Formulation 3, both constraints 1 and 2 are expressed by the
moment matching formulation. The k of the second constraint is
set at 2.3264 corresponding to P, = 0.99 for normally
distributed performance. Formulation 4 is a utility optimization
model in which the objective is to maximize the expected utility
U. Designer’s risk attitude under uncertainty is captured by the
utility function in Eq. (13), which is quadratic and stands for a
risk averse attitude.

ul¥}) =1.2573-4x10"" 1, —9x10" 14y (13)

The two constraints in Formulation 4 are modeled in the same
way as that in Formulation 2.

It has been discussed in Section 2 that the accuracy in
optimization under uncertainty largely depends on the accuracy
in predicting (a), (b), (c), and (d) functions (Egs. 2 - 5). In this
problem, they are evaluated as uy, , oy, , uy, , oy, , tyy Opy>

P(Y,Y; < 0), and the expected utility U. The probability of
feasibility for P(Y,-Y; < 0) is plotted in Fig. 3 using Monte Carlo
Simulations of the real models. It is noted that when the
diameter of the cross section x; increases, P(Y,-Y;<0) becomes
higher. There exists a significant jump, where P(Y,-Y; < 0)
increases dramatically in a narrow range of x; [36 46]mm.
Beyond this range, the probability does not change much when
x; varies. The impact of x, (the height of the two bar structure)
on P(Y»Y; < 0) is not significant. The irregular behavior of the
constraint feasibility may cause difficulty when searching for
the optimum solution.
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Figure 3. Probability P(Y,-Y; < 0) from the Real Model

3.3 Examinations of Metamodels

The two design variables (x; and x;) and the random
variable B are used as input variables to construct metamodels
for Y;, Y; and Y»>-Y;. To study the impact of sample size, two
sets of samples with different sizes are used, namely,

(1) Small Sample: 27 Latin Hypercube inner points + 8
corner points +1 center point, totally 36 points.

(2) Large Sample: 64 Latin Hypercube inner points +8
corner points +1 center point, totally 73 points.

The corner points are created using 2-level full factorial
design for three variables. The inner points are chosen using
Latin Hypercube design (McKay, et al., 1979) where the points
are so selected that they are uniformly distributed for each
dimension. Once the metamodels are created using polynomial
regression, Kriging, and radial basis function, additional
confirmation samples (20000 random points) are used to verify
the accuracy of these metamodels. Two metrics, namely, R
Square and Relative Maximum Absolute Error (RMAE) are
used to measure the accuracy of metamodels. While R Square
indicates overall accuracy (the larger the better), RMAE
indicates local errors (the smaller the better). A good overall
accuracy does not necessarily means a good local accuracy.
The equations for R Square and RMAE are given in Egs.
(14,15), respectively.
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n . 2
2 i MSE (14)

R — =1- 5
Z‘ 1(}7[__}—7)2 STD
i-
where j; is the corresponding predicted value for the

confirmation response y;; y is the mean of y;,. STD stands for
STD.
max( |y = 31| [v2 = 3| [yn = 7u)

STD (15)

RMAE =

Table 2 Accuracy of Metamodels
RBF Kriging PR

R”2 | RMAE | R”2 | RMAE | R”2 |RMAE
Y, 0.9988 | 0.2760 | 0.9999 | 0.0018 | 0.9993 | 0.0878
Small | Y, | 09408 | 1.9764 | 0.9845 | 0.6946 | 0.8251 | 1.2630
Sample | Y,-Y; | 0.9928 | 0.6744 | 0.9964 | 0.5215 | 0.9744 | 0.4987
Y, 0.9994 | 0.2460 | 0.9999 | 0.0041 | 0.9996 | 0.0903
Large | Y, | 09747 | 1.7729 | 0.9985 | 0.4488 | 0.9036 | 1.5027
Sample | Y,-Y; | 0.9957 | 0.6703 | 0.9998 [ 0.1190 | 0.9832 | 0.6065

