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ABSTRACT

Mansoori, G.A., 1980. Molecular basis of activity coefficient (Isobaric-isothermal
ensemble approach). Fluid Phase Equilibria, 4: 61—69.

Through the application of isobaric-isothermal (NPT) ensemble theory, molecular rela-
tions for thermodynamic properties of mixtures are derived with pressure and tempera-
ture as the independent variables. Use of the NPT-ensemble approach has made it possible
to derive exact molecular thermodynamic relations for activity coefficients of mixtures in
the form of the Redlich—Kister power series. It has also become possible to examine the
fundamental implications of some of the approximation correlations for the activity
coefficient.

INTRODUCTION

In fluid phase equilibria the chemical potential y; of a component in liquid
solution is defined with respect to the activity coefficient -y; of that compo-
nent through (Prausnitz, 1969; Prigogine and Defay, 1954)

wi(P, T, x;’s) = pf + RT In[x;vi(P, T, x,’5)] (1)

In this equation p? is commonly called the standard state chemical potential
of i which may be chosen equal to the chemical potential of i in the pure
state at the temperature and pressure of the solution

u =g(P, T) (2)

where g; is the molar Gibbs free energy of pure component i.

It has been the general practice to use the canonical or the grand canonical
theories of statistical thermodynamics to express the chemical potential and
activity coefficient with respect to the molecular properties of matter (Prigo-
gine and Defay, 1954; Hill, 1956; Wojtowicz et al., 1957). However, the
major problem in application of canonical and grand canonical theories is
that the resulting thermodynamic functions are dependent on volume and
temperature rather than pressure and temperature which are preferable in
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fluid phase equilibria calculations. To derive molecular thermodynamic rela-
tions for activity coefficients or chemical potentials which are dependent on
P and T, one should use the isobaric-isothermal ensemble theory of statistical
thermodynamics.

In the discussion presented here, the use of the isobaric-isothermal parti-
tion function allows the derivation of a molecular thermodynamic relation
for the activity coefficient. The resulting relation has made possible the
molecular interpretation of a number of correlations for the activity coeffi-
cient.

ISOBARIC-ISOTHERMAL (NPT) ENSEMBLE THEORY

According to statistical thermodynamics, for an assembly of N particles of
different kinds at a temperature 7' and pressure P in equilibrium at the classi-
cal limit the partition function A is (Hill, 1956)

c

1 -
AW, P, T) =11 (—;w.) d(—i*)e*”"”"" N ... [T g, . dry
i=1 \IN;P AP (‘)f v {,f ‘;f (3)

In this equation ¢ is the total intermolecular potential energy function of the
assembly of particles, A; = h/[(2mm;kT)* 2], V* is a reference volume, N; is
the number of particles of species i and c¢ is the total number of species (or
components) of the system. The total Gibbs free energy of the assembly can
then be defined with respect to A by

GP, T)=—RkRTIn AN, P, T) (4)

with the use of eqns. (8) and (4) other thermodynamic properties, such as
volume, enthalpy and internal energy, can be expressed with respect to
pressure, temperature and intermolecular interactions as

V(P, T) = (3G /0P)yn = —RT(d In AfoP)yy = (V) (5)

H(P, T) = —T? (9%’5)) = kT2 (QE—A) = HIS(T) + PXV) + (¢ (6)
PN P,N

AU =UP, T) — U= (T) = () (7

In the above relations, the angled brackets stand for the expectation value of
the function inside the bracket over the NPT-ensemble, i.e.

()= (1/A;) f e PVNT qv [N ... [e T gdry .. dry (8)
[0 v v

where A, stands for the configurational partition function

A, = f e PVt gy [N ... [ e ®*T dry .. dry (9)
o v v
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Similarly, the following molecular thermodynamic relations can be derived
for isothermal compressibility k, isobaric compressibility § and heat capacity
at constant pressure Cp

k= (1/V)@V/aP)r = (1/VRT)w?) — 2] (10)
B= (1/V)N3V/3T)e = (P/T)k + (1/VRT)[we) — )] (11)
AC, = C, — Ci® = RZ(2TB — Px) + (1/RT? )(1¢*) — ($)?) (12)

where Z = PV/NET, R = N,k and N, is Avogadro’s number.

