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�$HURVSDFH DQG 0HFKDQLFDO (QJLQHHULQJ� 8QLYHUVLW\ RI $UL]RQD� 7XFVRQ� $=� 86$�
�'HSDUWPHQW RI %LRORJLFDO 6FLHQFHV� 8QLYHUVLW\ RI ,OOLQRLV DW &KLFDJR� &KLFDJR� ,/� 86$

�5HFHLYHG� �� -XQH �����

$FFHSWHG� � 2FWREHU �����

,W KDV EHHQ VKRZQ WKDW WKH (66 0D[LPXP 3ULQFLSOH� XVHG WR ILQG HYROXWLRQDULO\ VWDEOH VWUDWHJLHV� LV DSSOLFDEOH WR D

ODUJH FODVV RI SRSXODWLRQ G\QDPLF PRGHOV� 7KHVH LQFOXGH ERWK GLIIHUHQWLDO DQG GLIIHUHQFH HTXDWLRQ PRGHOV� 7R

GDWH� WKLV SULQFLSOH KDV EHHQ XVHG WR ILQG DQ HYROXWLRQDULO\ VWDEOH VWUDWHJ\ �(66� IRU VLQJOH�VWDJH V\VWHPV� 7KDW LV�

V\VWHPV LQ ZKLFK WKH GHQVLW\ RI DOO LQGLYLGXDOV RI D JLYHQ VSHFLHV RU SKHQRW\SH DUH UHSUHVHQWHG E\ D VFDODU� 7KHUH

DUH PDQ\ VLWXDWLRQV LQ ZKLFK PRUH GHWDLO LV QHHGHG LQ RUGHU WR SURSHUO\ PRGHO WKH VWDWH RI D V\VWHP �H�J� ZLWKLQ D

JLYHQ VSHFLHV RU SKHQRW\SH� MXYHQLOHV PD\ HIIHFW WKH ILWQHVV RI DGXOWV DQG YLFH YHUVD�� ,Q WKLV FDVH� WKH GHQVLW\ RI D

VSHFLHV RU SKHQRW\SH LV PRUH SURSHUO\ UHSUHVHQWHG E\ D YHFWRU� (DFK FRPSRQHQW RI WKH YHFWRU UHSUHVHQWV WKH

GHQVLW\ RI D SDUWLFXODU OLIH VWDJH� :H VKRZ KHHUH WKDW WKH (66 0D[LPXP 3ULQFLSOH PD\ EH H[WHQGHG WR LQFOXGH

PXOWLVWDJH V\VWHPV LQ D YHU\ QDWXUDO ZD\� ,Q WKH VFDODU FDVH� ZH KDYH XVHG D VFDODU *�IXQFWLRQ �ILWQHVV JHQHUDWLQJ

IXQFWLRQ� WR PRGHO WKH V\VWHP DQG IRUPXODWH WKH (66 0D[LPXP 3ULQFLSOH� :H KDYH VKRZQ WKDW LW LV QHFHVVDU\ IRU

WKH *�IXQFWLRQ� ZKHQ HYDOXDWHG DW HTXLOLEULXP� WR WDNH RQ D PD[LPXP ZLWK UHVSHFW WR WKH (66 VWUDWHJ\� +HUH ZH

VKRZ� IRU PXOWLVWDJH V\VWHPV WKDW D *�PDWUL[ PD\ EH XVHG WR PRGHO WKH V\VWHP DQG WKH (66 0D[LPXP 3ULQFLSOH

PD\ EH VWDWHG LQ WHUPV RI D *�PDWUL[� ,Q WKLV FDVH WKH UHDO SDUW RI WKH GRPLQDQW HLJHQYDOXH RI WKH *�PDWUL[� ZKHQ

HYDOXDWHG DW HTXLOLEULXP� PXVW WDNH RQ D PD[LPXP ZLWK UHVSHFW WR WKH (66 VWUDWHJ\� 7ZR PXOWLVWDJH H[DPSOHV DUH

JLYHQ WR LOOXVWUDWH XVH RI WKH WKHRU\�

.H\ZRUGV� (66� PXOWLVWDJH SRSXODWLRQ� DGDSWLYH G\QDPLFV� DGDSWLYH ODQGVFDSH� OLIH KLVWRU\ HYROXWLRQ� (66

0D[LPXP 3ULQFLSOH� SURMHFWLRQ PDWUL[� HYROXWLRQDU\ JDPH WKHRU\

�� ,QWURGXFWLRQ

7UDGLWLRQDO RSWLPL]DWLRQ DSSURDFKHV WR OLIH KLVWRU\

HYROXWLRQ DUH JLYLQJ ZD\ WR JDPH WKHRUHWLF RQHV

WKDW FRQVLGHU GHQVLW\�GHSHQGHQFH� IUHTXHQF\�

GHSHQGHQFH� DQG DGDSWLYH G\QDPLFV �6WHDUQV�

������ ,Q DOO OLNHOLKRRG� GHPRJUDSKLF SDUDPHWHUV

UHODWLQJ WR DJH� RU VWDJH�VSHFLILF ELUWKV DQG GHDWKV

DUH GHQVLW\ GHSHQGHQW� 'HQVLW\�GHSHQGHQFH UDLVHV

LVVXHV UHJDUGLQJ WKH PRVW DSSURSULDWH PHDVXUH RI

ILWQHVV �H�J� LQVWDQWDQHRXV JURZWK UDWH� U� RU QHW

UHSURGXFWLYH YDOXH� 5�"�� �'LHFNPDQQ HW DO�� �����

%URPPHU� ����� 0HW] DQG *\OOHQEHUJ� ����� DQG

SODFHV WKH DGDSWLYH G\QDPLFV RI HYROXWLRQ ZLWKLQ

DQ H[SOLFLW IUDPHZRUN RI SRSXODWLRQ G\QDPLFV

�7XOMDSXUNDU� ����� )HUULHUH DQG &OREHUW� ������

7KH LQWURGXFWLRQ RI GHQVLW\�GHSHQGHQFH LQWR D OLIH

KLVWRU\ PRGHO RI HYROXWLRQ DOVR LQWURGXFHV

IUHTXHQF\�GHSHQGHQFH �.DZHFNL� ������ $W WKH

YHU\ OHDVW� WKH OLIH KLVWRU\ WUDLWV RI RWKHU LQGLYLGXDOV

LQIOXHQFH SRSXODWLRQ VL]HV WKDW LQ WXUQ LQIOXHQFH DQ

LQGLYLGXDOV SURVSHFWV� DQG HYHQ PRUH OLNHO\ WKH

WUDLWV RI RWKHUV GLUHFWO\ LQIOXHQFH DQ LQGLYLGXDOÑV

SURVSHFWV IRU VXUYLYDO DQG UHSURGXFWLRQ�


 &RUUHVSRQGLQJ DXWKRU� 7� /� 9LQFHQW� $HURVSDFH DQG

0HFKDQLFDO (QJLQHHULQJ� 8QLYHUVLW\ RI $UL]RQD� 3� 2� %R[

������ 7XFVRQ� $= ����������� 86$� ID[� ��� ��������

(�PDLO� YLQFHQW#X�DUL]RQD�HGX
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%HFDXVH RI IUHTXHQF\�GHSHQGHQFH� WKH HYROX�

WLRQ RI OLIH KLVWRU\ WUDLWV LV D JDPH LQ ZKLFK DQ

LQGLYLGXDOÑV ILWQHVV �SD\RII� EHFRPHV LQIOXHQFHG

E\ LWV RZQ WUDLW YDOXH �LWV VWUDWHJ\�� WKH WUDLW YDOXHV

RI RWKHUV LQ WKH SRSXODWLRQ �WKH VWUDWHJLHV RI RWKHUV�

DQG SRSXODWLRQ VL]H �9LQFHQW DQG %URZQ� ������

$GYDQFHV LQ OLIH KLVWRU\ HYROXWLRQ DV D JDPH

LQFOXGH WKH EDODQFH EHWZHHQ JURZWK DQG

UHSURGXFWLRQ LQ VL]H�VWUXFWXUHG SRSXODWLRQV �&DO�

VLQD DQG 6DOGDQD� ����� +HLQR DQG .DLWDOD� ������

HYROXWLRQDU\ HIIHFWV RQ WKH FRPSOH[LW\ RI SRSX�

ODWLRQ G\QDPLFV �'RHEHOL DQG .RHOOD� �����

6LQHUYR HW DO�� ������ HYROXWLRQ RI UHDFWLRQ QRUPV

�.LVGL HW DO�� ������ DQG HYROXWLRQ LQ VSDWLDOO\�

VWUXFWXUHG SRSXODWLRQV �%URZQ DQG 3DYORYLF� �����

+ROW DQG *DLQHV� ����� 0HW] DQG *\OOHQEHUJ�

������ $OO RI WKHVH DSSOLFDWLRQV RI HYROXWLRQDU\

JDPH WKHRU\� UHTXLUH DQG H[SOLFLW RU LPSOLFLW ILWQHVV

IRUPXODWLRQ WKDW FRQVLGHUV WKH VXFFHVVHV RI

GLIIHUHQW VWUDWHJLHV ZLWK UHVSHFW WR HDFK RWKHU�

$OVR� WKHUH PXVW EH VRPH PHDQV RI SHUPLWWLQJ

HYROXWLRQDU\ FKDQJH HLWKHU WKURXJK DGDSWLYH

G\QDPLFV RU WKH LQYDVLRQ RI UDUH DOWHUQDWLYH

VWUDWHJLHV�

)LWQHVV IRUPXODWLRQV IRU QRQ�VWUXFWXUHG

SRSXODWLRQV DUH VLPSOHU WKDQ PRUH FRPSOH[ OLIH

KLVWRU\ RI VWUXFWXUHG SRSXODWLRQ PRGHOV� 7KH

HYROXWLRQDU\ JDPH IRUPXODWLRQ FDQ EH D ILWQHVV

JHQHUDWLQJ IXQFWLRQ �%URZQ DQG 9LQFHQW� �����

9LQFHQW HW DO�� ����� 6FKRRPELH DQG *HW]� �����

&RKHQ HW DO�� ����� 6FKUHLEHU HW DO�� �����

+ROPJUHQ DQG *HW]� ������ D ILWQHVV IXQFWLRQ WKDW

FRQVLGHUV WKH ILWQHVV RI D PXWDQW VWUDWHJ\ ZKHQ

LPPHUVHG LQ D SRSXODWLRQ FRPSRVHG RI D SDUWLFXODU

UHVLGHQW VWUDWHJ\ �$EUDPV HW DO�� ����� *HULW] HW DO��

������ RU DQ H[SOLFLW PRGHO RI DGDSWLYH G\QDPLFV

ZLWK HYROXWLRQDU\ EUDQFKLQJ �0HW] HW DO�� �����

*HULW] HW DO�� ������ 7KH ILWQHVV IRUPXODWLRQ GH�

WHUPLQHV WKH WRROV DYDLODEOH IRU PRGHOLQJ HYROX�

WLRQDU\ G\QDPLFV� FRQYHUJHQW VWDEOH SRLQWV� DQG IRU

HYDOXDWLQJ HYROXWLRQDULO\ VWDEOH VWUDWHJLHV �VHH

0D\QDUG 6PLWK DQG 3ULFH� ������ +HUH� ZH DUH

LQWHUHVWHG LQ H[WHQGLQJ WKH WRROV RI WKH ILWQHVV

JHQHHUDWLQJ IXQFWLRQ �*�IXQFWLRQ� WR OLIH KLVWRU\

DQG SRSXODWLRQ�VWUXFWXUHG PRGHOV RI HYROXWLRQ�

8VLQJ D *�IXQFWLRQ WR PRGHO HYROXWLRQDU\

JDPHV KDV FHUWDLQ DGYDQWDJHV� DQG LW IRUPDOL]HV

RWKHU VXFFHVVIXO ILWQHVV IXQFWLRQ PHWKRGV XVHG LQ

DGDSWLYH G\QDPLFV �VHH IRU H[DPSOH 0DUURZ HW DO��

����D� E� 'LHFNPDQQ HW DO�� ����� *HULW]� �����

&RKHQ HW DO�� ������ )RU D JHQHUDO GLVFXVVLRQ RI *�

IXQFWLRQV DQG FRPSDUDEOH DSSURDFKHV VHH $EUDPV

�����D� DQG &RKHQ HW DO� ������� 7KH *�IXQFWLRQ

XVHV D YLUWXDO YDULDEOH WR GHWHUPLQH WKH ILWQHVV RI D

IRFDO LQGLYLGXDO XVLQJ D SDUWLFXODU VWUDWHJ\ DJDLQVW

D SDUWLFXODU ELRWLF HQYLURQPHQW WKDW LQFOXGHV WKH

QXPEHUV DQG VWUDWHJLHV RI RWKHUV� 7KH *�IXQFWLRQ

DOORZV RQH WR DOWHU WKH GLPHQVLRQDOLW\ RI WKH

HFRORJLFDO PRGHO E\ LQFUHDVLQJ RU GHFUHDVLQJ WKH

QXPEHU RI H[WDQW VWUDWHJLHV �RU VSHFLHV�� 7KH

ILWQHVV FRQVHTXHQFHV RI DQ LQGLYLGXDOÑV VWUDWHJ\

FDQ EH SORWWHG DQG YLHZHG DV DQ DGDSWLYH

ODQGVFDSH� 7KH IXQFWLRQ FDQ EH XVHG WR LGHQWLI\

VWUDWHJLHV ZLWK PD[LPDO ILWQHVV �WKRVH UHVLVWDQW WR

LQYDVLRQ� DQG WKRVH WKDW DUH FRQYHUJHQW VWDEOH� 7KH

*�IXQFWLRQ FDQ EH XVHG WR DSSO\ WKH (66 0D[L�

PXP 3ULQFLSOH� DW DQ (66 WKH *�IXQFWLRQ WDNHV RQ

D PD[LPXP ZLWK UHVSHFW WR WKH IRFDO LQGLYLGXDOÑV

VWUDWHJ\ �9LQFHQW DQG %URZQ� ����� 9LQFHQW HW DO��

������ $QG� WKH *�IXQFWLRQ FDQ EH XVHG WR PRGHO

DGDSWLYH G\QDPLFV �9LQFHQW HW DO�� ������

6SHFLILFDOO\� ZH ZLOO FRQVLGHU SRSXODWLRQ

G\QDPLFV WKDW XVH SURMHWLRQ PDWULFHV WR PRGHO

SRSXODWLRQV WKDW DUH VWUXFWXUHG LQWR GLVFUHWH

FDWHJRULHV DFFRUGLQJ WR DJH� VWDJH� JHQGHU� VSDWLDO

ORFDWLRQ �H�J� PHWDSRSXODWLRQ�� RU VRPH RWKHU

DWWULEXWH� :H OHW WKH HOHPHQWV RI WKH SURMHFWLRQ

PDWUL[ EH LQIOXHQFHG E\ GHQVLW\ DQG E\ DQ

HYROXWLRQDU\ VWUDWHJ\� :H VKRZ KRZ WKH UHVXOWLQJ

JDPH FDQ SURGXFH D *�PDWUL[ WKDW GHWHUPLQHV WKH

ILWQHVV RI D IRFDO LQGLYLGXDO LQ WKH FRQWH[W RI D

SDUWLFXODU ELRWLF HQYLURQPHQW� 8QGHU WKH

VDVVXPSWLRQ RI HTXLOLEULXP SRSXODWLRQ G\QDPLFV

DQG D VWDEOH VWDJH �RU DJH� GLVWULEXWLRQ� DQ H[SOLFLW

*�IXQFWLRQ HPHUJHV WKDW UHSUHVHQWV WKH UHDO SDUW RI

WKH GRPLQDQW HLJHQYDOXH RI WKH *�PDWUL[� :H

UHODWH WKH *�PDWUL[ DQG *�IXQFWLRQ WR WKH

GHILQLWLRQ RI DQ (66� WR WKH (66 PD[LPXP

SULQFLSOH� WR DGDSWLYH G\QDPLFV� DQG WR WHFKQLTXHV

IRU ILQGLQJ WKH (66� :H LOOXVWUDWH LWV DSSOLFDWLRQ

XVLQJ WZR H[DPSOHV� D VLPSOH VWDJH�VWUXFWXUHG

SRSXODWLRQ� DQG D VWUXFWXUHG SRSXOWLRQ VSUHDG RYHU

WZR KDELWDWV �%URZQ DQG 3DYORYLF� ����� +ROW DQG

*DLQHV� ������
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�� 3RSXODWLRQ G\QDPLFV

