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The Kirkwood-Buff solution theory of statistical mechanics is examined in the light of the
conformal solution approximation of the mixture radial distribution functions. By joining the
mixture compressibility equation of the Kirkwood-Buff solution theory with the mixture
energy and virial equations of statistical mechanics, a set of density and temperature dependent
mixing rules has been developed which are used here to calculate properties of molecular fluids
with varying size and interaction energy differences. It is demonstrated that the conformality
approximation in the compressibility equation produces mixture results with a deviation, from
the exact mixture data, on the opposite side of the predictions of the van der Waals theory of
mixtures. The Kirkwood-Buff relation for the composition derivative of the chemical potential

is also integrated by combining it with the conformal solution approximation and compared

with the simulation data.

I. INTRODUCTION

One of the interesting problems in statistical mechanics
is the prediction of mixture properties from those of the com-
ponents forming the mixture. There are a number of ways to
achieve this goal. The conformal solution theory'= seems to
offer a practical and accurate approach. In the conformal
solution theory it is assumed that there exists a hypothetical
pure fluid that has the same properties as those of the mix-
ture at the same density and temperature. This hypothetical
fluid is described by the same equation of state as the pure
fluids which forms the mixture. The parameters of the hypo-
thetical fluid are related to the parameters of the pure fluids,
composition, and possibly temperature and density by what
are usually called the mixing rules. Many mixing rules have
been suggested.*° Some are based on empirical grounds, and
others are derived by making some assumptions about the
mixture radial distribution functions. The latter approach
will be used here to derive the mixing rules.

The Kirkwood-Buff solution theory’ has been studied
extensively for the case of infinitely dilute solutions.®° For
solutions with finite compositions this theory was employed
to derive perturbation expressions with respect to composi-
tion.!%!! However, for effective utilization of this perturba-
tion expansion detailed information about the pair, triplet,
and higher order distribution functions is necessary. By join-
ing the concepts of the conformal solution theory and the
Kirkwood-Buff solution theory it is possible to derive mix-
ing rules* which can be then used for mixture property calcu-
lations. In the present report two sets of calculations using
these mixing rules are performed. In the first set an equimo-
lar mixture of hard spheres is studied. The deviations of the
Helmholtz free energy, the compressibility factor, and the
isothermal compressibility from the exact hard-sphere mix-
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ture properties are calculated as a function of reduced den-
sity at three different molecular size ratios. In the second set
the mixing rules are used to derive the Henry’s constant for a
binary mixture of Lennard-Jones fluids. The Henry’s con-
stant is calculated for the same enegies of interaction €; but
at different size ratios, and for the same molecular sizes o,
but at different energies of interaction. The calculations are
compared with the results of the van der Waals mixing rules

and the computer simulation data.'?

Il. THEORY

Total thermodynamic properties of fluids are related to
the radial distribution function by the energy, virial, and
compressibility equations of statistical mechanics. The sta-
tistical mechanical equation for the internal energy of pure
fluids is"

U—-U°=1/2Np J-w u(r)g(r)4mr? dr. ()
0

For mixtures the above equation takes the form'?

U-U°=120p 3 S

i=1j=

X, X f u; (r)g,; (rYamr* dr,
1 0

(2)
where U is the internal energy of the system, U ° is the ideal
gas internal energy at the same temperature and composi-
tion as the mixture, N is the total number of molecules, p is
the molecular number density, x; is the bulk mole fraction of
component /, ¢ is the number of components in the mixture,
u; is the pair intermolecular potential energy function for
molecules of type / and j, and g is the radial distribution
function of molecules of type j around a central molecule of
type i.

The statistical mechanical virial equation for pure fluids

islB

Z=1— (p/6kT) Jw ru' (r)g(r)dwr dr 3)
0
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while for mixtures it becomes!?