Table 2 shows the accuracy of each kind of metamodels.
First, it is noted that the accuracy of Kriging is the best both in
terms of R Square and in terms of RMAE. In terms of R
Square, for Y, which is very close to linear, all methods have
achieved a good accuracy — Kriging is the best while PR is
slightly better than RBF; For Y5, a highly nonlinear function,
Kriging is the best while RBF is much better than PR; For Y-
Y;, which is also nonlinear but not as much as Y5, Kriging is still
the best and RBF is better than PR. In terms of RMAE, in most
cases, Kriging is far better than RBF and PR. It is interesting to
note that although R Square of PR is worse than that of RBF,
the local error of PR (RMAE) is less than that of RBF.
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Figure 4 Comparisons of Metamodels of Y, (Large Sample Size)

To make these more clear, the metamodels of Y, created
using Kriging, RBF, and PR methods are shown in Figs. 4 (b),
(c) and (d) by varying x; and B and setting x, = 600 mm. We
find that compared to the one from the real model (Fig. 4(a)),
the metamodel from RBF is not so smooth as the real one. This
is because RBF is an interpolation method and tends to over-fit
the performance, which may lead to large local errors and
increase the irregularity of the metamodel.

We also note that in most cases larger sample size leads to
better overall accuracy of the metamodels (in terms of R
Square). However, large sample size does not necessarily
reduce local errors. It is noted that, for PR and RBF, in many
cases, the RMAE for small sample is better than that for large
sample. This is especially true for ¥, and Y>-Y;, which indicates
that, for PR and RBF, increasing the sample size does not
necessarily reduce local errors although it does improve the
overall accuracy.

To verify the accuracy of metamodels for uncertainty
analysis, the contour plots of uy, oy, uy,, ty,—v,, Oy1»

P(Y,-Y;<0), and the expected utility U of Y; are studied. The
plots are created over the design space by taking B as the
random variable with 20000 Monte Carlo samples. Part of them
are provided in the appendix (Figs. A1-A8).

It is noted that because Y; is not highly nonlinear, all three
methods generate good approximations for the mean of Y;.
Among them, KG is the most accurate. For the STD of Y;, KG
is again the best method (See Fig. Al). The STD from PR
appears to be linear, which is due to its second-order
polynomial form. As for RBF, there exist some twistings of the
contours at the upper left corner of the design space where the
STD of ¥, exceeds 29,000 mm’, because RBF tends to over-fit
a model.

Figures A2 and A3 show the contours of the mean and the
STD of Y>. It is noted that since Y, is highly nonlinear, PR is not
a good method to approximate the mean of ¥,. KG and RBF
have very good accuracy for the mean of ¥,. However, due to
the nonlinearity, all metamodeling techniques tested are not so
accurate for approximating the STD (see Fig. A3). PR again
linearizes the STD contours while RBF generates twisting
curves. The curves from KG provide the best match with those
from the real model. We have similar rankings for
approximating the mean and the STD of Y-Y;, the expected
utility U of Y;. (Figs. A4 - A7)

From Fig A7, it is noted that the probability contours P(Y-
Y;<0) from PR deviate quite a lot from the real contours, while
those from KR is almost identical to the contours of the real
function. Since the probability constraint limit is set at 0.99, the
P =0.99 level curve is the most critical one. We find this
particular level curve from the PR deviates towards the right
side of the real position, which indicates a more conservative
situation when the metamodels from PR are used. We can
expect that the accuracy of metamodels will affect the feasibility
of optimization solutions, especially if constraints are active at
the solution.
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All the contour plots created by using the small sample size
are also examined. In terms of the accuracy in modeling means,
probability, and the expected utility, although the accuracy from
the large sample size is generally better than that from the small
sample size, the impact of sample size is not distinctive. In
terms of the accuracy in modeling the STDs, for Kriging, the
accuracy from the large sample size is far better than that from
the small sample size (See Figs. A3, A8); for RBF, however, in
some regions, the accuracy from the small sample size is better
than that from the large sample size; and for PR, we cannot
draw a definite conclusion from the comparison.

In summary:

e Achieving accurate approximation for STD is more
difficult than achieving accurate approximation for mean
values.

e The second-order PR cannot capture the nonlinearity of the
performance variations as the method linearizes the STD
function, which can be mathematically verified.

e For the example problem, KR is the most accurate
technique for both large and small sample sizes.

e Depending on the model behavior and the method used,
larger sample size may not necessarily lead to better
accuracy in estimating the performance variations.