:H EHJLQ ZLWK WKH LGHD WKDW WKHUH LV DQ HFRORJLFDO

FRPPXQLW\ FRPSRVHG RI Q[ W\SHV RU VSHFLHV�
� (DFK

VSHFLHV VKDUHV D VLPLODU OLIH KLVWRU\ WKDW KDV QV OLIH

VWDJHV� 7KHVH VWDJHV PD\ UHSUHVHQW DJH FODVVHV �DV

LQ D VWDQGDUG OLIH KLVWRU\ WDEOH� 'HHYH\� ������

GHYHORSPHQWDO VWDJHV �DV LQ PRGHOV ZLWK RQWR�

JHQHWLF QLFKH VKLIWV� :HUQHU DQG *LOOLDP� ������ RU

VWDWHV ZLWKLQ D VWUXFWXUHG SRSXODWLRQ �DV LQ

LQGLYLGXDOV RFFXS\LQJ GLIIHUHQW KDELWDWV RU SODFHV

ZLWKLQ D PHWDSRSXODWLRQ� +DQVNL� ������ 6SHFLHV

DUH LGHQWLILHG E\ WKHLU UHVSHFWLYH SRSXODWLRQ VL]HV�

x L� DQG VWUDWHJLHV� u L� $ VSHFLHVÑ SRSXODWLRQ VL]H

LQFOXGHV WKH QXPEHU RI LQGLYLGXDOV RI WKDW VSHFLHV

ZLWKLQ HDFK OLIH KLVWRU\ VWDJH� $ VSHFLHVÑ VWUDWHJ\ LV

WKH VSHFLHVÑ SKHQRW\SH IRU VRPH UHOHYDQW VHW RI

KHULWDEOH WUDLWV� ,Q WKH IROORZLQJ� ZH VKRZ KRZ

WKHVH HOHPHQWV FRPELQH WR PRGHO HDFK VSHFLHV

SRSXODWLRQ G\QDPLFV DV D SRSXODWLRQ SURMHFWLRQ

PDWUL[ WKDW LV ERWK GHQVLW\� DQG IUHTXHQF\�

GHSHQGHQW� 'HQVLW\�GHSHQGHQW LQ WKDW WKH VSHFLHV

SRSXODWLRQ JURZWK UDWH PD\ EH D IXQFWLRQ RI WKH

FRPELQHG SRSXODWLRQ VL]HV RI DOO RI WKH VSHFLHV�

DQG IUHTXHQF\�GHSHQGHQW LQ WKDW D VSHFLHV

SRSXODWLRQ JURZWK UDWH PD\ EH LQIOXHQFHG E\ WKH

DFWXDO VWUDWHJ\ YDOXHV RI HDFK VSHFLHV�

/HW WKH FROXPQ YHFWRU

[ ]
xn[[[ ...1= 7

EH D YHFWRU RI GHQVLWLHV DVVRFLDWHG ZLWK Q[ VSHFLHV

LQ D FRPPXQLW\� 7KH VXSHUVFULSW 7 GHQRWHV

WUDQVSRVH� $OO YHFWRUV ZLOO EH GHILQHG DV FROXPQ

YHFWRUV� $VVXPH WKDW WKH GHQVLW\ RI HDFK VSHFLHV�

L  1� Ù� Q[� LV DOVR D FROXPQ YHFWRUV

[ ]sinii xx ...1=[ 7

PDGH XS RI QV OLIH VWDJHV� )RU H[DPSOH� [�� LV WKH

SRSXODWLRQ GHQVLW\ RI WKH WKLUG VWDJH RI VSHFLHV

WZR� ,W IROORZV WKDW x LV DQ Q[  QV � Q[ GLPHQVLRQDO

FROXPQ YHFWRU� /HW WKH VWUDWHJLHV XVHG E\ VSHFLHV L

EH JLYHQ E\

[ ]
uni uu ...1=X 7

:H DOORZ WKH SRVVLELOLW\� WKURXJK HYROXWLRQ� IRU u L

 u M� M ≠ L� 7KH VWUDWHJLHV u L PD\EH VFDODUV �QX  1�
RU YHFWRUV �QX ! 1�� &ROOHFWLYHO\ WKH\ IRUP DQ QX �

Q[ GLPHQVLRQDO FROXPQ YHFWRU

[ ]
xnXXX ...1= 7�

/HW HDFK VWUDWHJ\ YHFWRU u L� EH GLVWLQFW DQG EH

GUDZQ IURP WKH VDPH VHW RI HYROXWLRQDULO\ IHDVLEOH

VWUDWHJLHV �DV ZLOO EH UHTXLUHG ODWHU LQ RXU GHILQLWLRQ

RI HYROXWLRQDULO\ LGHQWLFDO LQGLYLGXDOV�� ZKLFK ZH

ZLOO GHVLJQDWH E\

u ¤ 8 ���

ZKHUH 8 LV D VXEVHW RI DQ QX GLPHQVLRQDO VWUDWHJ\

VSDFH WKDW UHSUHVHQWV WKH IHDVLEOH VWUDWHJ\ FKRLFHV

DIWHU DOO �LI DQ\� FRQVWUDLQWV KDYH EHHQ LPSRVHG�

7KH PHDQLQJ RI ��� LV WKDW HDFK VWUDWHJ\ PXVW

VDWLVI\

u L ¤ 8 L  1,Ù�Q[�

)RU TXDQWLWDWLYH WUDLWV� WKH FRQVWUDLQWV DUH VLPSO\

XSSHU DQG ORZHU ERXQGV SODFHG RQ WKH FRPSRQHQWV

RI WKH VWUDWHJ\ YHFWRU�

/HW ,  �L Î 1� QV DQG -  LQV� LQ WHUPV RI WKLV

QRWDWLRQ� ZH PRGHO WKH G\QDPLFV RI VSHFLHV LÑV

SRSXODWLRQ GHQVLWLHV� x L� LQ WHUPV RI D V\VWHP RI

GLIIHUHQWLDO HTXDWLRQV RI WKH IRUP�

( ) ( ) ( ) ( )++= ++ [X�[X� 2121111 IiIii HxHxx�

( ) ( )[X�
ss nIin Hx 1... +++

( ) ( ) ( ) ( )++= ++ [X�[X� 2221212 IiIii HxHxx�

( ) ( )[X�
ss nIin Hx 2... +++ ���

�� =

( ) ( )++= [X�[X� 2211 JiJiin HxHxx
s

�

( )[X�
ss Jnin Hx++ ...

ZKHUH L  1�Ù�Q[ DQG WKH GRW GHQRWHV GLIIHU�

HQWLDWLRQ ZLWK UHVSHFW WR WLPH� )RU H[DPSOH� VXS�

� :H DUH XVLQJ ZKDW PD\ EH DQ XQIDPLOLDU VXEVFULSW

QRWDWLRQ �H�J� nx� LQ RUGHU WR DYRLG D SUROLIHUDWLRQ RI V\PEROV�

7KH DGYDQWDJH RI WKLV QRWDWLRQ LV WKDW LW LV PQHPRQLF DQG

KLHUDUFKLFDO �H�J� nx UHIHUV WR WKH QXPEHU RI xÑV��
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SRVH WKDW WKHUH DUH WZR VSHFLHV� Q[  2� HDFK RI ZKLFK KDYH

WKUHH OLIH VWDJHV� QV  3� /HDYLQJ RII WKH DUJXPHQWV� WKH

HTXDWLRQV LQ WKLV FDVH ZRXOG EH ZULWWHQ DV

13131212111111 HxHxHxx ++=�

23132212211112 HxHxHxx ++=�

33133212311113 HxHxHxx ++=�

43234222412121 HxHxHxx ++=�

53235222512122 HxHxHxx ++=�

.63236222612123 HxHxHxx ++=�

,Q PDWUL[ IRUP� ��� PD\ EH ZULWWHQ DV

( )[ ] iii [[X�+[ =� ���

ZKHUH

( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) 











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
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= +++

+++
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s

s
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, ���

LV WKH SRSXODWLRQ SURMHFWLRQ PDWUL[ �&DVZHOO� ����� 6WHDUQV�

����� IRU LQGLYLGXDOV RI W\SH L� :H DVVXPH WKDW HL>u� x�W�@
KDV FRQWLQXRXV SDUWLDO GHULYDWLYHV ZLWK UHVSHFW WR x DQG u�

�� (FRORJLFDO VWDELOLW\

7KH SRSXODWLRQ SURMHFWLRQ PDWUL[ LV XVHG WR FDOFXODWH WKH

SRSXODWLRQ G\QDPLFV ERWK ZLWKLQ WKH VWDJHV RI HDFK SRSXOD�

WLRQ DQG DPRQJ WKH GLIIHUHQW VSHFLHV� %HFDXVH SRSXODWLRQ

VL]HV PXVW UHPDLQ QRQ�QHJDWLYH� \HW ILQLWH� WKHVH G\QDPLFV

PXVW DFFXUDWHO\ PRGHO SHUVLVWHQFH� 2QO\ VRPH VSHFLHV LQ WKH

LQLWLDO FRPPXQLW\ ZLOO EH DEOH WR FRH[LVW DW SRVLWLYH SRSXOD�

WLRQ VL]HV� (YHQ LQ LVRODWLRQ� OLPLWV WR JURZWK LQVXUHV WKDW QR

SRSXODWLRQ FDQ JURZ WR LQILQLWH VL]H� ,Q WKH IROORZLQJ� ZH

FKDUDFWHUL]H LVVXHV RI QRQ�]HUR SRSXODWLRQ VL]HV� WKH SHUVLV�

WHQFH RI D VSHFLHV� DQG WKH FRH[LVWHQFH RI VHYHUDO VSHFLHV�

:KLOH SHUVLVWHQFH RI D SRSXODWLRQ VLPSO\ UHTXLUHV SRSXODWLRQ

G\QDPLFV ERXQGHG IURP ]HUR �LQFOXGLQJ WKH SRVVLELOLW\ RI

OLPLW F\FOHV DQG FKDRWLF G\QDPLFV�� ZH ZLOO UHVWULFW RXU SUHV�

HQW IRUPDOLVP WR WKH FDVH ZKHUH WKH

SRSXODWLRQ G\QDPLFV DFKLHYH VWDEOH

HTXLOLEULD� :LWK WKH FRQGLWLRQ RI HTXLOLE�

ULXP SRSXODWLRQ G\QDPLFV� ZH ZLOO FRQ�

FOXGH WKLV VHFWLRQ ZLWK D GHILQLWLRQ RI

ILWQHVV �SHU FDSLWD JURZWK UDWH� IRU VSH�

FLHV L DV WKH UHDO SDUW RI WKH GRPLQDQW

HLJHQYDOXH RI LWV SURMHFWLRQ PDWUL[�

HL �u�x��
%HFDXVH SRSXODWLRQ GHQVLW\ LV D QRQ�

QHJDWLYH TXDQWLW\� WKH G\QDPLFDO PRGHO

JLYHQ E\ ��� PXVW SURGXFH WUDMHFWRULHV RI

SRSXODWLRQ GHQVLW\ WKDW VDWLVI\ x�W� ≥ 0
IRU DOO W ≥ 0� )RU D JLYHQ VWUDWHJ\ YHFWRU X
DQG QRQ�QHJDWLYH LQLWLDO SRSXODWLRQ

GHQVLWLHV x�0�� WKH SRSXODWLRQ WUDMHFWRU\�

x�W�� JHQHUDWHG E\ ��� LV Q[ GLPHQVLRQDO

DQG PXVW UHPDLQ LQ WKH QRQ�QHJDWLYH

VSDFH� O� GHILQHG DV WKH VHW RI SRLQWV LQ

WKH Q[ GLPHQVLRQDO UHDO VWDWH VSDFH� xnR
VDWLVI\LQJ

{ }.| �[[2 ≥∈= xnR ���

6LQFH DQ\ UHDOLVWLF PRGHO ZLOO QRW

JHQHUDWH VROXWLRQV LQ ZKLFK DQ\ FRP�

SRQHQW RI x EHFRPHV DUELWUDULO\ ODUJH� WKH

V\VWHP WUDMHFWRULHV PXVW UHPDLQ LQ D

ERXQGHG VXEVHW RI O� 0DQ\ W\SHV RI

PRWLRQ DUH SRVVLEOH� LQFOXGLQJ VWDEOH

PRWLRQ WR DQ HTXLOLEULXP SRLQW� SHULRGLF

RUELWV� DQG FKDRV �0D\� ����� ������

+HUH ZH ZLOO IRFXV RQ FRQGLWLRQV SHU�

WLQHQW WR VWDEOH HTXLOLEULXP SRLQWV�

:H QHHG WR GLVWLQJXLVK EHWZHHQ VSHFL�

HV �RQH RU PRUH� ZKRVH HTXLOLEULXP

SRSXODWLRQV KDYH DW OHDVW RQH VWDJH

SRVLWLYH� 0* >i[ �WKH QRWDWLRQ > LV XVHG

WR LPSO\ WKDW HYHU\ FRPSRQHQW RI WKH

YHFWRU LV ≥ 0 ZLWK DW OHDVW RQH FRPSRQHQW

! 0� DQG WKRVH ZKRVH HTXLOLEULXP

SRSXODWLRQV KDYH HYHU\ FRPSRQHQW ]HUR�

�[ =*
i � :H ZLOO UHIHU WR WKH ILUVW JURXS

WKURXJK WKH LQGLFHV 1ÙQF DQG WKH VHFRQG

JURXS WKURXJK WKH LQGLFHV QF � 1ÙQ[�

7KLV GLFKRWRP\ RI LQGLFHV OHDGV XV WR WKH
IROORZLQJ GHILQLWLRQ RI DQ HFRORJLFDO

HTXLOLEULXP�
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Definition 1 (Ecological Equilibrium) Given
a strategy vector u ¤ 8, a point x* ¤ O is
said to be an ecological equilibrium point
for (2) provided that

cii ni ,...,for, * ��[�[ =>=�

xcii nni ,...,for, * ��[�[ +===�

where QF may take on any value between 1
and Q[.