Z=1—(p/6kD) 3 3 x,

i=1j=1

x; L ruj(r)gy (r)4mr’ dr,

(4)

where Z is the compressibility factor PV /NkT, k is the
Boltzmann constant, T is the absolute temperature, and %' is
the derivative of # with respect to the intermolecular dis-
tance r. Note that the assumption of pairwise additivity of
the potential energy function is necessary in deriving all the
above equations. This is not the case with the compressibility
equation, which is independent of this assumption. The sta-
tistical mechanical compressibility equatlon for pure fluids
lslS

pkTkr =1+p Jw lg(r) — 1147 dr, (5
0

where « is the isothermal compressibility o~ '(dp/dp) ;-
The compressibility equation for mixtures was derived in
1951 by Kirkwood and Buff.” It is given by
|B |

pIZx,%;|B |,
where | B |; symbolizes the cofactor of the element B, in the
¢Xc¢ determinant |B |. The elements B, are given by

B; = px;[6; +px,G; ], )

where §; is the Kronecker delta and G, is defined with re-
spect to the radial distribution function g; as

pkTky = (6)

GU:J; [84(r) — 1]4a7* dr. (8)

To derive mixing rules* we equate the internal energy (or the
compressibility factor) of the mixture given by Eq. (2), to
that of the hypothetical pure fluid given by Eq. (1), and we
scale the resulting equation using the respective size param-
eters to get*’

_OL€, Jw b, (r/0,)8, (r/a,)4m(r/0, ) d(r/0,)
0

=2 > Oﬁ-qu,-xjf &y (r/dy)

i=1j=1

X g, (r/oy)4m(r/o;)d(r/0y), 9
where the subscript x refers to the hypothetical fluid, and
¢ = u/e. On the other hand, equating the virial equations,
Egs. (3) and (4), yields

oLE, Jw @.(r/0, )8, (r/a,)amw(r/0,)d(r/0,)
(¢]

=i a”exxj ¢; (/o

l—l]——l

X gy (r/oy)am(r/o;)’d(r/oy) (10)

To derive the first mixing rule we assume conformal poten-
tials, i.e.,

u; = (€;/€00)Uoo(roy;/00), (11)
where the subscript 00 indicates a reference fluid. This as-

sumption implies that all the potential functions of the mole-
cules in the mixture have the same functional form. In addi-

tion to assuming conformal potentials, we use the conformal
solution approximation for the radial distribution functions
8- According to this approximation the scaled radial distri-
bution functions in a mixture are all identical,*® i.e.,

811 (r/0y;) =8 (r/0y) =+ =g, (r/o,). (12)

The above two assumptions will make all the integrals in Eq.
(9) equal, and hence, they will cancel from both sides. The
final equation is then

[ [
o€, = '21 .21 T EXX;.
i=1j=
In this work it is assumed that the molecular interaction
potential function has two parameters, € and o. Equation
(13) gives one relation between the parameters of the hypo-
thetical fluid and the parameters of the real pure fluids. To
find both o, and €, we need a second relation. It can be
obtained by using the conformal solution approximation for
g; in Eq. (8), which can be written in the form

(13)

G; = ,-,-J; [g;(r*) — 114ar** dr*, (14)

where r* = r/0;. Let us also scale 7 in Eq. (5):

pkTir, =14 pos Jw [g(r/o,) — 1]4n(r/0,)?dr/0,.
0
(15)

According to the conformal solution approximation the two
integrals in Egs. (14) and (15) are now equal. This leads to
the relation

G, =4, (0,/0,)°/p, (16)
where A, = pkTk,, — 1. The second mixing rule is then

18]

" (17)
pEIx;x;|B |;

kaKTx =

where the elements of the determinant |B | are now given by
By =px,[6; + x;,A,(0;/0,)°]. (18)
Equation (17) is an implicit relation between o, and oy

‘which is dependent on temperature and density. Equations

(13) and (17) form the necessary set of mixing rules to re-
late g, and €, to the properties of the real system. Note that
Eq. (13) has the same form as the first or attractive van der
Waals mixing rule.>¢ However Eq. (17), which is tempera-
ture and density dependent, is qualitatively different from
the second (volume) mixing rule of van der Waals. The sec-
ond mixing rule of van der Waals will be derived later by
applying the conformal solution approximation to the virial
equation for the special case of a mixture of hard spheres.