The accuracy of using metamodels for optimization under
uncertainty is examined in the coming section.

3.4 Optimization Results and Comparison

Because the optimization formulations 2 to 4 presented in
Section 3.2 are sensitive to the starting point, six different
starting points are used in our study. In the form of (x;, x,),
these starting points can be written as: (70,900), (30,300),
(70,300), (30, 900), (50,600), (40,500). The first four points
are near to the corners of the design space and the last two are
close to the optimum point for the deterministic formulation.
The optimization results are provided in Table Al (in
Appendix), in which x;*and x,* is the best solution selected
from all six optimization runs. All results reported are the so-
called confirmed results where the x;*and x,* are used as the
inputs of the real models to calculate the real values of
objective £, constraints, mean uy , and STD oy of ).

Formulations 2 and 3 are robust design models where a
smaller normalized f* value is preferred. Formulation 4 is the
utility optimization model where a larger /* (expected utility) is
preferred. The feasible rates of the optimization runs are also
reported. A feasible solution means that the constraint violation
is less than 0.005. The feasible rate is measured by the portion
of runs that successfully locate feasible solutions before or after
confirmation. It should be noted that a feasible solution before
confirmation may not be feasible after confirmation, and vice
versa.

Figure 5 provides a graphical illustration of the relative
difference between the achieved objective functions. In the
figure, L and S stand for large and small sample sizes,
respectively. From Table Al and Fig. 5, we find that, overall,

Kriging performs the best for all formulations of optimization
under uncertainty (Formulations 2 to 4), not only because its
solution is the closest to the real solution in both the design (x)
and the performance (f) spaces, but also because its feasible
rates after confirmation are very close to those before
confirmation.  This outcome matches with the accuracy
examinations in Section 3.3. For deterministic optimization
(Formulation 1), Kriging identifies a solution that is almost the
same as the real one when large sample size is used for
metamodeling. However, when the small sample size is used,
after the confirmation test, the solution slightly violates the
constraints and becomes infeasible.
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 00E+
23
5.00E+05 2.28
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4.00E+05 224
3.00E+05 222 1
22
2.00E+05 218
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Figure 5. Comparison of Confirmed Objective Function Values

The performance of RBF is ranked as the 2nd. RBF
performs well for Formulations 2 and 4. However, for
Formulation 1, when using large sample, no feasible solution is
found after confirmation. For Formulation 3, the feasible
solution obtained after confirmation is far from the real solution
in the design space and much inferior in its performance. This is
because although the solutions initially identified by the RBF
model are very close to the real solution, they are found to be
infeasible after confirmation due to the inaccuracy of the model
in the neighborhood of the optimal solution, in particular the
inaccuracy in predicting Gy,.y; (see Fig. AS). When using the
PR, although the feasible rate is very high before and after
confirmations, in most cases the solution is too conservative
compared to using the metamodels from Kriging or RBF. It is
interesting to note that for RBF, increasing the sample size
actually deteriorates the optimization results for this particular
example. For PR, with robust design formulations 2 and 3, the
results identified using small sample size are better than those
from large sample size.

6 Copyright © 2001 by ASME



When studying the optimization performance of various
formulations, it is noted that the feasible rates (before
confirmation) for Formulations 1 and 3 are higher than those for
Formulations 2 and 4, and the evaluation time is shorter. The
difficulties in solving Formulations 2 and 4 are due to the use of
probabilistic feasibility constraint (Table 1). As shown in Fig.
3, the function P(Y>-Y3<0) jumps significantly across the design
space. This has imposed challenges in locating the optimum
solution. When the moment matching formulations are used
(Formulation 3), the constraint behavior is very smooth and the
optimum solution can be easily located. We note from the
optimization solutions from the real model that the results from
Formulations 2 and 3 are very close, with that from Formulation
3 being slightly inferior. This is reasonable since actually
Formulations 2 and 3 are not equivalent due to the nonlinearity
of Y 2—Y 3.

It is also observed from Table A1 that for RBF and PR, the
feasible rates can be quite different before and after
confirmations. This phenomenon is associated with the fact that
the solutions for all formulations are all exactly at the constraint
boundary. In that case, finding accurate optimization solutions
using metamodels becomes more challenge. Due to the errors
of metamodels at the neighborhood of constraint boundary, a
feasible solution could become infeasible after confirmation.
Because the RBF and PR models are not so accurate, in some
cases, the feasible rate after confirmation is much less than that
before confirmation. On one hand, it is important to confirm
any results generated from the metamodels; on the other hand, it
may be useful to tighten a constraint limit to compensate the
errors of metamodels.