:H ZLOO QRZ H[DPLQH WKH VWDELOLW\ RI DQ

HFRORJLFDO HTXLOLEULXP SRLQW� )RU WKLV� ZH ZLOO QHHG

WR GHILQH SRLQWV LQ WKH QHLJKERUKRRG RI x
� 7KH
FRQFHSW RI D ball  LV XVHIXO LQ WKLV UHJDUG D EDOO %
FHQWHUHG DW [
 LV WKH VHW RI SRLQWV LQ WKH Q[�

GLPHQVLRQDO VWDWH VSDFH� ZLWK D (XFOLGHDQ QRUP�
xnE � VDWLVI\LQJ

{ }.||*||| ε<−∈= [[[ xnE%

:H ZLOO DVVXPH WKDW IRU HYHU\ VWUDWHJ\ YHFWRU u ¤

8� DQ HFRORJLFDO HTXLOLEULXP VROXWLRQ x
 H[LVWV�

)RU DQ HFRORJLFDO HTXLOLEULXP SRLQW WR EH VWDEOH�

ZH UHTXLUH WKDW HYHU\ WUDMHFWRU\ ZKLFK EHJLQV LQ D

QRQ�QHJDWLYH QHLJKERUKRRG RI WKH SRLQW UHPDLQ LQ

WKDW QHLJKERUKRRG IRU DOO W� DQG FRQYHUJH WR WKH

HTXLOLEULXP DV W → ∞� ,I DQ HFRORJLFDO HTXLOLEULXP
SRLQW KDV WKLV SURSHUHW\� ZH ZLOO UHIHU WR LW DV DQ

ecologically stable equilibrium �

Definition 2 (ESE)  Given a strategy vector
u ¤ 8� an ecological equilibrium point x* ¤

O is said to be an ecologically stable
equilibrium (ESE) if there exists a ball %
such that for any x(0) ¤ O∩% the trajectory
generated by (2) satisfies x( W) ¤ O for all W >
0 and asymptotically approaches [
 as W →
∞. If the radius of the ball can be made
arbitrarily large, the ecological equilibrium
point is said to be a global ESE, otherwise
it is said to be a local ESE.

ESE Theorem.  Given u ¤ 8, if an
ecological equilibrium point x* is an ESE
then all of the eigenvalues of the matrices

( ) ( )

( ) ( )
( )*xu,
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must have non-positive real parts. Further-
more, if the eigenvalues of ' and + have
negative real parts, then x* is local ESE.

3URRI� 6HH WKH DSSHQGL[ IRU D SURRI�
:H ZLOO QRZ XVH WKLV WKHRUHP WR GHYHORS D

OHPPD WR EH XVHG LQ WKH SURRI RI WKH (66 PD[L�

PXP SULQFLSOH LQ WKH QH[W VHFWLRQ�

6LQFH �[ =i
� IRU DOO QF DW DQ HFRORJLFDO

HTXLOLEULXP SRLQW LW IROORZV IURP ��� WKDW IRU WKHUH

WR H[LVW D QRQ�WULYLDO VROXWLRQ IRU *
i[ WKH IROORZLQJ

FRQGLWLRQ PXVW KROG�

del >HL(u,x*)]  0 IRU L  1�Ù�QF� ���

7KLV UHTXLUHPHQW DQG WKH + SDUW RI WKH (6(

7KHRUHP PD\EH UHVWDWHG DV D OHPPD XVLQJ WKH

FRQFHSW RI D dominant eigenvalue �

/HW [ ]
s

...1 inii λλ� EH WKH HLJHQYHFWRU FRUUH�

VSRQGLQJ WR ( )*xu,Hi DQG real (ggL) EH WKH YHFWRU RI

UHDO SDUWV� /HW max(real ( ggL)) EH WKH YDOXH RI WKH
PD[LPXP FRPSRQHQWV RI WKH YHFWRU �ZKLOH WKH

PD[LPXP YDOXH LV XQLTXH� WKHUH PD\ EH PRUH WKDQ

RQH FRPSRQHQW ZLWK WKLV YDOXH�� %\ GHILQLWLRQ�

WKRVH FRPSRQHQWV RI WKH HLJHQYHFWRU WKDW KDYH WKLV

PD[LPXP YDOXH DUH GRPLQDQW HLJHQYDOXHV� )LQDOO\

WKH IROORZLQJ QRWDWLRQ ZLOO EH XVHG

( )[ ] ( ) .�H *xu, ��UHDOPD[GRP ii =

Lemma �� At an ESE it is necessary that

( )[ ] ci ni ,...,0H *xu, �GRP == ����
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( )[ ] xci nni ,...,0H *xu, �GRP +=≤ ����

Proof: )RU HYHU\ L  1�Ù�QF� LW IROORZV IURP ���

WKDW DW OHDVW RQH HLJHQYDOXH RI ( )*xu,i+ PXVW EH

]HUR� %HFDXVH RI WKH VWDELOLW\ UHTXLUHPHQW� QRQH RI

WKH UHPDLQLQJ HLJHQYDOXHV FDQ KDYH SRVLWLYH UHDO

SDUWV� +HQFH WKH ILUVW FRQGLWLRQ IROORZV� 7KH (6(

7KHRUHP UHTXLUHV WKDW DOO RI WKH HLJHQYDOXHV RI +

PXVW KDYH QRQ�SRVLWLYH UHDO SDUWV� 7KH VHFRQG

FRQGLWLRQ IROORZV IURP WKH IDFW WKDW WKH HLJHQ�

YDOXHV RI D GLDJRQDO EORFN IRUP DUH HTXDO WR WKH

HLJHQYDOXHV RI HDFK EORFN�

,Q VXPPDU\� IRU DQ\ FRPPXQLW\ RI Q[ VSHFLHV�

DQ (6( H[LVWV LI RQH RU PRUH RI WKH VSHFLHV �VSHFLHV
L  1�Ù�QF� DFKLHYH VWDEOH SRSXODWLRQ GHQVLWLHV

ZLWK �[ >*
i ZKLOH WKH RWKHU VSHFLHV �L  QF �

1�Ù�Q[� KDYH VWDEOH SRSXODWLRQ GHQVLWLHV ZLWK

�[ =*
i � )RU VSHFLHV ZLWK SRVLWLYH SRSXODWLRQ

GHQVLWLHV DQG ]HUR SRSXODWLRQ GHQVLWLHV� UH�

VSHFWLYHO\� ( )[ ]*xu,HiGRP ZLOO EH ]HUR DQG QRQ�

SRVLWLYH� ,Q IDFW� ( )[ ]*xu,HiGRP SURYLGHV D XVHIXO

GHILQLWLRQ RI ILWQHVV� 8QGHU D VWDEOH VWDJH

GLVWULEXWLRQ� ( )[ ]*xu,HiGRP � GHILQHV ILWQHVV ZKLOH

HL GHILQHV WKH SHU FDSLWD JURZWK UDWH RI VSHFLHV L�

7KLV SURSHUW\ ZLOO EHFRPH XVHIXO LQ GHYHORSLQJ WKH
G�PDWUL[ DQG WKH *�IXQFWLRQ FRQFHSWV EHORZ�

�� (YROXWLRQDU\ VWDELOLW\

,Q WKH DERYH IRUPXODWLRQ� WKH QXPEHU RI H[WDQW

VWUDWHJLHV ZLWKLQ WKH FRPPXQLW\ GHWHUPLQHV WKH

QXPEHU RI SURMHFWLRQ PDWULFHV DQG WKH

GLPHQVLRQDOLW\ RI WKH SUREOHP� +RZHYHU� WR

HYDOXDWH WKH FRQFHTXHQFHV RI DOWHUQDWLYH VWUDWHJLHV

�SHUKDSV QRW \HW SUHVHQW LQ WKH FRPPXQLW\� DQG WR

SHUPLW HYROXWLRQ E\ QDWXUDO VHOHFWLRQ LW EHFRPHV

QHFHVVDU\ WR �� KDYH WKH DELOLW\ WR GHWHUPLQH WKH

ILWQHVV FRQVHTXHQFHV WR D IRFDO LQGLYLGXDO RI

SRVVHVVLQJ VRPH DUELWUDU\ VWUDWHJ\ GUDZQ IURP 8�
DQG �� KDYH WKH IOH[LELOLW\ WR VFDOH XS RU GRZQ WKH

QXPEHU RI UHVLGHQW VWUDWHJLHV ZLWKLQ WKH SRSXODWLRQ

LQ UHVSRQVH WR LQYDVLRQV RU H[WLUSDWLRQV RI

VWUDWHJLHV� 2WKHU VLPLODU ILWQHVV IRUPXODWLRQV IRU

HYROXWLRQDU\ JDPHV DFKLHYH ��� E\ VSHFLI\LQJ D

YDULDEOH IRU D UDUH PXWDQW VWUDWHJ\ ZLWKLQ WKH

H[LVWLQJ FRPPXQLW\ RI VWUDWHJLHV �$EUDPV HW DO��

����� 'LHFNPDQQ DQG /DZ� ����� DQG ��� E\

HVWDEOLVKLQJ D QHZ ILWQHVV IXQFWLRQ HDFK WLPH D QHZ

GLVWLQFW VWUDWHJ\ RU VSHFLHV LV DGGHG WR WKH

FRPPXQLW\ �*HULW] HW DO�� ������ +RZHYHU� WKH

ILWQHVV JHQHUDWLQJ IXQFWLRQ� *�IXQFWLRQ� DOORZV RQH

WR DFKLHYH ��� DQG ��� VHDPOHVVO\ ZLWK D VLQJOH

IRUPXODWLRQ RI WKH HYROXWLRQDU\ JDPH�

,I LQGLYLGXDOV DUH HYROXWLRQDULO\ LGHQWLFDO� WKHQ D

VLQJOH G�PDWUL[ FDQ EH XVHG WR GHVFULEH DOO RI WKH

SRVVLEOH SURMHFWLRQ PDWULFHV WKDW FDQ EH SURGXFHG

E\ DOO SRVVLEOH u ¤ 8� ,QGLYLGXDOV ZLWK GLIIHUHQW

VWUDWHJLHV RU RI GLIIHUHQW VSHFLHV DUH HYROXWLRQDULO\

LGHQWLFDO �9LQFHQW DQG %URZQ� ����� LI DOO

LQGLYLGXDOV VKDUH WKH VDPH VWUDWHJ\ VHW 8 DQG VKDUH

WKH VDPH HFRORJLFDO FRQVHTXHQFHV RI XVLQJ

VWUDWHJLHV IURP 8 �9LQFHQW DQG %URZQ� ������ )RU

WKRVH UHDGHUHV IDPLOLDU ZLWK WKH *�IXQFWLRQ

PHWKRG� WKH IROORZLQJ GHILQLWLRQV ZLOO EH IDPLOLDU�

,QGHHG� LI WKH G�PDWUL[ LV D VFDODU� WKHQ WKH

IROORZLQJ GHILQLWLRQV UHGXFH WR WKRVH ZH KDYH XVHG

EHIRUH� 7KDW LV� WKH G�PDWUL[ LV LGHQWLFDO WR WKH *�

IXQFWLRQ� +RZHYHU� LI G LV D WUXH PDWUL[� WKHQ WKHUH

LV DQ LPSRUWDQW GLIIHUHQFH� $V ZH ZLOO VHH EHORZ�

WKH G�PDWUL[ LV XVHG WR ÓJHQHUDWHÔ WKH H PDWULFHV�

+RZHYHU� ZH ZLOO VWLOO EH DEOH WR REWDLQ D *�

IXQFWLRQ IURP WKH G�PDWUL[� 7KLV *�IXQWLRQ ZLOO

SOD\ WKH VDPH UROH DV EHIRUH�

Definition 3 (G-Matrix)  A matrix G(v,u,x) is
said to be a G-matrix for a group of
evolutionarily identical types if

( ) ( )[X�+[X�Y�* i== iuv ����

for all of the indices L corresponding to the
various types or species in the group.

7KH G�PDWUL[ GRHV QRW IL[ a priori WKH QXPEHU

RI GLIIHUHQW SRSXODWLRQV RU VSHFLHV� 7KH QXPEHU RI

VSHFLHV �GHILQHG KHUH DV SRSXODWLRQV RI LQGLYLGXDOV

WKDW GR QRW LQWHUEUHHG ZLWK RWKHU SRSXODWLRQV�� Q[�

VSHFLILHV WKH GLPHQVLRQ RI u� 6HWWLQJ v HTXDO WR DQ

HOHPHQW RI u JHQHUDWHV WKH VSHFLILF SURMHFWLRQ

PDWUL[ IRU WKDW VSHFLHV�

,Q ZKDW IROORZV ZH DVVXPH WKDW WKH HQWLUH

FRPPXQLW\ RI LQGLYLGXDOV �DOO Q[ W\SHV� FDQ EH

GHVFULEHG LQ WHUPV RI D VLQJOH G�PDWUL[� 2I FRXUVH�

D JLYHQ FRPPXQLW\ ZRXOG JHQHUDOO\ EH FRPSRVHG

RI PRUH WKDQ RQH HYROXWLRQDULO\ LGHQWLFDO JURXS�
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HDFK ZLWK WKHLU RZQ G�PDWUL[� 7KLV PRUH JHQHUDO
VHWWLQJ KDV EHHQ GLVFXVVHG LQ GHWDLO HOVHZKHUH

�9LQFHQW DQG %URZQ� ����� %URZQ DQG 9LQFHQW�

������

7KH G�PDWUL[ JHQHUDWHV WKH SRSXODWLRQ SURMHFW�

LRQ PDWULFHV IRU DQ LQGLYLGXDO� HL E\ VHOHFWLQJ u L

IURP WKH YHFWRU u DQG VHWWLQJ v HTXDO WR WKDW

LQGLYLGXDOÑV VWUDWHJ\� u L� ,Q WHUPV RI WKH G�PDWUL[�

WKH V\VWHP G\QDPLFV ��� PD\ EH ZULWWHQ DV

( ) .
iuv ii [[X�Y�*[ ==� ����

,I ZH DVVXPH WKDW WKH V\VWHP G\QDPLFV DFKLHYH DQ

(6(� WKHQ ZH FDQ GLVWLQJXLVK EHWZHHQ WKRVH

VWUDWHJLHV WKDW VXUYLYH DW SRVLWLYH SRSXODWLRQ VL]HV

DQG WKRVH WKDW KDYH JRQH H[WLQFW� :H ZLOO UHIHU WR

FRPELQDWLRQ RI VWUDWHJLHV DPRQJ WKH VXUYLYRUV DV D

coalition vector � :LWK WKLV LQ PLQG ZH GHILQH�

Definition 4  (coalition vector)  If for the
system (2) there exists an ecological
equilibrium point x* [ *

i[ > 0 for the indices

1,…,QF ≥ 1 and *
i[ = 0 for the indices QF +

1,…,Q[] corresponding to the strategy vec-
tor u ¤ 8, then the composite of the strat-
egies for the first group of indices is called
a coalition vector, u F = [u 1,…,

cnX ], and the

composite strategies of the second group
of indices is designated by the vector u P =

xc n1n ,...,XX + .