When the total number of particles in the system equals Avogadro’s num-
ber N, , the molar Gibbs free energy g can be defined with respect to A in
the following form

g(P, T, x’s)=—hTIn A(N,, P, T); Ns=2J N, (13)
i=1

Having the molar Gibbs free energy of the solution, the chemical potential of
any component i can be derived through

=g+ '_xi)(ag/axi)P,T,xj/xk; i+j+k (14)

In the present discussion we will only consider binary solutions. As a result,
for the chemical potential of component one, we will have

uiP, T, x1) = g +x2(38/0x1)p,7 = —RT{In A —x5(3 In A/3x1)p,7} 15)

From the definition of activity coefficient given by eqn. (1), and using eqn.
(15) the following relation for activity coefficient of component one can be
derived

Iny, (P, T, x1) = “‘(1/NA){ln(Ac/Acl) +x5(3In A, /0xy o7} (16)

where A.; is the molar configurational integral of pure component one
AP, T,Np)= [ & PVNETqy [ Na o [e7015TGr, . dry, amn
0 v v

and ¢, is the total potential energy function of pure component one.
Using a Taylor series expansion we can write

3

N R UL (18)
3%y /ppxg=0 n=2 B!\ 3X3 Jp 1 . .o0
Similarly,
(a In Ac) } (alnAc) xj j)_i"_(aln Ac) a9
axy /p g 8X1 /p o xg=0 m=1 m! x5 \ 3x1 /p 1 y-0

By replacing eqns. (18) and (19) in egn. (16) the following power series for
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activity coefficient results

1 z;‘” (n—1) (a"lnA )
ln _— (O N — ~ e 20
71(Pa Ta xl) N X3 ax’g‘ P.T.x5=0 ( )

A n=2 n!

Equation (20) is equivalent to the Redlich—Kister correlation for the activity
coefficient

Iny, =a{Px3 +afPx3 + ... 21
with
1 n (a"*l In A )

Ay = = c 29
TNy (DN 0x3 T ppae (22)
Using the Gibbs—Duhem equation for activity coefficients
xydlny; +x5dlny, =0 (23)
it can be shown that
> i{xg(é_"fﬁﬁe) e (P2 n A -0 24)
n=o n! CE P,T,x2=0 dx}*® P,T,x1=0

In order to calculate the coefficients ¢!’ presented in eqn. (22) the configura-

tional integral A. for the liquid solution must be known. Using the conformal
solution theory of mixtures, analytical relations for the first few terms in the
expansion of eqn. (20) can be derived with respect to the thermodynamic
properties of component one.

According to the conformal solution theory, when the total potential
energy function of the mixture is assumed to be pairwise-additive it becomes

N
¢(ry;) = €Y(r;/0) =€ E> El f(ri;13) (25)

where € and ¢ are called the conformal solution (or pseudo-potential) param-
eters of the mixture such that

€ = €(€;, 0y, X;'S)
{6 = 0(€y;, 045, x;’8)
Using eqns. (24) and (25), A, can be written as
A (P, T, Np) = NAGNA*3A(IT, 6,N4) (26)

where

AN(ILO,Na) = [ dX e ™ [ N,.. fe o dX, ... dXn (27)
1] X p. ¢
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with X = V/N, 03,11 = PG%/kT, 6 = €/kT and dX; = dr;/0°.
Substituting eqn. (26) into eqn. (20) produces

2 n—1 d" In o3 1 /3" In A”
ny, =2 . {( ) - = (——~) } (28)
N n=2 n! 2 dx; x3=0 NA 3x2 P, T,x9=0

From eqns. (27) and (28) it can be shown that the first two terms of expan-
sion (21) will be

1(d21n63) 1

(1) = = =

T\ axg ), 2w,

X ([IT'(X — (X)) + 8'(y — (Y13 — (IT'4X) + 6" () (29)
and

1(d3 1na3) 1 ,
ay - 1 2 X — — 3
=5 aay ), ~aw, CIVE =)+ 0P

+ 3[ITTI"{(X — (X2 + 00"y — W)?)