In terms of the computational efficiency, it is found that
while Kriging is the most accurate for our example problem, it
takes much more time to run the optimization program using
this model compared to the other two methods. However, this
time scale is still much smaller than that needed for using the
computationally expensive simulations directly for optimization
under uncertainty.

4. CLOSURE
By applying various metamodeling techniques to different

formulations of the two-bar structure optimization under

uncertainty, we have made some important observations on the
applicability and accuracy of using metamodels for design
uncertainty.

Regarding the accuracy of various metamodels, we find:

e For evaluating the performance variations due to the
randomness in a system (uncertainty analysis), the accuracy
for evaluating the mean of performance and the expected
utility is close to that for evaluating the deterministic
performance. On the other hand, the accuracy for
evaluating the STD of performance and the probability of
constraint feasibility largely depends on the capability of a
metamodel in capturing the nonlinearity and variations of a
behavior. Therefore, a metamodel that is acceptable for

deterministic optimization may not be acceptable for

optimization under uncertainty.

e The second-order polynomial regression model cannot
capture the nonlinearity of the performance variations as
the method linearizes the STD of a performance. In our
study, the results obtained from PR are all over-
conservative.  The method is not recommended for
optimization under uncertainty.

e For our example problem, Kriging method provides
accurate approximations to both low-order and high-order
nonlinear behaviors. It also provides accurate
approximations to the STD of performance and the
probability of constraint feasibility. This method appears
to be superior to other techniques in our study.

e Although the radial basis function (RBF) method provides
accurate metamodels of global performances, it failed to
locate the accurate solution for a few formulations of
optimization under uncertainty. This is because the method
has the tendency to over-fit the model which leads to
increasing irregularity and larger local errors. Our earlier
study (Jin et al., 2000) showed that RBF is very efficient
for modeling irregular behaviors. Since the performances
considered in our study are nonlinear but not irregular,
RBF could still be potentially useful for those applications
with irregular behaviors.

In terms of using metamodels for constrained optimization
formulations, it is discovered that the accuracy in modeling the
constraint functions in the neighborhood of the constraint
boundary is the most critical. Since optimal solution is often
located at the boundary of constraints (including in optimization
for uncertainty), less accurate metamodels for constraint
functions may result in either infeasible or over-conservative
solution. On the other hand, as long as the metamodel of the
objective function approximates the general trend of
performance correctly, it will lead to the right direction for
optimization. To ensue feasible results after confirmation, it
may be useful to tighten a constraint limit to compensate the
errors of metamodels or to consider adaptive metamodeling
procedures for getting more accurate results in the
neighborhood of the constraint boundary.

Our study also illustrates that increasing the size of samples
can improve the accuracy of the metamodels, but doesn’t
necessarily result in more accurate evaluations of performance
variations and therefore better optimal solutions. Overall,
Kriging is shown to be a robust metamodeling technique that
performs well for both large and small sample sizes.

The type of formulation for optimization under uncertainty
also has an impact on the computational efficiency of the
optimization process. The moment matching formulation (only
considering mean and STD) requires less random samples and
is less sensitive to the starting point. The probabilistic
formulation of constraint, on the other hand, requires larger
random samples and more accurate metamodels, especially
when the limit probability is close to 1.
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The use of metamodeling techniques has shown to be
promising for optimization under uncertainty. Future research
will be directed to the development of an adaptive
metamodeling procedure for getting accurate results in the
neighborhood of constraint boundary and obtaining
“equivalent” (close enough) solutions in design under
uncertainty.

ACKNOWLEDGMENTS

We thank Professor Tim Simpson at Penn State University
for providing us the codes of the Kriging method. The support
from NSF grant DMI 9896300 is acknowledged.

REFERENCES

Box, G. E. P.,, Hunter, W. G. and Hunter, J. S., 1978,
Statistics for Experimenters, John Wiley & Sons, NY.