$ FRDOLWLRQ YHFWRU GHVFULEHV DQ LQFOXVLYH VHW RI

VWUDWHJLHV WKDW FDQ SHUVLVW WRJHWKHU� EXW LW PD\ QRW

EH H[FOXVLYH� %\ DGGLQJ GLIIHUHQW VWUDWHJLHV WR WKH

LQLWLDO YHFWRU RI VWUDWHJLHV� WKH UHVXOWLQJ FRDOLWLRQ

YHFWRU PD\ FKDQJH LQ VL]H �PRUH RU IHZHU VWUDWH�

JLHV� DQG�RU FRPSRVLWLRQ� $ FRDOLWLRQ YHFWRU PD\

QRW EH HYROXWLRQDULO\ VWDEOH DV SHU WKH LQWURGXFWLRQ�

,W PD\ EH SRVVLEOH IRU D QRYHO VWUDWHJ\ WR LQYDGH

DQG FKDQJH LWV FKDUDFWHU� ,Q WKH IROORZLQJ GHILQL�

WLRQ RI WKH (66� ZH LGHQWLI\ WKH VXEVHW RI FRDOLWLRQ

YHFWRUV WKDW DUH VLPXOWDQHRXVO\ LQFOXVLYH DQG H[�

FOXVLYH�

Definition 5 (ESS)  A coalition vector u F is
said to be an evolutionarily stable strategy
(ESS) for the equilibrium point x* if, for all
Q[ ! QF and all strategies u P ¤ 8, the

equilibrium point x* is an ecologically
stable equilibrium (ESE).

7KH (66 ZLOO EH D ORFDO (66 LI x
 LV D ORFDO (6(
DQG WKH (66 ZLOO EH D JOREDO (66 LI x
 LV D JOREDO
(6(� 1RWH WKDW XQGHU WKLV GHILQLWLRQ DQ (66 PXVW

EH DQ (6(� EXW JLYHQ DQ DUELWUDU\ XF� ZLWK DQ

HFRORJLFDOO\ VWDEOH HTXLOLEULXP x
� LW GRHV QRW

LPSO\ WKDW uF ZLOO EH DQ HYROXWLRQDULO\ VWDEOH

VWUDWHJ\�

7KXV WKH (66 LV PDGH XS RI WKH VDPH QXPEHU RI

VSHFLHV DV WKHUH DUH VWUDWHJLHV FRQWDLQHG LQ WKH

FRDOLWLRQ YHFWRU uF� +RZHYHU� WKH YHFWRU uP PD\EH

PDGH XS HLWKHU RI VWUDWHJLHV FRUUHVSRQGLQJ WR VSH�

FLHV GLIIHUHQW IURP WKRVH LQ WKH FRDOLWLRQ YHFWRU RU

VWUDWHJLHV FRUUHVSRQGLQJ WR SKHQRW\SHV RI WKH VSH�

FLHV LQ WKH FRDOLWLRQ YHFWRU RU VRPH FRPELQDWLRQ RI

ERWK� )URP WKLV SHUVSHFWLYH� WKH GHILQLWLRQ UHTXLUHV

VWDELOLW\ ZLWK UHVSHFW WR ERWK LQWUDVSHFLILF DQG

LQWHUVSHFLILF LQWHUDFWLRQV� )XUWKHUPRUH� WKLV GHIL�

QLWLRQ RI DQ (66 LQVXUHV WKDW WKH (66 LV FRQYHUJHQW

VWDEOH �VHH &RKHQ HW DO�� ����� DQG LV UHVLVWHQW WR

LQYDVLRQ E\ UDUH DOWHUQDWLYH VWUDWHJLHV �%URZQ DQG

9LQFHQW� ������ :H KDYH IRXQG WKLV (66 GHILQLWLRQ

WR EH XVHIXO EHFDXVH LW LV LQFOXVLYH� ,W NHHSV WKH

(66 FRQFHSW DEUHDVW RI QHZ GLVFRYHULHV UHJDUGLQJ

WKH SURSHUWLHV RI HYROXWLRQDU\ HTXLOLEULD DQG

UHGXFHV WKH SUROLIHUDWLRQ RI WHUPV UHJDUGLQJ WKH

GLIIHUHQW VWDELOLW\ SURSHUWLHV LQKHUHQW LQ WKH

RXWFRPHV RI QDWXUDO VHOHFWLRQ XQGHU IUHTXHQF\

GHSHQGHQW VHOHFWLRQ �(VKHO� ������

ESS Maximum Principle. Let G(v,u,x) be
the G �PDWUL[ IRU D FRPPXQLW\� ,I uF LV DQ (66�

WKHQ dom[G(v,u,x*)] PXVW WDNH RQ D PD[LPXP

ZLWK UHVSHFW WR v ¤8 DW u��Ù�
cnX �

Proof: 6LQFH x
 LV DQ HFRORJLFDOO\ VWDEOH HTXLOLE�

ULXP� WKH GRPLQDQW HLJHQYDOXH RI G(v,u,x*) PXVW

EH ]HUR� /HW Q[ ! QF� LW IROORZV IURP /HPPD � WKDW

IRU DQ\ L  1�Ù�QF DQG DQ\ M  QF � 1�Ù�Q[

( )[ ] ( )[ ]** [X�+GRP[X�+GRP� ji ≥=

ZKLFK� IURP WKH GHILQLWLRQ RI *� LPSOLHV

( )[ ] ( )[ ]**, [X��X*GRP[X�X*GRP� ji ≥=

ZKLFK SURYHV WKH WKHRUHP�
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:H ILQDOO\ DUULYH DW D QDWXUDO GHILQLWLRQ RI

ILWQHVV� )RU D JLYHQ u DQG x ZH ILUVW GHILQH D ILWQHVV

JHQHUDWLQJ IXQFWLRQ DV�

( ) ( )[ ][X�Y�*GRP[X�Y� =G

ZLWK WKH ILWQHVV RI LQGLYLGXDOV XVLQJ WKH VWUDWHJ\ XL

GHILQHG E\

( ) ( ) .
iuv== [X�Y�[X� GHi

:RUNLQJ LQ WHUPV RI WKH *�IXQFWLRQ *(v,u,x)
KDV VHYHUDO DGYDQWDJHV RYHU XVLQJ WKH G�PDWUL[

GLUHFWO\� ,Q VRPH FDVHV *(v,u,x) FDQ EH XVHG WR

VROYH DQDO\WLFDOO\ IRU D SRWHQWLDO (66V DQG LW FDQ EH

XVHG WR SORW WKH DGDSWLYH ODQGVFDSH IRU DQ\ JLYHQ

IL[HG YDOXHV RI u DQG x� 7KH DGDSWLYH ODQGVFDSH LV
GHILQHG DV WKH UHODWLRQVKLS EHWZHHQ *(v,u,x) DQG

v� $V ZH ZLOO VHH EHORZ� LW VKRZV WKH ILWQHVV

FRQVHTXHQFHV WR D IRFDO LQGLYLGXDO RI XVLQJ DQ\

DUELWUDU\ VWUDWHJ\ ZLWKLQ WKH FXUUHQW FRPPXQLW\�

:KHQ DQ (66 H[LVWV WKH DGDSWLYH ODQGVFDSH LV WKHQ

GHWHUPLQHG IURP *(v,u,x*) VR WKDW LW PXVW KDYH D

JOREDO SHDN DW HDFK VWUDWHJ\ RI WKH (66 �LQ DFFRUG

ZLWK WKH (66 0D[LPXP 3ULQFLSOH� DQG DW HDFK RI

WKHVH SHDNV WKH SRSXODWLRQ KDV D ]HUR SHU FDSLWD

JURZWK UDWH� 7KH DGDSWLYH ODQGVFDSH LV DOVR WKH

VXUIDFH DORQJ ZKLFK DGDSWLYH G\QDPLFV RFFXU�

�� $GDSWLYH G\QDPLFV

,Q RUGHU IRU HYROXWLRQ WR WDNH SODFH WKHUH PXVW EH D

SURFHVV WKDW LQWURGXFHV QRYHO VSHFLHV LQWR WKH

FRPPXQLW\ �XVXDOO\ DV UDUH PXWDQW VWUDWHJLHV�

DQG�RU D VWUDWHJ\ G\QDPLF WKDW SHUPLWV HYROX�

WLRQDU\ FKDQJH LQ WKH PHDQ VWUDWHJ\ YDOXH RI WKH

H[LVWLQJ VSHFLHV ZLWKLQ WKH FRPPXQLW\� 7KH

LQWURGXFWLRQ RI VSHFLHV SHUPLWV LQYDVLRQ�VWUXF�

WXULQJ RI WKH FRPPXQLW\ �5RXJKJDUGHQ� ����� DQG

VWUDWHJ\ G\QDPLFV LV DGDSWLYH G\QDPLFV �0HW] HW

DO�� ������ ,QYDVLRQ�VWUXFWXULQJ SURYLGHV WKH PRVW

IOH[LELOLW\ IRU QDWXUDO VHOHFWLRQ WR H[SORUH WKH

DGDSWLYH ODQGVFDSH EHFDXVH� LQ WKHRU\� QRYHO

VWUDWHJLHV FDQ EH LQWURGXFHG DV QHZ VSHFLHV IURP

DQ\ZKHUH LQ WKH VWUDWHJ\ VHW� ,Q SUDFWLFH� KRZHYHU�

QHZ PXWDWLRQV DULVH ZLWKLQ VSHFLHV DQG PXFK

HYROXWLRQDU\ FKDQJH LQYROYHV FKDQJHV LQ WKH

VWUDWHJ\ FRPSRVLWLRQ RI DQ LQWHUEUHHGLQJ VSHFLHV�

:KHQ WKH KHULWDEOH YDULDWLRQ LQ VWUDWHJ\ YDOXHV

H[LVWV ZLWKLQ D SDUWLFXODU LQWHUEUHHGLQJ VSHFLHV� WKH

GLVWULEXWLRQ RI VWUDWHJLHV UHVXOWV LQ DGDSWLYH

G\QDPLFV �'LHFNPDQQ DQG /DZ� ������ :LWK WKLV

KHULWDEOH YDULDWLRQ� XL VLPVSO\ FKDUDFWHUL]HV WKH

PHDQ VWUDWHJ\ YDOXHV RI VSHFLHV L DQG x L LV WKH VXP

RI WKH GHQVLWLHV RI DOO RI WKH VWUDWHJLHV RI WKDW VSHFL�

HV�

$GDSWLYH G\QDPLFV KDYH EHHQ GHULYHG IRU

HYROXWLRQDU\ JDPHV LQ XQVWUXFWXUHG SRSXODWLRQ

PRGHOV� :KHQ D *�IXQFWLRQ H[LVWV� ZH REWDLQ DQ

DGDSWLYH G\QDPLF WKDW LV DQDORJRXV WR WKRVH

GHULYHG IRU QRQ�PDWUL[ ILWQHVV JHQHUDWLQJ IXQFWLRQV

�9LQFHQW HW DO�� ����� &RKHQ HW DO�� ������
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ZKHUH NL LV DQ HYROXWLRQDU\ VSHHG WHUP WKDW

LQFUHDVHV ZLWK WKH DPRXQW RI KHULWDEOH YDULDWLRQ

ZLWKLQ WKH SRSXODWLRQ �LW FRPELQHV KHULWDELOLW\ RI

WKH WUDLW DQG WKH H[LVWLQJ DPRXQW RI DGGLWLYH JHQHWLF

YDULDELOLW\� DQG
v∂

∂G
LV WKH VORSH RI WKH DGDSWLYH

ODQGVFDSH HYDOXDWHG DW WKH PHDQ VWUDWHJ\ RI WKH

VSHFLHV�

7KH G�PDWUL[ SURYLGHV D JHQHUDO IRUPXODWLRQ RI
DQ HYROXWLRQDU\ JDPH LQ DJH�� VWDJH� RU SRSXODWLRQ�

VWUXFWXUHG PRGHOV� 7KH (66 PD[LPXP SULQFLSOH�

dom[G(v,u,x)], DQG DGDSWLYH G\QDPLFV SURYLGH

WRROV IRU VROYLQJ IRU WKH JDPH
V (66V DQG IRU

FRQVLGHULQJ WKH OLNHO\ FRQVHTXHQFHV RI QDWXUDO

VHOHFWLRQ DFWLQJ RQ WKH JDPH�

�� (OHPHQWDU\ H[DPSOH

7KH OLIH F\FOH LQ WKH IROORZLQJ H[DPSOH GRHV QRW

FRQIRUP GLUHFWO\ WR DFWXDO WD[D� UDWKHU LW LOOXPLQDWHV

IHDWXUHV RI WKH WKHRU\ �WKH VHFRQG H[DPSOH DSSOLHV

WR DQ DFWXDO TXHVWLRQ LQ HYROXWLRQDU\ HFRORJ\�� ,Q

WKLV OLIH F\FOH� WKH FUHDWXUH KDV WZR VWDJHV� D

FRPSHWLWLYH UHSURGXFWLYH VWDJH� DQG D QRQ�

FRPSHWLWLYH QRQ�UHSURGXFWLYH VWDJH� $Q RUJDQLVP

LQ WKH UHSURGXFWLYH VWDJH SURGXFHV RIIVSULQJ

�LPPHGLDWHO\ UHFUXLWHG LQWR WKLV UHSURGXFWLYH

VWDJH�� VXIIHUV PRUWDOLW\ WKDW LQFUHDVHV ZLWK WKH

GHQVLW\ RI UHSURGXFWLYHV� DQG KDV VRPH SUREDELOLW\
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RI EHFRPLQJ QRQ�UHSURGXFWLYH� ,QGLYLGXDOV LQ WKH