It is important to realize that since the mixing rule
reported as Eq. (17) is temperature and density dependent
and it is derived from the compressibility equation it should
only be used to calculate the mixture isothermal compress-
ibility ;. Any other thermodynamic property can then be
calculated from the corresponding thermodynamic relation
between that property and x,. Note that such limitations
will not exist for mixing rules which are independent of den-
sity and temperature. Next, let us write Eq. (17) in detail for
a two component mixture.*
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For binary mixtures the determinant |B | in Eq. (17)
takes the form

x, %A, (05/0,)

X, + X34, (0,/0,)°

x, +x1A, (0,,/0,)°
|1B|=p 3
x %A, (01,/0,)

=pxx,[1+x,A, (0,/0, )+ x4, (0/0,)°

+ x,%,83{(011/0,)°(0,,/0,) — (01,/0, )6}] :
(19)

Substituting Eq. (17) into Eq. (19) and solving for o we
get*

0'3: = 1/2{03dw —Cx x4,
+ [(024 — Cxx,0, )% + 4dx,x,A, ]V2}, 20)

where 07, is the van der Waals mixing rule for a binary
hard-sphere mixture

ojclw = x¥0311 + 27‘1-’520'}2 +X§0§2

Vi

(21
and the coefficients 4 and C are defined by
A=0},03 — 0%, C=o0}, — 201, + 0.

Equations (13) and (20) constitute the mixing rules for bi-
nary mixtures.* Next these equations will be used to calcu-
late some properties of hard-sphere and Lennard-Jones mix-
tures.

IIl. CALCULATIONS AND RESULTS
A. Mixture of hard spheres

For a hard-sphere fluid mixture, Eq. (9), which is a
result of the energy equations, will vanish. On the other
hand, Eq. (10), which is a result of the virial equations, will
reduce to the van der Waals mixing rule for o as given by Eq.
(21). Thus, we have two mixing rules for o; one is derived
from the virial equation and the other is derived from the
compressibility equation. For comparison both of these mix-
ing rules will be used to calculate mixture properties. In such
calculations one needs also a pure fluid equation of state
which can be joined with the mixing rules. For a pure fluid of
hard spheres the the Carnahan—Starling equation of state
will be used'*:

p/kTp=(1+y+y* =)/ (1 —y)’, (22)
where y = mpo°/6. The quantities (dp/dp) and hence A

appearing in Eq. (20) can be derived from the above equa-
tion:

(gﬁ_) =kT(1+ 4y + 4" —4° + )/ (1 —p)*,
T
(23)

A=(-+2)/(1+4+4° -4 +)"). (24)
For a binary mixture, o, at a given p, T, and x; can be calcu-
lated by solving Egs. (20) and (24) simultaneously. The
isothermal compressibility x,- of the mixture, can be calcu-
lated directly from Eq. (23) after obtaining o,. However,
the compressibility factor Z, and the Helmholtz free energy
A, of the mixture have to be calculated from the following
thermodynamic relations:

Z=p/kTp=1+1/(kTp)fp[[%p—] ——kT]dp,
(4] p o =0y
(25)
0
A—A4° =f (p — kTp)dp/p?, (26)
0

where 4 ° is the ideal gas Helmholtz free energy. Equations
(25) and (26) can be integrated numerically to obtain A and
Z. The percentage deviations of 4, Z, and «, as calculated
from the above equations, from those predicted by the exact
hard-sphere mixture equation of state,'® are plotted vs the
mixture reduced density in Figs. 1-3 for equimolar binary
hard-sphere mixtures. The equimolar mixture reduced den-
sity £ is defined® as

E=ap(03, +03,)/12. 27

The above calculation was performed for three different size
ratios of o,,/0; = 2,4,6. It is clear from Figs. 1-3 that as the
size ratio increases the deviations from the exact mixture
results increase. This reflects the approximate nature of the
mixing rules. For comparison the above calculations were
repeated using the van der Waals mixing rule as given by Eq.
(21). These results are also plotted in Figs. 1-3. From these
figures one can see that the deviations based on the van der
Waals mixing rule are always in the opposite direction of the
deviations based on the mixing rule resulting from the Kirk-
wood-Buff solution theory. The reason for the opposite de-
viations resulting from the two mixing rules lies in the fact
that at the same density the van der Waals mixing rule pre-
dicts a lower value for ¢, than the Kirkwood-Buff mixing