Chen, W., Allen, J. K., Tsui, K-L, and Mistree, F., 1996, "A
Procedure for Robust Design" Transaction of the ASME
Journal, Journal of Mechanical Design, 118 (4), 478-485.

Du, X. and Chen, W. 2000, “Towards a Better
Understanding of Modeling Feasibility Robustness in
Engineering Design”, ASME Journal of Mechanical Design,
122(4), 385-394.

Dyn, N., Levin, D. and Rippa, S., 1986, "Numerical
Procedures for Surface Fitting of Scattered Data by Radial
Basis Functions," SIAM Journal of Scientific and Statistical
Computing, Vol. 7, No. 2, pp. 639-659.

Geilen, J., 1986, "Sensitivity Analysis at Optimal Point,"
Studienarbeit, UNJ-GH Siegen, Institut fur Mechanik und
Regelungstechnik

Hazelrigg, G.A., 1998, “A Framework for Decision-Based
Engineering Design,” ASME Journal of Mechanical Design,
Vol. 120, pp.653-658.

Hardy, R.L., 1971, “Multiquadratic Equations of
Topography and Other Irregular Surfaces,” J. Geophys. Res.,
Vol. 76, pp. 1905-1915.

Jin, R, Chen, W., and Simpson T., 2000, “Comparative
Studies of Metamodeling Techniques under Multiple Modeling
Criteria”, 8th AIAA/NASA/USAF/ISSMO  Symposium  on
Multidisciplinary Analysis and Optimization, Long Beach, CA,
September 6-8, in press Structural Optimization.

Kleijnen, J.P.C., 1987, Statisticall Tools for Simulation
Practitioners, Marcel Dekker, NY.

McKay, M.D., Beckman, R.J. and Conover, W.J., 1979, “A
comparison of three methods for selecting values of input
variables in the analysis of output from a computer code,”
Technometrics, 21(2), pp. 239-45.

Myers, R. H. and Montgomery, D. C., 1995, Response
Surface Methodology: Process and Product Optimization Using
Designed Experiments, Wiley & Sons, New York.

Parkinson, A., Sorensen, C., and Pourhassan, N., 1993, “A
General Approach for Robust Optimal Design,” Transactions of
the ASME, Vol. 115, pp.74-80.

Padmanabhan D., and Batill S.M., 2000, "An Iterative
Concurrent Subspace Robust Design Framework," &t

AIAA/USAF/NASA/ISSMO  Symposium on Multidisciplinary
Analysis and Optimization, Long Beach, California, September,
5-8, AIAA-2000-4841.

Phadke, M.S., 1989, Quality Engineering using Robust
Design, Prentice Hall, Englewood Cliffs, New Jersey.

Powell, M. J. D., 1987, "Radial Basis Functions for
Multivariable Interpolation: a Review," Algorithms for
Approximation (J.C. Mason and M.G. Cox, Eds.), London,
Oxford University Press.

Rao, S. S., Reliability-Based Design, McGraw-Hill, New
York, 1992.

Sacks, J., Welch, W. J., Mitchell, T. J. and Wynn, H. P.,
1989, "Design and Analysis of Computer Experiments,"
Statistical Science, 4(4), pp. 409-435.

Simpson, T. W., Peplinski, J., Koch, P. N. and Allen, J. K.,
1997, "On the Use of Statistics in Design and the Implications
for Deterministic Computer Experiments," Design Theory and
Methodology - DTM'97, Sacramento, CA, ASME, Paper No.
DETC97/DTM-3881.

Su, J. and Renaud, J.E., 1997, “Automatic Differentiation
in Robust Optimization,” 4I4A4 Journal, Vol. 35, No. 6, pp.
1072.

Sundaresan, S., Ishii, K., and Houser, D.R., 1993, “A
Robust Optimization Procedure with Variations on Design
Variables and Constraints,” Advances in Design Automation,
ASME DE-Vol. 69-1, pp. 379-386.

Taguchi, G, 1993, G., 1993, Taguchi on Robust Technology
Development: Bringing Quality Engineering Upstream, ASME
Press, New York.

Von Neumann, J., and Morgenstern., O., 1953, Theory of
Games and Economic Behavior, 3nd ed.. Princeton University
Press, Princeton, N.J.