— (16" + "X Yy — (XD (Y] — (TI"™(Xy + 8" (Y} (30)
where
P (d" 63) 1 (d" ‘e‘)
) = g £ . (n) = = 31
I 3kT dx3 x2=0’ ¢ kT \dx5 x9=0 (31)

Using eqns. (5)—(12) coefficient a{!’ can be expressed with respect to ther-
modynamic functions as the following

3 (d21n63) [ I\1 (8 ( n 0')1}
1) = Z 2 ol - . - =
! 2\ dx} x2=0+RT wZ (NAaa)P+(€)P 2NA6‘°?)(€ T
0’2 Ir o'} 1 6'\2
—2 [(_) _( )(Z) _] (_)
bz € r N, o/ \e/ P *AG, €/ Jipeo

- [z Eev] 2

x9=0

A similar, but lengthier, relation can be derived for a§"’.

There exist a number of conformal solution mixing rules for @ and €, but
the ones due to van der Waals have a sound theoretical basis with a proven
accuracy (Leland et al., 1968). According to van der Waals

c

o= {i j.=/1 x,»x,-o,-aj} /3 (33)
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and
[« [4
€= -21 xixjeijo;'-s,-/‘zl xx;0% . (34)
£J= BJ=

Using the van der Waals conformal solution mixing rules, eqn. (28) for acti-
vity coefficients can be written in the following form

> —_ 3qn n *
ln'yl=2” '1x;{_|:1__($’-_2)] +i(a_ﬂni}‘£\ (35)
n=2 h! 011 Ny 9x2  J|p,T,x9=0
and the first term of this expansion, a{!’ will be
a’ =1 [(1 —r)2(PZyk, —1) + E2(1 +r)? [égp—l + Zy (Pry — 26, T)]
2 . _ AU,
+2E, (1 = 1) Zy (1T — Pry) = 2r(Ear + Ep) 5 (36)

with
r=(022/011)%, E;=1—¢€13/€117 and E, = (€g3€12)/€11-

In order to calculate coefficients ¢!’ from statistical thermodynamics one
has to solve the configurational integral A_ as given by egns. (9) or (26). The
rigorous solution of the configurational integral requires application of
Monte Carlo and molecular dynamics computer techniques. There exist also
a number of approximation techniques through which the configurational
integral can be calculated. In any circumstance, it is necessary to truncate the
activity coefficient power series as given in different forms by eqns. (20), (28)
or (34). In the following sections the molecular implications of some of the
correlations of activity coefficients and their relationships with truncated
activity coefficient power series is discussed.

MARGULES TWO-SUFFIX CORRELATION

This correlation is equivalent to the case when the power series for the
activity coefficient is truncated after the first term. According to eqn. (35) in
this case

Iny, = 1 (azlnAc) 2
1 2NA ax% P, T,x2=0 2
3712 1 /32 A"
i [ (22 +_~(——) 2 37
2{ l:l (0‘11)] Ny axg P-T,x2=o}x2 (37)

Since In v, will also have a form similar to eqn. (37) the Gibbs—Duhem con-
sistency relation, eqn. (23) will require that
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_[1_(%)3:]2 +_1(321n2A:) =_[1*(9£)3J2

011 Ny X3 /p 1.xp=0 022

1 (a2lnA:)

Nx dxi P,T,x1=0 (38)

For eqn. (38) to hold at all conditions of pressure and temperature we should
have

011 = O22 (39)

(821n A;‘) =(azlnA;‘) 20 (40)
3x3 P,T,x3=0 axi P.T,x1=0

and

(?_"_ln_;é;) = (M) =0 forn>3 (41)
0x2  /p,1,xp=0 3x1  /p 1 xq1=0

The first condition, egqn. (39), implies that the Margules two-suffix correla-
tion is good for mixtures of components with equal molecular sizes. For
eqns. (40) and (41) to hold it is necessary to have

In Ay « x3 (42)