QRQ�UHSURGXFWLYH VWDJH VXIIHU PRUWDOLW\ WKDW

LQFUHDVHV ZLWK WKH GHQVLW\ RI UHSURGXFWLYHV� DQG

KDYH VRPH SUREDELOLW\ RI EHFRPLQJ UHSURGXFWLYH

�ELUWKV� GHDWKV DQG WUDQVLWLRQ SUREDELOLWLHV DUH

LQGHSHQGHQW RI WKH GHQVLW\ RI QRQ�UHSURGXFWLYHV��

/HW D VFDODU�YDOXHG VWUDWHJ\ RI DQ LQGLYLGXDO DIIHFW

WZR DVSHFWV RI WKH OLIH F\FOH� )LUVW� DQ LQGLYLGXDO
V

OLNHOLKRRG RI VKLIWLQJ IURP UHSURGXFWLYH WR QRQ�

UHSURGXFWLYH LQFUHDVHV OLQHDUO\ ZLWK LWV VWUDWHJ\�

6HFRQG� WKLV VDPH VWUDWHJ\ RI WKH LQGLYLGXDO

LQIOXHQFHV LWV UHSURGXFWLRQ UDWH ZKHQ LW LV LQ WKH

UHSURGXFWLYH VWDJH� :H OHW WKH VWUDWHJLHV RI RWKHUV

ZHLJKW WKH PRUWDOLW\ HIIHFW WKDW UHSURGXFWLYHV KDYH

RQ WKRVH LQ WKH UHSURGXFWLYH VWDJH�

:H LQFRUSRUDWH WKHVH DVVXPSWLRQV LQWR WKH

IROORZLQJ PRGHO RI SRSXODWLRQ JURZWK� 7KH PRGHO

GHVFULEHV WKH UDWH RI FKDQJH LQ SRSXODWLRQ GHQVLW\

RI VWDJH � �UHSURGXFWLYHV� DQG VWDJH � �QRQ�

UHSURGXFWLYHV� RI WKH LWK VSHFLHV �DV LQIOXHQFHG E\

u DQG x��
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7KH G�PDWUL[ IRU WKLV FDVH LV JLYHQ E\
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1RWH KRZ WKH G�PDWUL[ KLJKOLJKWV WKH HIIHFWV RQ

ILWQHVV RI WKH IRFDO LQGLYLGXDOÑV VWUDWHJ\� Y� WKH

VWUDWHJLHV RI RWKHUV� u  �X������
xnu �� DQG WKH HIIHFWV

RI SRSXODWLRQ GHQVLWLHV� x  �[������
xnx �� 6LQFH WKH

G�PDWUL[ LV V\PPHWULF� WKH HLJHQYDOXHV ZLOO EH

UHDO�

/HW WKH UHODWLRQVKLS EHWZHHQ UHSURGXFWLRQ UDWH

DQG WKH LQGLYLGXDOÑV VWUDWHJ\ FRQIRUP WR D

GRZQZDUG SDUDEROD WKDW UHDFKHV D SHDN YDOXH DW

Y  2�

I�Y�  Î1 � 4Y Î Y�

7KH VWUDWHJ\ Y  2 ZRXOG PD[LPL]H ILWQHVV LI WKH

PRGHO ZHUH GHQVLW\�LQGHSHQGHQW �LQGHSHQGHQW RI

x� DQG IUHTXHQF\�LQGHSHQGHQW �LQGHSHQGHQW RI u��
,Q WKLV H[DPSOH� WKH G�PDWUL[ LV GHQVLW\� DQG

IUHTXHQF\�GHSHQGHQW�

:H FDQ QRZ VHHN DQ (66 FRPSRVHG RI D

FRDOLWLRQ RI RQH VSHFLHV� :H GR WKLV E\ VHWWLQJ Q[  

1� )XUWKHUPRUH� ZH FDQ ZULWH G
 �Y� LI ZH DVVXPH

WKDW WKH VSHFLHV SRSXODWLRQ VL]H LV DW HTXLOLEULXP�
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%\ VROYLQJ IRU WKH GRPLQDQW HLJHQYDOXH �XVLQJ

0$3/(� \LHOGV WKH *
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)RU DQ (66 ZLWK D VLQJOH VWUDWHJ\� VHW Y  X� LQ WKH

DERYH WKUHH HTXDWLRQV DQG VROYLQJ WKHVH HTXDWLRQV

VLPXOWDQHRXVO\
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7KH VROXWLRQ X�  4.5616 FDQ EH VKRZQ WR EH WKH

(66 LQ WZR ZD\V DV LV GHPRQVWUDWHG LQ )LJXUHV �

DQG �� :KHQ WKH VROXWLRQ� X�� LV SOD\HG DJDLQVW D

IL[HG VWUDWHJ\ X�  1� WKH PXWDQW VWUDWHJ\ �HYHQ

ZKHQ LQWURGXFHG DW KLJKHU QXPEHUV� GLHV RXW ZLWK

WLPH �)LJ� ��� ,Q DFFRUGDQFH ZLWK WKH (66

GHILQLWLRQ� ZH XVH VLPXODWLRQV WR VKRZ WKDW WKH

PXWDQWV GLH RII LUUHVSHFWLYH RI WKHLU VWUDWHJLHV RU

WKH LQLWLDO QXPEHU RI GLIIHUHQW PXWDQWV VHHGHG LQWR

WKH SRSXODWLRQ� 7KLV UHVLVWDQFH WR LQYDVLRQ RFFXUV

EHFDXVH WKH VROXWLRQ RFFXSLHV D JOREDO SHDN RQ WKH

DGDSWLYH ODQGVFDSH DW WKH (66 �)LJ� ���

)XUWKHUPRUH� WKH VROXWLRQ FDQ EH VKRZQ WR EH

FRQYHUJHQW VWDEOH WKURXJK VLPXODWLRQ RI WKH

VWUDWHJ\ DQG SRSXODWLRQ G\QDPLFV� DGDSWLYH

G\QDPLFV RQ VWUDWHJ\ YDOXHV LQ WKH QHLJKERUKRRG

RI WKH (66 UHWXUQ WKH VSHFLHV
 VWUDWHJ\ WR WKH (66�

,Q WKLV H[DPSOH� WKH (66 DSSHDUV WR EH JOREDO IRU

DQ\ LQLWLDO VWUDWHJ\ YDOXH u� DQ\ LQLWLDO SRSXODWLRQ

VL]H� x(0) > 0� DQG DQ\ QXPEHU RI LQLWLDO VSHFLHV�

Q[�

:KLOH WKLV HOHPHQWDU\ PRGHO PD\ QRW ILW RU

DGGUHVV DQ\ VSHFLILF TXHVWLRQ LQ OLIH KLVWRU\

HYROXWLRQ� LW GRHV VKRZ KRZ D YDULHW\ RI OLIH

KLVWRU\ VFHQDULRV FDQ JHQHUDWH D VLPLODU SURMHFWLRQ

PDWUL[� :H FKRVH WR LQWHUSUHW WKH VWDJHV DV D

UHSURGXFWLYH YV� QRQ�UHSURGXFWLYH VWDJH� $OWHU�

QDWLYHO\� WKHVH FRXOG KDYH EHHQ SRSXODWLRQ GHQ�

VLWLHV ZLWKLQ D VRXUFH DQG VLQN KDELWDW� 7KH QH[W

H[DPSOH WDNHV XS GLUHFWO\ WKLV TXHVWLRQ RI (66V

XQGHU PLJUDWLRQ DQG JHQH IORZ�

),*� �� 7KH GRPLQDQW HLJHQYDOXH WDNHV RQ D PD[LPXP DW WKH

(66
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�� *HQH IORZ

7KH IROORZLQJ PRGHO IROORZV WKH VWUXFWXUH RI

�%URZQ DQG 3DYORYLF� ����� DQG �0HV]HQD DQG

&]LEXOD� ������ ,W VKRZV KRZ D G�PDWUL[ DGGUHVVHV

HYROXWLRQ ZLWKLQ VWUXFWXUHG PHWDSRSXODWLRQV �0HW]

DQG *\OOHQEHUJ� ������ ,PDJLQH WZR KDELWDWV

FRXSOHG E\ PLJUDWLRQ WKDW LV D IL[HG SURSHUW\ RI WKH

RUJDQLVP
V HFRORJ\ DQG HQYLURQPHQW �WKH LQ�

GLYLGXDOV FDQQRW FRQWURO WKHLU PLJUDWLRQ UDWHV��

7KLV DOORZV WKH PRGHO WR SURYLGH DQ HYROXWLRQDU\

JDPH SHUVSHFWLYH RQ JHQH IORZ PRGHOV IURP

SRSXODWLRQ DQG TXDQWLWDWLYH JHQHWLFV �.LVGL DQG

*HULW]� ������ 7KH PRGHOÑV LQWHOOHFWXDO URRWV WUDFH

EDFN WR �/HYLQV� ����� TXHVWLRQ UHJDUGLQJ WKH

HYROXWLRQ RI JHQHUDOLVWV DQG VSHFLDOLVWV ZLWKLQ ILQH

�KLJK PLJUDWLRQ UDWH� RU FRDUVH JUDLQHG �ORZ

PLJUDWLRQ UDWH� HQYLURQPHQWV� 7KH PRGHO FRXOG EH

DSSOLHG WR DQ\ QXPEHU RI KDELWDWV DQG DQ\

IXQFWLRQDO IRUP IRU FRPSHWLWLYH LQWHUDFWLRQV DPRQJ

LQGLYLGXDOV ZLWKLQ SDWFKHV� +HUH� ZH ZLOO DVVXPH

WKDW SRSXODWLRQ LQWHUDFWLRQV ZLWKLQ HDFK RI WZR

KDELWDWV FRQIRUP WR /RWNDÎ9ROWHUUD FRPSHWLWLRQ

HTXDWLRQV DQG WKDW PRYHPHQW DPRQJ KDELWDWV

RFFXUV YLD D GHQVLW\ LQGHSHQGHQW DQG IL[HG P­J�

UDWLRQ UDWH�

7KH VWUDWHJ\ RI DQ LQGLYLGXDO LQIOXHQFHV WKH

FDUU\LQJ FDSDFLW\ WKDW LW ZRXOG H[SHULHQFH LQ

KDELWDWV � DQG �� 7KH VWUDWHJ\ RI RWKHUV LV DVVXPHG

WR KDYH QR GLUHFW LQIOXHQFH RQ DQ LQGLYLGXDOÑV

ILWQHVV� 'HQVLW\�GHSHQGHQFH RFFXUV YLD FRPSH�

WLWLRQ DPRQJ LQGLYLGXDOV

ZLWKLQ D KDELWDW� :H

DVVXPH WKDW DOO LQWHU� DQG

LQWUD�VSHFLILF FRPSHWLWLRQ

FRHIILFLHQWV HTXDO RQH� ,Q

VXPPDU\� LPDJLQH WZR

KDELWDWV ZKHUH SRSXODWLRQV

JURZ ORJLVWLFDOO\� WKHUH LV

PLJUDWLRQ EHWZHHQ SDWFKHV�

DQG FDUU\LQJ FDSDFLW\ LV LQIOXHQFHG E\ WKH LQGL�

YLGXDOÑV VWUDWHJ\� 7KHUH LV H[SOLFLW GHSHQGHQFH RQ

SRSXODWLRQ VL]H DQG WKH IRFDO LQGLYLGXDOÑV VWUDWHJ\�

EXW QRW RQ WKH VWUDWHJLHV RI RWKHUV� &KDQJHV LQ WKH

SRSXODWLRQ VL]H RI VSHFLHV L ZLWKLQ KDELWDWV 1 DQG 2�
UHVSHFWLYHO\� FDQ EH JLYHQ DV�
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/HW D QRUPDO FXUYH GHVFULEH WKH UHODWLRQVKLS

EHWZHHQ FDUU\LQJ FDSDFLW\ DQG WKH LQGLYLGXDOÑV

VWUDWHJ\� +DELWDWV FDQ YDU\ LQ WKH PD[LPXP

DWWDLQDEOH FDUU\LQJ FDSDFLW\� %M� DQG LQ WKH VWUDWHJ\

YDOXH WKDW DFKLHYHV WKLV PD[LPXP� γM�
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H[S

8QGHU WKLV IXQFWLRQDO UHODWLRQVKLS EHWZHHQ FDUU\�

LQJ FDSDFLW\ DQG VWUDWHJ\� KDELWDWV YDU\ LQ TXDOLW\

EDVHG RQ WKH YDOXH RI %M� ,I WKH VWUDWHJ\ WKDW

PD[LPL]HV . LQ WKH WZR KDELWDWV YDU\� γ� ≠ γ�� WKHQ
DQ LQGLYLGXDO
V VWUDWHJ\ UHSUHVHQWV D WUDGH�RII

EHWZHHQ ILWQHVV LQ KDELWDW � DQG ILWQHVV LQ KDELWDW ��

$VVXPLQJ WKDW � γ� ! γ�� WKHQ XL ¤ >γ��γ��@ UHSUHVHQW
WKH DFWLYH HGJH RI /HYLQVÑ ILWQHVV VHW �WKRVH

VWUDWHJLHV WKDW DFWXDOO\ WUDGH�RII .� DQG .��� $OO

RWKHU YDOXHV IRU X DUH RQ WKH LQWHULRU RI WKH ILWQHVV

VHW LQ WKDW WKH\ FRXOG QHYHU EH IDYRUHG E\ QDWXUDO

VHOHFWLRQ EHFDXVH VXFK VWUDWHJLHV FDQ EH UHSODFHG

E\ WKRVH WKDW VLPXOWDQHRXVO\ LPSURYH ILWQHVV LQ

ERWK KDELWDWV �/HYLQV� ����� ������

7KH SRSXODWLRQ SURMHFWLRQ G�PDWUL[ LQ WKLV FDVH

LV JLYHQ E\

+HUH WKH ILWQHVV RI D IRFDO LQGLYLGXDO DSSHDUV

GLUHFWO\ LQIOXHQFHG E\ LWV RZQ VWUDWHJ\ WKH

SRSXODWLRQ GHQVLWLHV RI HDFK VSHFLHV DQG WKH

GLVWULEXWLRQ RI HDFK VSHFLHVÑ SRSXODWLRQ DPRQJ WKH

WZR KDELWDWV� :KLOH WKH VWUDWHJLHV RI RWKHUV GR QRW

GLUHFWO\ LQIOXHQFH ILWQHVV WKH\ ZLOO PDWWHU� DQG

IUHTXHQF\�GHSHQGHQFH HQWHUV WKH PRGHO YLD WKH

HIIHFW RI HDFK VSHFLHV VWUDWHJ\ RQ SRSXODWLRQ VL]HV

DQG GLVWULEXWLRQV �VHH +HLQR HW DO�� ����� IRU D

GLVFXVVLRQ RI IUHTXHQF\�GHSHQGHQW VHOHFWLRQ��
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7KH GRPLQDQW HLJHQYDOXH RI WKLV G�PDWUL[