APPENDIX
Standard deviation o el unction) Standard deation ofy1(PR)
/ /
900 / ; sé#) %0 j)/ / }]
80 // Qf 80 / f éﬂy
0 / ﬁﬁ’ 70 /
;o g? f ;™ f"’ f

/ / j

500 / j f’ suuf / édy
/ / S /
40| / .ﬁy 40 / /
[ / /
300) [ / / w0t/
| /
E) ) « E) ) [ £ ) Y ) 5 & ) &

Standard deviation of y1(Kriging)

/ / o |
i::// i:://w
(/7 /
17
|

Standard devation ofy1(RBF)

00| 600)
% / % |
500| / ;pp / 500 e g
/ /
| /
2 E) “ 50 60 0 8 2 El @ 0 60 [ [
xt Xt

Figure A1 STD of Y; (large sample size)

8 Copyright © 2001 by ASME



Mean of y2(real function) Mean of y2(PR) Mean of y2(Kriging) Mean of y2(RBF)

| [ 20 T T
1) AN ENERYENE

ol § e % e \ \
\
600 \ 600 % % 4\ 60| \ \
\ ; k ; % %
% bR
500 500 500 \
) \ | \ % \
LN \ \
400K, . 400) o & - 407 N ™ 30|
o ~ ~ ~4 — N\, & M —
3000\ Ny, ~ 30| {N 30| LY - ~—
LY o ~~— ) T T \ g
o 500, N ~— T \ 50p.
5 e 8 @ 0 ® I T R R R Y 5w & w @ 5w
Figure A2 Means of Y, (large sample size)
‘Standard deviation of y2(real function) Standard deviation of y2(PR) ‘Standard dewiation of y2(Kriging) ‘Standard deviation of y2(RBF)
900 900 900 900

800 800
700 700

. . \
EU ® 2 wop N & W 5 ® WPy, "

xt xt xt xt

Figure A3 STD of Y, (large sample size)

800 800)
1
700 T0f,

Mean ofy243eal functio) Wean ofy2:3PR) Mean ofy2y3Kigig) Mean of 2 (REF)
“ p y 7 T ]
90 “ $ 900) / p gﬁ/' 900) “ “ ( t 4 4 900) ( 4
800) “ ( § § g g 00| s / 800) \ ‘\‘ ( § ) ot “ ( { 4 ?
| y | /
LA b o P ™ g / s 0 / # ™ | 6‘ ‘ ¢
| / § "/ §
a0 ; \\ ‘ ; I3 }f{’ ; 9 I / ;o § s / , i “ |
50 g [/ 50 § / 50 / wog Vol ] #
VLl / [] g/ \ P /
40 4 \6 § / 400) § [ 40 [ JA‘? 400) \ § /
30 \\ \ 9 | “ 300 | ;i/ 300 | { 300 \ L) | "
?\ \ ‘ J ) \ b L
» E [ ) [ [ ) » ERE 0 ™ £ » ) [ [ ) ) ERE) 0 £
Xt X Xt X

Figure A4 Means of Y,-Y; (large sample size)

Standard devation of y2-y3{real fuction) Standrd devition of y23PR) Standard devation of y2:y3(Kriing) Standard devation of y2:y3(RBF)

00| 0 00| 0 s e / 00| /
[
0 0 / / @ B \/ﬂn 0 /u 0
s 0 / 0 - / L / /
T00F 50 / 700) 700
- 2 0 2
e ! L »

7

700]
@
600~ 600|
“ 3 o 7
0 ? 0 P 0 ) @
12 0
o P @
P PR 0 P @ 0 )
/Sa P @ # 2 7

300) /

30 30

xt xt xt xt

Figure AS STD of Y,-Y; (large sample size)

Expected ity ofy1PR) Expected iy o y(Kiging)
\ \

900| 90| \ O\ 900| \ 00|

\ Q
80 80 \ \ 80 3 80

\ \

70 70 \ 700 \ 70

\ & %

\ o %
60 600) AP 60 o, 600)

% \ % . %
0 3
50 50 50 \ 50
| AR
0 400) % 0 0 \ 400)
A\ \ %
30 300 9 \ 30 \ 300
\ [}
\ 8

3 ] “ 5 6 i) [ ) E) “ E) 60 ™ [ 3 ] “ 5 6 i) [ E) E) “ E) 60 ™ 8

Figure A6 Expected Utility of Y, (large sample size)