One special case for which the configurational integral of the mixture satis-
fies egn. (42) is when the lattice theory of liquids with uniform potential
inside each cell can be assumed for the mixture, According to the Lennard-
Jones and Devonshire lattice theory of liquids (Lennard-Jones and Devon-
shire, 1937), A, can be written as

A: = exp(—N, €/kT) [ e X yiNa dx
o

where v; is the cell free volume

0.30544

vf =22 1(X) [ r'/2 exp{—[y(r) = y(0)1/kT} dr
0
For cells with uniform potential fields and molecules of equal sizes
v = 2.6867X
and

Al = (2.6867)YVA exp(—N, €/kT) ﬁ,%‘{—

Consequently for a binary mixture

In A; = —Na(xier; +x3eag + 2x1x2€1,)/RT
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+In[(2.6867)VA (N, Y/IIVA*1)] (43)
which is equivalent to eqn. (42). From eqn. (43) it can be shown that
(3% 1In AZ/3x3)p,r = —2Na(€11 + €22 — 2€12)/kT
and the relations for activity coefficients will be
Iny, = [(€11 + €22 — 2€12)/kT] x%
Invy, = [(€11 + €22 — 2€12)/RT)x3

The discussion presented above indicates that the Margules two-suffix
correlation for the activity coefficient is valid for mixtures of molecules with
equal molecular sizes and at the ranges for which eqn. (42) holds. It is clear
that in the limit, when intermolecular energy differences vanish, the Margules
two-suffix correlation can be expected to approximate very well the actual
properties of solutions.

It should be pointed out that the Margules three-suffix correlation in prin-
ciple is equivalent to the Redlich—Kister power series, eqn. (21), when it is
truncated after the second term and will not be discussed here any further.

(44)

VAN LAAR CORRELATION

In calculating the activity coefficient from eqns. (20), (28) or (35) it is
generally possible to calculate coefficients of the first two terms of the
expansion with the use of the molecular properties of pure components or
through the principle of statistical thermodynamics. The resulting truncated
power series
{ln 71 =afVx} +af %} + O(x3) 21)

Iny, =a{®x? +aPx3 + O(x%)

can then be used for calculation of activity coefficients. However, according
to the Padé approximation theory (Wall, 1948) when the first two terms of
a power series are known, a better approximation to the power series than
eqns. (21) will be

{ln 71 = a{Px3/[1 — (a§ /maiP) x2 17,
Inv, =a{®x}/[1 — (a§® /maf®)x, 1™,

with the value of exponent m being at our disposal. This exponent should be
chosen such that the Gibbs—Duhem equation as given by eqn. (23) is satis-
fied. The Gibbs—Duhem condition will result with m = 2 and consequently

{ln 71 =a{Px3/[1 —af’/2a{V x5 12
In~y, = a§2)x§ /[1— a(22)/2a§2)x1 12

with

m>1 (45)

(46)
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a§2) = _a(ll)/(a(zl)/za(ll) _— 1)3
a(22) = __a(zl)/(a(zl)/za(ll) _ 1)4

Equations (46) are equivalent to the van Laar correlation for the activity
coefficient. In the original derivation of the van Laar correlation the regular
solution approximation (VE = 8F = 0) together with the van der Waals equa-
tion of state for mixtures was used (Prausnitz, 1969). In the derivation pre-
sented here, it is shown that the van Laar correlation is actually a Padé
approximation to the exact power series of the activity coefficient when only
two terms of the series are retained.

(47)

CONCLUSION

In the discussion presented in this paper, it is demonstrated that isobaric-
isothermal (NPT) ensemble theory is a powerful tool for predicting thermo-
dynamic properties applicable to fluid-phase equilibria calculations. Through
the NPT-ensemble, one is able to develop molecular thermodynamic relations
for chemical potential and activity coefficient with pressure and temperature
as independent variables, as required in fluid-phase equilibria calculations.
The molecular thermodynamic relations developed for the activity coeffi-
cient, egns. (20), (28) and (35), allow us to evaluate different correlations of
the activity coefficient from a statistical thermodynamics point of view. This
would also allow a better understanding of the molecular nature of activity
coefficients and possibly allow development of more accurate relations for
activity coefficients than the existing correlations.
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