SURYLGHV D VLPSOH *�IXQFWLRQ� 8QOLNH WKH

HOHPHQWDU\ H[DPSOH� DQ DQDO\WLFDO VROXWLRQ WR DQ

(66 LV YHU\ LQYROYHG� ,W LV HDVLHU WR XVH VWUDWHJ\

G\QDPLFV WR REWDLQ FRQYHUJHQW VWDEOH SRLQWV E\

LQWHJUDWLQJ HTXDWLRQV ���� DQG ����� 7KH DGDSWLYH

ODQGVFDSH DW WKHVH FRQYHUJHQW VWDEOH SRLQWV FDQ

WKHQ EH LQVSHFWHG WR UHYHDO ZKHWKHU WKH\ FRQIRUP

WR WKH (66 0D[LPXP 3ULQFLSOH DQG DUH (66�

&RQVLGHU WKH IROORZLQJ SDUDPHWHUV� U  0.2� %�

 100� %�  75� P  0.1� γ�  0� γ�  1� &&&  4�
8VLQJ D VLQJOH VWUDWHJ\ ZLWK DQ LQLWLDO YDOXH RI

X(0)  2� ZLWK LQLWLDO FRQGLWLRQV IRU WKH WZR VWDJHV
x(0)  > 10  20 @

7 DQG ÓVSHHGÔ WHUP N  0.5� ZH
REWDLQ WKH HTXLOLEULXP VROXWLRQ X
  0.4629 DQG

x
  > 90.6423  78.1309 @
7� )LJXUH � LOOXVWUDWHV

WKDW WKLV HTXLOLEULXP YDOXH IRU X
 LV LQGHHG DQ (66�

,Q WKLV PRGHO P� LV D ELIXUFDWLRQ SDUDPHWHU

GHWHUPLQLQJ ZKHWKHU WKH (66 KDV D VLQJOH

FRPSURPLVH VWUDWHJ\ RU ZKHWKHU WKHUH LV D WZR

VWUDWHJ\ (66� )RU H[DPSOH� NHHSLQJ DOO WKH

SDUDPHWHUV WKH VDPH DV DERYH EXW FKDQJLQJ P  

0.005 DQG UHUXQQLQJ WKH VLPXODWLRQ ZLWK WKH VDPH

LQLWLDO FRQGLWLRQV ZH REWDLQ WKH HTXLOLEULXP

VROXWLRQ X
  0.3540 DQG x
  > 97.7845
71.8254 @7� +RZHYHU WKLV VROXWLRQ LV QRW DQ (66

DV LOOXVWUDWHG LQ )LJXUH �� ,Q IDFW� LI RQO\ D VLQJOH

VSHFLHV LV DOORZHG WR HYROYH� LW ZLOO HYROYH WR D

ORFDO PLQLPXP RQ WKH DGDSWLYH ODQGVFDSH�

7KLV VXJJHVWV WKH SRVVLELOLW\ RI DQ (66 FRDOLWLRQ

RI WZR� 2QFH DJDLQ ZH LQWHJUDWH HTXDWLRQV ���� DQG

���� ZLWK WKH VDPH SDUDPHWHUV DV EHIRUH� EXW ZLWK

LQLWLDO FRQGLWLRQV X�(0)  0.3540� X�(0)  0.35�
x�(0)  > 97.7845  71.8254 @7� x�(0)  > 5  3 @7

DQG N�  N�  0.5� 7KHVH LQLWLDO FRQGLWLRQV ZHUH

FKRVHQ WR VLPXODWH ÓVSHFLDWLRQÔ IURP D PLQLPXP

LQ WKH *�IXQFWLRQV DV GLVFXVVHG LQ &RKHQ HW DO�

������� 7KH HTXLOLEULXP VROXWLRQV
*
1u  0.0440�

*
1[  > 86.6590  17.5590 @7 DQG *

2u  0.9561� x

 > 11.3252  55.9256 @7 DUH REWDLQHG� :H VHH

IURP )LJXUH � WKDW WKH (66 LV D FRDOLWLRQ RI WZR�

,Q WKLV PRGHO� σN FDQ DOVR SOD\ WKH UROH RI D

ELIXUFDWLRQ SDUDPHWHU� )RU H[DPSOH NHHSLQJ DOO WKH

SDUDPHWHUV WKH VDPH DV DERYH� H[FHSW LQFUHDVLQJ P
 0.05� ZH RQFH DJDLQ REWDLQ D FRDOLWLRQ RI RQH

(66 ZLWK X
  0.4240� x
  [ 93.2731

),*� �� :LWK P  0.005 D VLQJOH VWUDWHJ\ HYROYHV WR D ORFDO

PLQLPXP RQ WKH DGDSWLYH ODQGVFDSH

),*� �� :LWK P  0.1 WKH (66 LV D FRDOLWLRQ RI RQH ),*� �� :LWK P  0.005 WKH (66 LV D FRDOLWLRQ RI WZR
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76.0123 ]7� 'HFUHDVLQJ σN  0.75� NHHSLQJ DOO

RWKHU SDUDPHWHUV WKH VDPH UHVXOWV LQ DQ (66

FRDOLWLRQ RI WZR ZLWK *
1u  0.8369� *

1[  [ 12.5865

38.4630 ]7 DQG *
2u  0.1631� x
  [ 68.6518

22.4612 ]7 DV LOOXVWUDWHG LQ )LJXUH ��

�� 'LVFXVVLRQ

:H H[WHQG WKH LGHD RI D ILWQHVV JHQHUDWLQJ

IXQFWLRQ� *�IXQFWLRQ� WR LQFOXGH OLIH KLVWRU\ PRGHOV

RI HYROXWLRQ� 7KLV H[WHQVLRQ DOORZV IRU WKH

GHWHUPLQDWLRQ RI (66V IRU PXOWLVWDJH V\VWHPV E\

XVLQJ WKH SRSXODWLRQ SURMHFWLRQ PDWUL[ WR IRUP D G�

PDWUL[� 7KH HOHPHQWV RI WKH G�PDWUL[ PD\ EH

LQIOXHQFHG E\ WKH VWUDWHJ\ RI D IRFDO LQGLYLGXDO� WKH

VWUDWHJLHV RI RWKHUV LQ WKH SRSXODWLRQ� DQG HDFK

VWUDWHJ\ÑV SRSXODWLRQ GHQVLW\� ,Q WKLV IRUP� OLIH

KLVWRU\ HYROXWLRQ EHFRPHV D JDPH WKDW FDQ LQ�

FRUSRUDWH IUHTXHQF\� DQG GHQVLW\�GHSHQGHQW

VHOHFWLRQ� DGDSWLYH G\QDPLFV� DGDSWLYH VSHFLDWLRQ�

DQG FRHYROXWLRQ DPRQJ VSHFLHV� 7KLV PRGHOLQJ

DSSOLHV ZHOO WR SURMHFWLRQ PDWULFHV ZKHUH WKH

GLIIHUHQW VWDJHV �URZV DQG FROXPQV RI WKH PDWUL[�

UHSUHVHQW W\SLFDO DJH FODVVHV� JHQGHU� UHSURGXFWLYH

VWDWHV� RQWRJHQHWLF QLFKHV� DQG VXESRSXODWLRQV

ZLWKLQ D PHWDSRSXODWLRQ� 7KH WKHRU\ WR OLIH KLVWRU\

HYROXWLRQ DV GHVFULEHG E\ WKH G�PDWUL[ LV PRUH

LQFOXVLYH DQG KDV SDUDOOHOV WR ZRUNV PRGHOLQJ DJH

DQG�RU VL]H DW PDWXULW\ �%HUULJDQ DQG .RHOOD�

������ JURZWK YHUVXV UHSURGXFWLRQ �&DOVLQD DQG

6DOGDQD� ������ DQG HYROXWLRQ RI GLVSHUVDO �0HW]