9 Copyright © 2001 by ASME



Probaiity of consiraint 2(real functon)

Probabilty of constraint 2(PR)

probabiity of constraints(Kriging)

Probatilty of constraint 2(R8F)

700

600

500

40

30

90

800

700

600

500

40|

300

90

800

700

600

500

40|

300

Figure A7 Probability of Constraint Satisaction (large sample size)

Standard devaton of y2real function)

Standard devation of y2(PR)

Standerd devation o y2(Kriging)

Standard devaion of y2IRBF)

90 00 \ 90 a0 %0
800| \ 800| £ ) z\ B0k % / 800| ?
700] \ 700] h 700 700 \
60013 \ \ ;™ ' h i ; &L 7 \ K
sof ! 50 5 © e SR ‘ % \\'*4”"\' sofe ¥ \k _
° : \ K &\ N —_
40 g o 0 g . 0 40r\ \ fb% N ‘ . 2“\ 40 7@\\ e B . \2L
20 \\570 5 o N \\72 a0l N n_ & 300 \ - AN 300) \ﬁ] 0
b . \ “ N N
2 30 4“0 f? 80 n 80 20 30 40 f? 60 0 80 2 30 4“0 f? 80 n 80 20 30 40 f{: 60 0 80
Figure A8 STD of Y, (small sample size)
Table Al. Optimization Results
From Real From PR From Kriging From RBF
Model Large Sample | Small Sample | Large Sample | Small Sample | Large Sample | Small Sample
- x;* (mm) 37.877 38.906 38.909 37.842 N/A N/A 37.982
2 Xp* (mm) 608.89 590.11 614.41 610.84 N/A N/A 604.48
—2 £* (mm’ ) 574763 583225 592561 574924 N/A N/A 574707
£ Feasible Rate (B.C.) 6/6 6/6 6/6 6/6 6/6 6/6 6/6
= Feasible Rate (A.C.) 6/6 6/6 6/6 6/6 0/6 0/6 6/6
x;* (mm) 41.583 43.589 43.171 41.457 41.958 42.455 42.320
~ X,* (mm) 628.11 963.098 688.37 635.63 651.33 640.96 615.55
é f* 2.2070 2.32164 2.2844 2.1993 2.2391 2.2516 2.2479
% iy * (mm®) 639437 836316 690815 640657 655137 658391 645437
g Gy, * (mm®) 25062 21061 25003 24863 24904 25373 25717
= Feasible Rate (B.C.) 5/6 4/6 4/6 5/6 5/6 5/6 4/6
Feasible Rate (A.C.) 5/6 1/6 1/6 5/6 5/6 1/6 4/6
x;* (mm) 41.813 49.245 43.049 41.837 42.253 79.927 68.546
) Xp* (mm) 673.10 600.24 831.61 661.98 642.42 1000 893.81
,§ f* 2.2139 2.6186 2.2764 2.2163 2.2406 4.2710 3.6338
:2 py;* (mm’) 662342 743780 757768 657866 655876 1570310 1257110
g Gy * (mm’) 24464 30226 22669 25658 25227 37715 34646
o Feasible Rate (B.C.) 6/6 6/6 6/6 6/6 6/6 6/6 6/6
Feasible Rate (A.C.) 6/6 1/6 6/6 6/6 6/6 2/6 1/6
x;* (mm) 41.514 43.492 43.096 41.353 41.892 42.044 41.604
< Xo* (mm) 629.63 632.36 662.13 629.90 653.88 644.07 637.20
é f* 0.9649 0.9485 0.9448 0.9661 0.9565 0.9575 0.9625
% py* (mm®) 639018 670653 677733 636647 655207 653342 643591
g Gy, * (mm®) 24996 26139 25323 24894 24823 25075 24925
= Feasible Rate (B.C.) 5/6 4/6 2/6 6/6 4/6 4/6 5/6
Feasible Rate (A.C.) 5/6 4/6 3/6 5/6 4/6 3/6 5/6

Note: B.C. stands for Before Confirmation, A.C. stands for After Confirmation and N/A means No feasible solutions after Confirmation
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