20.0 40.0 60.0 80.0 100.0

0.0

% deviation of the isothermal compressibility

-80.0 -60.0 -40.0 -20.0

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
reduced density

FIG. 1. The percentage deviation of the isothermal compressibility of three
hard-sphere mixtures, as predicted by the van der Waals mixing rule and by
Eq. (20), from the prediction of the hard-sphere mixture equation of state.
The curves represent the following: — 0,/0,, = 2; - - - 05/0); = 4; ———
/01 = 6.
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FIG. 2. The percentage deviation of the compressibility factor of three hard-
sphere mixtures, as predicted by the van der Waals mixing rule and by Eq.
(20), from the prediction of the hard-sphere mixture equation of state. The
curves have the same interpretation as in Fig. 1.

rule, and the exact value of o, lies somewhere in between the
two. The thermodynamic stability condition [dp/dp] >0
implies that pressure is a monotonic increasing function of
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FIG. 3. The percentage deviation of the Helmholtz free energy of three
hard-sphere mixtures, as predicted by the van der Waals mixing rule and by
Eq. (20), from the prediciton of the hard-sphere mixture equation of state.
The curves have the same interpretation as in Fig. 1.

the reduced density po? . Therefore, one may conclude that
at higher value of o, the pressure will be higher. Similar
conclusions can be attained for the Helmholtz free energy
and the isothermal compressibility.

It is possible to show analytically that the value of o,
calculated from Eq. (20) is larger than that calculated from
the van der Waals mixing rule. From Eq. (15) it is obvious
thatsince f[g — 1]7** dr<Othen A, <0. Also since C>0 this
implies that o> [Eq. (20)] »0%4, — Cxx,A, when A <0
or, since A, is negative, o> [Eq. (20)] »03,,- The latter
inequality also holds when 4 > 0, but small compared to C,
and since it can be shown that C — 40 then we conclude
that o2 [Eq. (20)] is always greater than or equal to 7,4, .

The above observation suggest that if one uses an aver-
age of the two mixing rules then the result will be better than
either one. For its simplicity the arithmetic average will be
used. The resulting mixing rule is then

03 = 3/40%, — 1/4{Cxx,A,

+ [(Ohgw — Cxyx,8, )% + 44x,x,A, 1V} (28)
The Helmbholtz free energy, the compressibility factor, and
the isothermal compressibility can be calculated using the
procedure discussed above. The results for the average mix-
ing rule are shown in Figs. 1--3. It is clear that Eq. (28) gives

a better prediction than either Eq. (20) or the van der Waals
mixing rule.

B.Henry’s constant for mixture of Lennard-Jones fluids

Henry’s constant can be calculated from Egs. (13) and
(20) and the van der Waals mixing rules for a mixture of
Lennard-Jones (LJ) fluids. For the pure LJ fluid the equa-
tion of state proposed by Nicolas et al.'® will be used. To
derive the Henry’s constant we use the following relation*:

In(H,/pkT) = p/kT, (29)

where H, is the Henry’s constant for component i and u7 is
the residual chemical potential of component / in the mix-
ture at infinite dilution. The chemical potential can be calcu-
lated from the relation

v
pi /KT = L [%(N/kT) _ p]dp/pz.

To use Egs. (13) and (20) one has to write Eq. (30) in terms
of the derivative dp/dp, i.e.,

(30)

P P
kT = [(N/kT)a [ P geo,
(i} ap

0

€=¢, )dp}/(?Ni —p]dp/pz, (31)