DQG *\OOHQEHUJ� ������ 7KH G�PDWUL[ DOORZV

H[WHQVLRQV RI WKH (66 GHILQLWLRQ� DGDSWLYH

G\QDPLFV� DQG WKH DGDSWLYH ODQGVFDSH WR D EURDGHU

FODVV RI SUREOHPV�

7KH GHWHUPLQDWLRQ RI D G�PDWUL[ EHJLQV ZLWK DQ
HFRORJLFDO VFHQDULR LQYROYLQJ SRSXODWLRQV RI RQH RU

PRUH VSHFLHV ZKRVH SRSXODWLRQV FDQ EH VXEGLYLGHG

LQWR GLVWLQFW VWDJHV� 1H[W� RQH XVHV WKH VFHQDULR DQG

SRSXODWLRQ VWUXFWXUH WR EXLOG D SURMHFWLRQ PDWUL[

WKDW GHVFULEHV WKH SRSXODWLRQ G\QDPLFV RI HDFK

VWDJH� 7KH HOHPHQWV RI WKLV PDWUL[ DUH OLNHO\

GHQVLW\�GHSHQGHQW� 7KHQ� RQH DGGV DQ HYROXWLRQDU\

GLPHQVLRQ WR WKH PRGHO E\ OHWWLQJ DQ HYROXWLRQDU\

VWUDWHJ\ LQIOXHQFH WKH HOHPHQWV RI WKH SURMHFWLRQ

PDWUL[� )LQDOO\� D G�PDWUL[ LV IRUPXODWHG IRU DOO

LQGLYLGXDOV� SRSXODWLRQV DQG VSHFLHV WKDW VKDUH WKH

VDPH VWUDWHJ\ VHW� WKH VDPH OLIH KLVWRU\ VWDJHV� DQG

WKH VDPH HFRORJLFDO FRQVHTXHQFHV RI SRVVHVVLQJ D

SDUWLFXODU VWUDWHJ\ �ZH FDOO WKHVH LQGLYLGXDOV

HYROXWLRQDULO\ LGHQWLFDO�� 7KH G�PDWUL[ FRPHV

DERXW E\ H[SUHVVLQJ WKH H[SOLFLW UHODWLRQVKLS

EHWZHHQ WKH HOHPHQWV RI WKH SURMHFWLRQ PDWUL[ DQG

WKH VWUDWHJ\ RI D IRFDO LQGLYLGXDO� Y� WKH VWUDWHJLHV

RI RWKHUV� u� DQG WKHLU SRSXODWLRQ VL]HV� x�
+ROW DQG *DLQHV ������ DOVR XVH GRPLQDQW

HLJHQYDOXHG ZKHQ PRGHOLQJ HYROXWLRQ RI

VSHFLDOL]DWLRQ XQGHU VRXUFH�VLQN SRSXODWLRQ

G\QDPLFV� DQG� VLPLODUO\� %ODUHU DQG 'RHEHOL

������ XVHG U IURP (XOHUÑV HTXDWLRQ LQ PRGHOLQJ

WKH HYROXWLRQDU\ WUDGH�RII EHWZHHQ JURZWK DQG

UHSURGXFWLRQ� $V D *�IXQFWLRQ RQH FDQ DSSO\ SULRU

UHVXOWV DQG WRROV RI HYROXWLRQDU\ JDPH WKHRU\�

QDPHO\ WKRVH RI DGDSWLYH G\QDPLFV� WKH (66 0D�

[LPXP 3ULQFLSOH� DQG DGDSWLYH ODQGVFDSHV�

&RPELQLQJ WKHVH WRROV EHFRPHV DQ HIIHFWLYH PHDQV

RI HYDOXDWLQJ ZKHWKHU D VWUDWHJ\ RU FRDOLWLRQ RI

VWUDWHJLHV LV (66� ,QVSHFWLRQ RI WKH DGDSWLYH

ODQGVFDSH HYDOXDWHG DW WKH (66 ZLOO UHYHDO ZKHWKHU

LW LV D JOREDO PD[LPXP DQG KHQFH� UHVLVWHQW WR

LQYDVLRQ� $QG� VWUDWHJ\ G\QDPLFV FDQ EH XVHG WR

YHULI\ FRQYHUJHQFH VWDELOLW\ ZKHQ WKH YDOXHV RI

VWUDWHJLHV DUH SHUWXUEHG IURP WKHLU (66 YDOXHV�

$GDSWLYH G\QDPLFV FDQ EH XVHG WR SURGXFH

FRQYHUJHQW VWDEOH SRLQWV WKDW PD\ QRW EH (66�

7KH\ PD\ HLWKHU EH ORFDO PD[LPD RQ WKH DGDSWLYH

ODQGVFDSH �&RKHQ HW DO�� ����� RU HYROXWLRQDULO\

VWDEOH PLQLPD �$EUDPV HW DO�� ����E� WKDW PD\

EH FRQGXFLYH WR DGDSWLYH VSHFLDWLRQ �%URZQ DQG

),*� �� 'HFUHDVLQJ σN FDQ DOVR UHVXOW LQ DQ (66 FRDOLWLRQ

RI WZR



7� /� 9,1&(17 DQG -� 6� %52:1��

3DYORYLF� ����� 'LHFNPDQQ DQG 'RHEHOL� �����

*HULW] DQG .LVGL� ����� DQG HYROXWLRQDU\

EUDQFKLQJ �*HULW] HW DO�� ������

:H FRQVLGHUHG WZR H[DPSOHV WR LOOXVWUDWH WKH

DSSOLFDWLRQ RI D G�PDWUL[ WR OLIH KLVWRU\ HYROXWLRQ�

7KH HOHPHQWDU\ H[DPSOH VKRZV KRZ DQ DQDO\WLF

VROXWLRQ RI WKH (66 LV SRVVLEOH ZKHQ WKHUH DUH

HTXLOLEULXP SRSXODWLRQ G\QDPLFV DQG WKH GRPLQDQW

HLJHQYDOXH RI WKH G�PDWUL[ LV XVHG DV D *�IXQFWLRQ�

,Q WKH H[DPSOH WKH (66 DOZD\V KDV D VLQJOH

VWUDWHJ\ WKDW LV JOREDO �ZLWK UHVSHFW WR LQLWLDO

SRSXODWLRQ VL]HV��

7KH VHFRQG H[DPSOH H[DPLQHV �/HYLQV� �����

RULJLQDO SUREOHP RI HYROYLQJ JHQHUDOLVWV RU

VSHFLDOLVWV LQ KHWHURJHQHRXV HQYLURQPHQWV� 7KH

WZR VWDJHV UHSUHVHQW PHWDSRSXODWLRQ VWUXFWXUH

ZKHUH LQGLYLGXDOV UHVLGH LQ WZR KDELWDWV� $Q

HYROXWLRQDU\ VWUDWHJ\ UHSUHVHQWV D ILWQHVV WUDGH�RII

EHWZHHQ SHUIRUPDQFH LQ WKH WZR KDELWDWV� $V

DQWLFLSDWHG IURP /HYLQV ������� ILQH� DQG FRDUVH�

JUDLQHG HQYLURQPHQWV �GHFUHDVLQJ WKH PLJUDWLRQ

UDWH DPRQJ KDELWDWV LQFUHDVHV JUDLQ VL]H� VHOHFW IRU

DQ (66? ZLWK RQH JHQHUDOLVW VSHFLHV DQG WZR

VSHFLDOLVW VSHFLHV� UHVSHFWLYHO\� )XUWKHUPRUH� ZKHQ

WKH (66 KDV WZR VSHFLHV� DGDSWLYH G\QDPLFV

RSHUDWLQJ RQ D VLQJOH VSHFLHV ZLOO DFKLHYH DQ

HYROXWLRQDULO\ VWDEOH PLQLPD WKDW HQFRXUDJHV

DGDSWLYH VSHFLDWLRQ DQG HYROXWLRQ WR WKH (66

�%URZQ DQG 3DYORYLF� ����� 0HV]HQD HW DO�� ������

7KLV WZR KDELWDW PRGHO VKRZV KRZ JHQH IORZ SHU

VH LV QRW D IRUFH RI HYROXWLRQ� 5DWKHU� PLJUDWLRQ

EHWZHHQ SDWFKHV EHFRPH SDUW RI WKH HFRORJLFDO

FLUFXPVWDQFHV WR ZKLFK QDWXUDO VHOHFWLRQ UHVSRQGV�

7KH UHVXOWLQJ (66 EDODQFHV WKH VWUDWHJ\
V

H[SHULHQFH RI HDFK KDELWDW� 6R� ZKLOH DQ LQGLYLGXDO

LV QHYHU IXOO\ DGDSWHG WR LWV FXUUHQW KDELWDW� LWV

VWUDWHJ\ UHSUHVHQWV DQ DGDSWDWLRQ WR WKH VWDWLVWLFDO

H[SHULHQFH WKDW WKH VWUDWHJ\ FDQ H[SHFW WR KDYH RI

WKH WZR KDELWDWV� 7KH PRGHO DOVR RIIHUV VRPH

DWWUDFWLYH SURVSHFWV E\ LQFUHDVLQJ WKH QXPEHU RI

KDELWDWV �SRVVLELOLW\ IRU UHYLVLWLQJ VWHSSLQJ VWRQH�

ULQJ� DQG UDQGRP PRGHOV RI IORZ�� DQG DOWHULQJ WKH

ZLWKLQ KDELWDW FRPSHWLWLRQ IXQFWLRQ WR H[SOLFLWO\

FRQVLGHU WKH LQIOXHQFH RI RWKHUV
 VWUDWHJ\ �9LQFHQW

HW DO�� ������

:KDW LI WKH SRSXODWLRQ G\QDPLFV GR QRW SURGXFH

VWDEOH HTXLOLEULD" 7KH SRSXODWLRQ G\QDPLFV ZLWKLQ

D OLIH KLVWRU\ PRGHO PD\ SURGXFH OLPLW F\FOHV�

FKDRWLF G\QDPLFV RU PD\ EH VXEMHFW WR VWRFKDVWLFLW\

�7XOMDSXUNDU� ������ 7KH G�PDWUL[ VWLOO DSSOLHV DQG

FDQ PRGHO WKH SRSXODWLRQ G\QDPLFV� )XUWKHUPRUH�

WKH (66 FRQFHSW RI UHVLVWDQFH WR LQYDVLRQ DQG

FRQYHUJHQFH VWDELOLW\ VWLOO DSSO\� +RZHYHU� WKH

GHILQLWLRQV IRU WKH (6(� (66� (66 0D[LPXP

3ULQFLSOH DQG DGDSWLYH G\QDPLFV GR QRW DSSO\�

(YROXWLRQDU\ FKDQJH FDQ VWLOO EH PRGHOHG E\

SHULRGLFDOO\ LQWURGXFLQJ UDUH DOWHUQDWLYH VWUDWHJLHV

LQWR WKH FRPPXQLW\� 7KH FRPPXQLW\ EHFRPHV

LQYDVLRQ VWUXFWXUHG LI WKHVH QRYHO VWUDWHJLHV DUH

GUDZQ IURP WKH VWUDWHJ\ VHW ZLWKRXW UHJDUG WR WKH

UHVLGHQW VWUDWHJLHV� 2U� D NLQG RI DGDSWLYH G\QDPLF

LV LQWURGXFHG ZKHQ QRYHO VWUDWHJLHV DUH LQWURGXFHG

LQWR VRPH VPDOO QHLJKERUKRRG RI UHVLGHQW

VWUDWHJLHV� 5XQ IRU ORQJ HQRXJK� WKHVH SURFHGXUHV

UHYHDO VWUDWHJLHV RU FRDOLWLRQV RI VWUDWHJLHV UHVLVWDQW

WR LQYDVLRQ� &RQYHUJHQFH VWDELOLW\ FDQ EH

GHPRQVWUDWHG E\ VKRZLQJ WKDW SRSXODWLRQV ZLWK

VWUDWHJLHV QHDU EXW QRW DW WKH (66 FDQ EH LQYDGHG

E\ VWUDWHJLHV FORVHU WR WKH VWUDWHJ\ YDOXHV RI WKH

(66�

(YHQ ZLWK QRQ�HTXLOLEULXP RU VWRFKDVWLF

G\QDPLFV LW LV SRVVLEOH WR UHFRYHU DQG XVH DGDSWLYH

ODQGVFDSHV DQG VWUDWHJ\ G\QDPLFV DORQJ WKH

ODQGVFDSH� ,I WKH G\QDPLFV UHVXOW LQ D SHULRGLF

VROXWLRQ� WKHQ D FRPSRXQG G�PDWUL[ FDQ EH

PRGHOHG LQ D PDQQHU DQDORJRXV WR XVLQJ JHRPHWULF

PHDQ ILWQHVV DV D *�IXQFWLRQ LQ VLPSOHU HYROX�

WLRQDU\ JDPHV ZLWK SHULRGLF G\QDPLFV �9LQFHQW

DQG %URZQ� ������ :LWK VWRFKDVWLF G\QDPLFV DQG

OLIH KLVWRU\ HYROXWLRQ �6FKPLGW HW DO�� �����

SURYLGH D OHDG� ,Q D WZR KDELWDW PRGHO ZLWK

PLJUDWLRQ DV WKH HYROXWLRQDU\ VWUDWHJ\� WKH

SRSXODWLRQ G\QDPLFV ZHUH UXQ IRU VXIILFLHQWO\ ORQJ

WR SURGXFH D FRPSOHWH VSHFWUXP RI SRSXODWLRQ VL]HV

IRU VRPH UHVLGHQW VWUDWHJ\� 7KH UHVLGHQW VWUDWHJ\

DQG WKH VHTXHQFH RI SRSXODWLRQ VL]HV FRXOG WKHQ EH

XVHG DV D VWDQGDUG� 7KH DGDSWLYH ODQGVFDSH IRU WKLV

VWDQGDUG FRXOG EH JHQHUDWHG E\ HYDOXDWLQJ WKH

JHRPHWULF PHDQ ILWQHVV RI D IRFDO LQGLYLGXDOÑV

VWUDWHJ\� Y� H[SHULHQFLQJ WKH VWDQGDUG� 7KH

UHVXOWLQJ ODQGVFDSH VKRZV KRZ WKH UHVLGHQW

VWUDWHJ\ FRPSDUHV WR UDUH DOWHUQDWLYH VWUDWHJLHV� ,I

QRW (66� WKHQ WKH QXPEHU RU SRVLWLRQV RI WKH

VWUDWHJLHV FDQ EH FKDQJHG WR UHIOHFW DGDSWLYH

VSHFLDWLRQ RU DGDSWLYH G\QDPLFV DORQJ WKH JUDGLHQW

RI WKH ODQGVFDSH�
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5HIHUHQFHV