L I - do
/KT = (N /k JU[ = 9p ( x
a WAD |1 \av a0 T\Pa,

dp* 3%p* Oe, ]
+oprN 2B s dp +p/N
TbIN |5 39T+ an, |* T°

*
xe, P _ p]dp/p2. (32)

dp
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To derive the expression for the Henry’s law constant from g
the above equation one needs do?./dN, and Je, /IN,. For
binary mixtures, in the limit as x, -0, do> /N, and Je,. /N, Ste
will be in the following forms: e
90 Tf \
N - 20;;2 — 20;2 + AAZZ/O—;Z - CA22, (33)
ON, lxi-o o
=X 4
de, 3 °
N = 2€13(012/02,)° — 262, — (€2,/03;) Bl
ON, Jx1-0 <!
=
do? Ze|
X N—=. 34) ¥
aN, ( 5
In addition to the above conditions one has '
lim €, =€,, and lim o, =o0,, gl ‘
X, -0 X,—0 o
Using the above relations in Eq. (32) and after a long, but =r
straightforward, manipulation one obtains e
/’Llu;‘/kT =:u2r/kT T 0.00 0.I25 O.I.’)O 0f75 1.100 1.125 1.150 1.175 2.00
f
+2h(f— Duy /kT+2(h — 1)(Z, - 1)

+(h—1){Z,— 1 —u, /kT—F(T,p)},
(35)
where u,,, t,,, and Z, are the residual chemical potential,

the residual internal energy, and the compressibility factor

of pure component 2 at the same temperature and density of
the mixture, and

S=€/€x, (36)
hE(012/022)3 (37)
4 P azp azp )
F(T,p) = — + T —
&P J;[L(pﬂp2+ aTap/
(a—P) dp — p]dp/pz. (38)
dp

For the van der Waals mixing rules the expression for the
residual chemical potential is given by

un/kT

= o, /KT + 2h( f— Vu,, /kT + 2(h — 1)(Z, — 1).

(39)
Note that the difference between this expression and the
expression from Eqs. (13) and (20) is the quadratic term in
h which is missing from Eq. (39). In Figs. 4 and 5, Egs. (35)
and (39) are compared to the simulation data'® for different
values of f and h when po3, = 0.7 and kT /€,, = 1.2. At
these conditions Eqs. (35) and (39) become

pe/kT = — 1,986 — 7.946h( f— 1)

—0.485(h — 1) + 12.03(A — 1)?, (40)

pn/kT= —1.986 — 7.946h( f— 1) — 0.485(h — 1).
(41)
Figure 4 shows the simulation data and Egs. (40) and (41)

for A = 1, i.e., for mixture of molecules with the same size,
but different energies of interaction. In this case, Egs. (13)

FIG. 4. Variation of u5; with f'= €,,/€,,. The points represents the simula-
tion data (Ref. 12) and the curves represent the following: — the van der

Waals mixing rules, Eqgs. (13) and (20), and the average mixing rules; - - -
Eq. (49).

and (20) and the van der Waals mixing rules predict the
same curve for 7, which turns out to be a straight line. The
agreement is generally good except for the small region near
Jf= 0. Figure 5 shows the results for f = 1, i.e., the energies of

3.0

7T
H
i
i

2.0
T

0
s

£\ i i
} \ ‘I‘ :"/
e . \ K
B /

-3.0

0.00 0.25 0.50 0.75

h

1.00

FIG. 5. Variation of {2 with 2 = (0,,/0,,)>. The points represent the sim-
ulation data (Ref. 12) and the curves represent the following: — the van der
Waals mixing rules; - - - Egs. (13) and (20); --—-—the average mixing rules;
.-+ Eq. (49) with van der Waals mixing rule for o, ; —---— Eq. (49) with o,
from Eq. (20); - — Eq. (52).
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interaction are the same for the two fluids, but the molecules
have different sizes. In this case the agreement is only good
in the region near 2 = 1. While the van der Waals mixing
rules predict a linear behavior, Egs. (13) and (20) predict
the correct qualitative behavior of the simulation data. The
curved shape is due to the quadratic term which is missing
from the van der Waals expression. This term can be thought
of as a correction to the van der Waals expression. However,
this correction is too large, and hence making the prediction
to go to the opposite side of the simulation data.

As observed in the case of hard-sphere mixture the de-
viations of the two mixing rules are on opposite sides. The
average mixing rule, Eq. (28), gives the following expression
for pi2:

B /KT =po /KT + 28( f— 1.25)u,, /kT
+2(1.25A - 1)(Z,— 1)+ (h—1){Z, -1
—u,,/kT — F(T, p)}. (42)

This expression gives a better prediction far from 4 = 1, but
it does not predict the correct behavior around 2 = 1 (ideal
mixture). The reason for this can be seen from the derivative
of o with respect to N, for the average mixing rule. This
derivative is given by

o’
N[ - ] =5/203,
ON,Jx-0

This expression predicts a nonzero value of the derivative at
equal sizes (0, = 0,,). This causes the incorrect behavior
near 4 = 1. However, since the ideal mixtures behavior is
known (u3/kT =u,,/kT), one can substract the addi-
tional terms which show up in Eq. (42) when we put
h=f=1 (the extra terms are 1/2 [Z —1 —u,,/kT]).
The resulting expression is then

u2/kT = g0, /kT + 2[R( f— 1.25) + 0.25]u,, /kT
+25(h—1)(Z,— 1)

+ (h—1){Z, — 1 —u, /KT — F(T, p)}.
(44)

This equation is plotted in Figs. 4 and 5. It is clear that it is
better than Eq. (35) for 4 #1, but still there is a need for
improvement at small and large values of 4.

Henry’s constant can also be calculated directly (with-
out going through mixing rules) from the Kirkwood-Buff
solution theory. The derivative of the chemical potential of
component one with respect to composition is given by

B (%) =1/x, — {x,p(Gy, + G — 2Gy,)}/
T.p

Ix,

{1+ xx,0(Gy, + G, —2G1n) }, (45)

where = 1/kT. For an ideal gas mixture component

*
P (a,ul ) = 1/%,
0x, /1p

(46)

From Eqs. (45) and (46) one obtains the relation for the
residual chemical potential

Oy,
»B(i‘) = —{x,p(Gy, + G, — 2G,)}V/
axl T.p

{1 +xx,p(Gy, + G, — 2G )}, (47)

Integrating Eq. (47) at constant 7 and p from x; =0 to
x; = 1 one obtains

1
Buip = But™ + f {x,p(Gyy + Gy — 2610}/
0

{14+ xx,p(G1; + G2 — 2G ) Jax,. (48)

The conformal solution approximation for the radial distri-
bution function, Eq. (12), can be used to integrate the above
equation. Substituting Eq. (16) in Eq. (48) one gets

1
Bug = Bub + Cf x,A. /(02 + Cxx,A, )dx,. (49)
0

In the case of equal molecular sizes C = 0, but if the molecu-
lar sizes are different, then the integral has to be evaluated
numerically by using an appropriate equation of state to cal-
culate A,. The term o3 can be calculated from either Eq.
(20) or Eq. (21), which gives almost the same result as
shown in Fig. 5. The curves were terminated at 4 = 0.4097
which corresponds to the saturation condition at 7* = 1.2.
Beyond this point the Nicolas et al. equation of state'® pre-
dicts a vapor phase.

Equation (49) predicts the correct qualitative depen-
dence of 4> on f as seen in Fig. 5. On the other hand, it
predicts almost a linear dependence of 252 on A which is not
what the simulation shows. In all cases the prediction
around /4 = f= 1 is accurate, which is expected because of
the ideal behavior of the mixture at these values of fand 4.

Another route to the chemical potential from the Kirk-
wood-Buff theory is to express the derivative dp/dN; in Eq.
(30) in terms of the partial molar volume as follows:

(3)...= &), (&)= ()
IN; )y Vit \ IV /1t Nov/

(50)

where V; is the partial molar volume of component i. The
Kirkwood—Buff solution theory gives the expressions for the
compressibility and the partial molar volume. After substi-
tuting these expressions in Eq. (50) and taking the limit as x,
approaches zero one obtains the following expression for the
chemical potential at infinite dilution:

0
pi=-[ 6a/0+p65)dp (51)
(]
where the superscript o means infinite dilution. Substitut-
ing the conformal solution approximation expression for G;;
[Eq. (16)], in Eq. (51) one gets the chemical potential for
molecules with the same energies of interaction:

iy = (012/02) iz, - (52)
Equation (52) is plotted in Fig. 5. The different expressions
for the chemical potential results from making the confor-
mal solution approximation in different exact equations.
Apparently each of the above expressions gives a better re-
sult in a certain range of 4 and f.
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