$%5$06� 3� $� �����D�� $GDSWLYH G\QDPLFV� 1HLWKHU ) QRU *�

(YROXW� (FRO� 5HV� �����Î����

$%5$06� 3� $� �����E�� 0RGHOOLQJ WKH DGDSWLYH G\QDPLFV RI

WUDLWV LQYROYHG LQ LQWHU� DQG LQWUDVSHFLILF LQWHUDFWLRQV� $Q

DVVHVVPHQW RI WKUHH PHWKRGV� (FRO� /HW� �����Î����

$%5$06� 3� $�� +$5$'$� <� DQG 0$768'$� +� ������� 2Q WKH

UHODWLRQVKLSV EHWZHHQ TXDQWLWDWLYH JHQHWLFV DQG (66�

(YROXWLRQ ������Î����

$%5$06� 3� $�� 0$768'$� +� DQG +$5$'$� <� �������

(YROXWLRQDU\ XQVWDEOH ILWQHVV PD[LPD DQG VWDEOH ILWQHVV

PLQLPD RI FRQWLQXRXV WUDLWV� (YRO� (FRO� �����Î����

%(55,*$1� '� DQG .2(//$� -� &� ������� 7KH HYROXWLRQ RI

UHDFWLRQ QRUPV Î VLPSOH PRGHOV IRU DJH DQG VL]H DW

PDWXULW\� -� (YRO� %LRO� �����Î����

%/$5(5� $� DQG '2(%(/,� 0� ������� +HXULVWLF RSWLPL]DWLRQ

RI WKH JHQHUDO OLIH KLVWRU\ SUREOHP� $ QRYHO DSSURDFK�

(YRO� (FRO� �����Î���

%5200(5� -� (� ������� 7KH HYROXWLRQ RI ILWQHVV LQ OLIH�KLVWRU\

WKHRU\� %LRO� 5HY� &DPEU� 3KLORV� 6RF� ������Î����

%52:1� -� 6� DQG 3$9/29,&� 1� %� ������� (YROXWLRQ LQ KHWH�

KHWHURJHQHRXV HQYLURQPHQWV� (IIHFWV RI PLJUDWLRQ RQ

KDELWDW VSHFLDOL]DWLRQ� (YRO� (FRO� �����Î����

%52:1� -� 6� DQG 9,1&(17� 7� /� ������� $ WKHRU\ IRU WKH

HYROXWLRQDU\ JDPH� 7KHRU� 3RSXO� %LRO� ������Î����

%52:1� -� 6� DQG 9,1&(17� 7� /� ������� 2UJDQL]DWLRQ RI

SUHGDWRU�SUH\ FRPPXQLWLHV DV DQ HYROXWLRQDU\ JDPH�

(YROXWLRQ �������Î�����

&$/6,1$� $� DQG 6$/'$1$� -� ������� *OREDO G\QDPLFV DQG

RSWLPDO OLIH KLVWRU\ RI D VWUXFWXUHG SRSXODWLRQ PRGHO� 6LDP

-� $SSO� 0DWK� �������Î�����

&$6:(//� +� ������� 0DWUL[ 3RSXODWLRQ 0RGHOV� &RQ�

VWUXFWLRQ� $QDO\VLV DQG ,QWHUSUHWDWLRQ� 6LQDXHU� 6XQGHU�

ODQG� 0$�

&2+(1� <�� 9,1&(17� 7� /� DQG %52:1� -� 6� ������� $ *�

IXQFWLRQ DSSURDFK WR ILWQHVV PLQLPD� ILWQHVV PD[LPD�

HYROXWLRQDU\ VWDEOH VWUDWHJLHV DQG DGDSWLYH ODQGVFDSHV�

(YRO� (FRO� 5HV� �����Î����

&2+(1� <�� 9,1&(17� 7� /� DQG %52:1� -� 6� ������� 'RHV WKH

*�IXQFWLRQ GHVHUYH DQ )" (YRO� (FRO� 5HV� �����Î����

'((9(<� (� 6� ������� /LIH WDEOHV IRU QDWXUDO SRSXODWLRQV RI

DQLPDOV� 4� 5HY� %LRO� ������Î����

',(&.0$11� 2�� *<//(1%(5*� 0�� 0(7=� -� $� -� DQG

7+,(0(� +� 5� ������� 2Q WKH IRUPXODWLRQ DQG DQDO\VLV RI

JHQHUDO GHWUPLQLVWLF VWUXFWXUHG SRSXODWLRQ PRGHOV Î ,�

/LQHDU WKHRU\� -� 0DWK� %LRO� ������Î����

',(&.0$11� 8� DQG '2(%(/,� 0� ������� 2Q WKH RULJLQ RI

VSHFLHV E\ V\PSDWULF VSHFLDWLRQ� 1DWXUH �������Î����

',(&.0$11� 8� DQG /$:� 5� ������� 7KH G\QDPLFDO WKHRU\ RI

FRHYROXWLRQ� $ GHULYDWLRQ IURP VWRFKDVWLF HFRORJLFDO

SURFHVVHV� -� 0DWK� %LRO� ������Î����

',(&.0$11� 8�� 0$552:� 3� DQG /$:� 5� ������� (YROXWLRQ�

DU\ F\FOLQJ LQ SUHGDWRU�SUH\ LQWHUDFWLRQV� 3RSXODWLRQV

G\QDPLFV DQG WKH UHG TXHHQ� -� 7KHRU� %LRO� ������Î����

'2(%(/,� 0� DQG .2(//$� -� &� ������� (YROXWLRQ RI VLPSOH

SRSXODWLRQ�G\QDPLFV� 3URF� 5� 6RF� /RQG� % �������Î����

(6+(/� ,� ������� 2Q WKH FKDQJLQJ FRQFHSW RI SRSXODWLRQ VWD�

ELOLW\ DV D UHIOHFWLRQ RI D FKDQJLQJ SUREOHPDWLFV LQ WKH TXDQ�

WLWDWLYH WKHRU\ RI HYROXWLRQ� -� 0DWK� %LRO� ������Î����

)(55,(5(� 5� DQG &/2%(57� -� ������� (YROXWLRQDULO\ VWDEOH

DJH DW �VW UHSURGXFWLRQ LQ D GHQVLW\�GHSHQGHQW PRGHO� -�

0DWK� %LRO� �������Î����

*(5,7=� 6� $� +� ������� &R�HYROXWLRQ RI VHHG VL]H DQG VHHG

SUHGDWLRQ� (YRO� (FRO� ������Î����

*(5,7=� 6� $� +�� .,6',� (�� 0(6=(1$� *� DQG 0(7=� -� $� -�

������� (YROXWLRQDULO\ VLQJXODU VWUDWHJLHV DQG WKH DGDSWLYH

JURZWK DQG EUDQFKLQJ RI WKH HYROXWLRQDU\ WUHH� (YRO� (FRO�

�����Î���

*(5,7=� 6� $� +�� 0(7=� -� $� -�� .,6',� (� DQG 0(6=(1$� *�

������� 7KH G\QDPLFV RI DGDSWDWLRQ DQG HYROXWLRQDU\

EUDQFKLQJ� 3K\V� 5HY� /HW� �������Î�����

*(5,7=� 6� $� +� DQG .,6',� (� ������� $GDSWLYH G\QDPLFV LQ

GLSORLG� VH[XDO SRSXODWLRQV DQG WKH HYROXWLRQ RI UHSUR�

GXFWLYH LVRODWLRQ� 3URF� 5� 6RF� /RQG� % ��������Î�����

*2+� %� 6� ������� 0DQDJHPHQW DQG $QDO\VLV RI %LRORJLFDO

3RSXODWLRQV� (OVHYLHU� 1HZ <RUN�

+$16.,� ,� ������� 0HWDSRSXODWLRQ (FRORJ\� 2[IRUG 8QLYHU�

VLW\ 3UHVV� 2[IRUG� 8�.�

+(,12� 0� DQG .$,7$/$� 9� ������� (YROXWLRQ RI UHVRXUFH

DOORFDWLRQ EHWZHHQ JURZWK DQG UHSURGXFWLRQ LQ DQLPDOV

ZLWK LQGHWHUPLQDWH JURZWK� -� (YRO� %LRO� ������Î����

+(,12� 0�� 0(7=� -� $� -� DQG .$,7$/$� 9� ������� 7KH HQLJ�

PD RI IUHTXHQF\�GHSHQGHQW VHOHFWLRQ� 7UHQGV (FRO� (YROXW�

������Î����

+2/0*5(1� 1� 0� $� DQG *(7=� :� 0� ������� (YROXWLRQ RI

KRVW SODQW VHOHFWLRQ LQ LQVHFWV XQGHU SHUFHSWXDO FRQVWUDLQWV�

$ VLPXODWLRQ VWXG\� (YRO� (FRO� 5HV� ����Î����

+2/7� 5� '� DQG *$,1(6� 0� 6� ������� $QDO\VLV RI DGDSWLRQ

LQ KHWHURJHQHRXV ODQGVFDSHV� ,PSOLFDWLRQ IRU WKH HYROXWLRQ

RI IXQGDPHQWDO QLFKHV� (YRO� (FRO� �����Î����

.$:(&.,� 7� -� ������� $JH DQG VL]H DW PDWXULW\ LQ D SDWFK\

HQYLURQPHQW Î ILWQHVV PD[LPL]DWLRQ YHUVXV HYROXWLRQDU\

VWDELOLW\� 2LNRHV ������Î����

.,6',� (� DQG *(5,7=� 6� $� +� ������� $GDSWLYH G\QDPLFV LQ

DOOHOH VSDFH� (YROXWLRQ RI JHQHWLF SRO\PRUSKLVP E\ VPDOO

PXWDWLRQV LQ D KHWHURJHQHRXV HQYLURQPHQW� (YROXWLRQ

������Î�����

.,6',� (�� 0(6=(1$� *� DQG 3$6=725� /� ������� ,QGLYLGXDO

RSWLPL]DWLRQ� 0HFKDPLVPV VKDSLQJ WKH RSWLPDO UHDFWLRQ

QRUP� (YRO� (FRO� ������Î����

/(9,16� 5� ������� 7KHRU\ RI ILWQHVV LQ D KHWHURJHQHRXV

HQYLURQPHQW� �� 7KH ILWQHVV VHW DQG DGDSWLYH IXQFWLRQ�

$PHU� 1DW� ������Î����

/(9,16� 5� ������� (YROXWLRQ LQ &KDQJLQJ (QYLURQPHQW�

3ULQFHWRQ 8QLYHUVLW\ 3UHVV� 3ULQFHWRQ� 1-�

0$552:� 3�� /$:� 5� DQG &$11,1*6� &� ������� 7KH

FRHYROXWLRQ RI SRSXODWLRQ LQWHUDFWLRQV� (66V DQG UHG TXHHQ

G\QDPLFV� 3URF� 5� 6RF� /RQG� % �������Î����

0$<� 5� 0� ������� 6WDELOLW\ DQG &RPSOH[LW\ LQ 0RGHO

(FRV\VWHPV� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV� 3ULQFHWRQ� 1-�

0$<� 5� 0� ������� 6LPSOH PDWKHPDWLFDO PRGHOV ZLWK YHU\

FRPSOLFDWHG G\QDPLFV� 1DWXUH �������Î����

0$<1$5' 60,7+� -� DQG 35,&(� *� 5� ������� 7KH ORJLF RI

DQLPDO FRQIOLFWV� 1DWXUH ������Î���

0(6=(1$� *�� &=,%8/$� ,� DQG *(5,7=� 6� $� +� �������

$GDSWLYH G\QDPLFV LQ D ��SDWFK HQYLURQPHQW� $ WR\ PRGHO

IRU DOORSDWULF VSHFLDWLRQ� -� %LRO� 6\VW� �����Î����

0(7=� -� $�� *(5,7=� 6� $� +�� 0(6=(1$� *�� -$&2%6� )� -� $�
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DQG 9$1 +((5:$$5'(1� -� 6� ������� $GDSWLYH '\QDPLFV�

D *HRPHWULFDO 6WXG\ RI WKH &RQVHTXHQFHV RI 1HDU )DLWKIXO

5HSURGXFWLRQ� 5R\DO $FDGHP\ RI $UWV DQG 6FLHQFHV� 1RUWK

+ROODQG� $PVWHUGDP�

0(7=� -� $� -� DQG *<//(1%(5*� 0� ������� +RZ VKRXOG ZH

GHILQH ILWQHVV LQ VWUXFWXUHG PHWDSRSXODWLRQ PRGHOV"

,QFOXGLQJ DQ DSSOLFDWLRQ WR WKH FDOFXODWLRQ RI HYROX�

WLRQDULO\ VWDEOH GLVSHUVDO VWUDWHJLHV� 3URF� 5� 6RF� /RQG� %

�������Î����

528*+*$5'(1� -� ������� &RPPXQLW\ FRHYROXWLRQ� $ FRP�

PHQW� (YROXWLRQ �������Î�����

6&+0,7� .� $�� ($51+$5'7� -� 0�� %52:1� -� 6� DQG +2/7� 5�

'� ������� +DELWDW VHOHFWLRQ XQGHU WHPSRUDO KHWHURJHQHLW\�

6LQNLQJ WKH JKRVW RI FRPSHWLWLRQ SDVW� (FRORJ\ �������Î

�����

6&+220%,(� 6� :� DQG *(7=� :� 0� ������� (YROXWLRQDU\

VWDEOH VWUDWHJLHV DQG WUDGH�RIIV LQ JHQHUDOL]HG %HYHUWRQ DQG

+ROW PRGHOV� 7HKUR� 3RSXO� %LRO� ������Î����

6&+5(,%(5� 6� -�� )2;� /� 5� DQG *(7=� :� 0� ������� &R�

HYROXWLRQ RI FRQWUDU\ FKRLFHV LQ KRW�SDUDVLWRLG V\VWHPV�

$PHU� 1DW� �������Î����

6,1(592� %�� 69(16621� (� DQG &20(1'$17� 7� �������

'HQVLW\ F\FOHV DQG DQ RIIVSULQJ TXDQWLW\ DQG TXDOLW\ JDPH

GULYHQ E\ QDWXUDO VHOHFWLRQ� 1DWXUH �������Î����

67($516� 6� &� ������� 7KH (YROXWLRQ RI /LIH +LVWRULHV� 2[�

IRUG 8QLYHUVLW\ 3UHVV� 2[IRUG� 8�.�

67($516� 6� &� ������� /LIH KLVWRU\ HYROXWLRQ� 6XFFHVVHV�

OLPLWDWLRQV� DQG SURVSHFWV� 1DWXUZLVVHQVFKDIWHQ ������Î

����

78/-$385.$5� 6� ������� $Q XQFHUWDLQ OLIH Î GHPRJUDSK\ LQ

UDQGRP�HQYLURQPHQWV� 7KHRU� 3RSXO� %LRO� ������Î����

9,1&(17� 7� /� DQG %52:1� -� 6� ������� 6WDELOLW\ LQ DQ

HYROXWLRQDU\ JDPH� 7KHRU� 3RSXO� %LRO� ������Î����

9,1&(17� 7� /� DQG %52:1� -� 6� ������� (YROXWLRQ XQGHU

QRQHTXLOLEULXP G\QDPLFV�0DWK� 0RGHO� �����Î����

9,1&(17� 7� /� DQG %52:1� -� 6� ������� 7KH HYROXWLRQ RI

(66 WKHRU\� $QQX� 5HY� (FRO� 6\VW� ������Î����

9,1&(17� 7� /� DQG %52:1� -� 6� ������� 7KH HYROXWLRQDU\

UHVSRQVH WR D FKDQJLQJ HQYLURQPHQW� $SSO� 0DWK� &RPS�

������Î����

9,1&(17� 7� /�� &2+(1� <� DQG %52:1� -� 6� �������

(YROXWLRQ YLD VWUDWHJ\ G\QDPLFV� 7KHRU� 3RSXO� %LRO� ���

���Î����

9,1&(17� 7� /�� 9$1� 0� 9� DQG *2+� %� 6� �������

(FRORJLFDO VWDELOLW\� HYROXWLRQDU\ VWDELOLW\ DQG WKH (66

PD[LPXP SULQFLSOH� (YRO� (FRO� ������Î����

:(51(5� (� (� DQG *,//,$0� -� )� ������� 7KH RQWRJHQHWLF

QLFKH DQG VSHFLHV LWHUDWLRQV LQ VL]H�VWUXFWXUHG SRSXODWLRQV�

$QQX� 5HY� (FRO� 6\VW� ������Î����

$33(1',;

Proof of ESE Theorem: *LYHQ u ¤ 8� D ILUVW
RUGHU 7D\ORU VHULHV H[SDQVLRQ RI ��� DERXW x

\LHOGV WKH IROORZLQJ SHUWXUEDWLRQ HTXDWLRQV

( )
( ) [

[

[+
[ δδ *xu,

1∂
∂= ii

i
�

RU HTXLYDOHQWO\

( )
( )

( )
( ) +

∂
∂+

∂
∂= 2*xu,

2
1*xu,

1

[
[

[+
[

[

[+
[ δδδ iiii

i
�

( )
( ) xn

xn

ii [
[

[+ δ*xu,...
∂

∂++

ZKHUH δx L LV WKH SHUWXUEDWLRQ LQ x L IURP WKH

HFRORJLFDO HTXLOLEULXP VROXWLRQ� ,Q WHUPV RI DOO WKH

LQGLYLGXDO W\SHV� WKHVH HTXDWLRQV PD\ EH ZULWWHQ LQ

PDWUL[ QRWDWLRQ DV

















































−−−−

+

[

F

F

Q

Q

Q

�

[

[

[

[

δ

δ

δ

δ

1

�











































+

[

F

F

Q

�Q

Q

�

[

[

[

[

�

�

�

�

�

�

δ

δ

δ

δ ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( )
[X�

Q

QQ

Q

QQ

Q

QQ

�

QQ

Q

QQ

Q

QQ

Q

QQ

�

QQ

Q

QQ

Q

QQ

Q

QQ

�

QQ

Q

��

Q

��

Q

��

�

��

[

[[

F

[[

F

[[[[

[

FF

F

FF

F

FFFF

[

FF

F

FF

F

FFFF

[FF

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+



















































∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

−−−−−−−−−−

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=

+

++

+

++++++

+

+

��

������

��

��

������

��

1

11

1

111111

1

1



(66 )25 08/7,67$*( 6<67(06 ��

(DFK WHUP LQ WKH PDWUL[ LV LWVHOI D PDWUL[� 7KHVH

PDWULFHV� LQ WXUQ� GLYLGH XS LQWR IRXU EORFNV DF�

FRUGLQJ WR QF� &RQVLGHU QRZ DFWXDOO\ HYDOXDWLQJ WKH

O

RZHU WZR EORFNV� $Q\ WHUP RQ WKH GLDJRQDO RI WKH

ORZHU ULJKW KDQG EORFN LV RI WKH IRUP

( )
( ) ( )

( ) ( ) 



































∂
∂

++
∂
∂







∂

∂
++

∂
∂











∂

∂
++

∂
∂







∂

∂
++

∂
∂

=
∂

∂

++++

V

V

V

V

V

V

V

V

V

V

V

V

Q�

-Q

Q�

-�
�

��

-Q

��

-�
�

Q�

��Q�O

Q�

����O

�

��

��Q�O

��

����O

�

x

H
x

x

H
x

x

H
x

x

H
x

x

H
x

x

H
x

x

H
x

x

H
x

iniini

iniini

i

ii

......

......

�

���

�

[

[+

ZKHUH L  �QF�1�Ù�Q[� M  �1�Ù�Q[�� L ≠ M� (YDOXDWLQJ WKH ORZHU WZR EORFNV XVLQJ ��� UHVXOWV LQ

ZKHUH L  �QF���Ù�Q[� DQG DOO RWKHU WHUPV LQ WKH ORZHU WZR EORFNV DUH RI WKH IRUP

( )
( ) ( )

( ) ( ) 




































∂
∂

++
∂
∂







∂

∂
++

∂
∂












∂
∂

++
∂

∂






∂

∂
++

∂
∂

=
∂

∂

++++

V

V

V

V

V

V

V

V

V

V

V

V

Q�

-Q

Q�

-�
�

��

-Q

��

-�
�

Q�

��Q�O

Q�

����O

�

��

��Q�O

��

����O

�

x

H
x

x

H
x

x

H
x

x

H
x

x

H
x

x

H
x

x

H
x

x

H
x

iniini

iniini

j

ii

......

......

�

���

�

[

[+

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )
FX�

Q

QQ

Q

QQ

Q

QQQQ

Q

��

�Q

��

Q

����

F

F

[

FF

F

FF

F

FFFF

[FF

+���

�+��

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+

[

[+













































∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=

+

+

+

n

n

��

������

��

��

������

��

1

11

1











































−−−

+

Q[

Q

Q

�

F

F

[

[

[

[

�

�

�

�

�

�

δ

δ

δ

δ

1











































−−−

+

[

F

F

Q

Q

Q

�

[

[

[

[

δ

δ

δ

δ

�

�

1



7� /� 9,1&(17 DQG -� 6� %52:1���

,I x
 LV DQ (6( WKHQ E\ GHILQLWLRQ� LQ WKH OLPLW� DV W

→ ∞� x�W� PXVW DV\PSWRWLFDOO\ DSSURDFK x
� 7KLV
PHDQV WKDW WKH HLJHQYDOXHV RI WKH PDWUL[ LQ ����

PXVW KDYH QRQ�SRVLWLYH UHDO SDUWV �QRWH WKDW ]HUR

HLJHQYDOXHV DUH DOORZHG VLQFH KLJKHU RUGHU WHUPV LQ

WKH H[SDQVLRQ FDQ SURYLGH IRU VWDELOLW\�� 6LQFH WKH

PDWUL[ LQ ���� LV LQ EORFN XSSHU WULDQJXODU IRUP�

WKLV FRQGLWLRQ RQ WKH HLJHQYDOXHV LPSOLHV WKDW WKH

PDWULFHV LQ ��� DQG ��� PXVW KDYH QRQ�SRVLWLYH

HLJHQYDOXHV� )XUWKHUPRUH LI ��� DQG ��� KDYH

HLJHQYDOXHV ZLWK QHJDWLYH UHDO SDUWV� WKHQ x
 ZLOO

EH ORFDOO\ DV\PSWRWLFDOO\ VWDEOH� ,I WKH V\VWHP LV

DV\PSWRWLFDOO\ VWDEOH� WKHQ LW ZLOO DOVR EH

HFRORJLFDOO\ VWDEOH VLQFH DQ\ VROXWLRQ WR ��� ZKLFK

VWDUWV LQ O ∩ %� ZLOO UHPDLQ LQ O IRU DOO IXWXUH

WLPH �*RK� ������


