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The high density limit is valid for rg < 1. The low density limit is
valid for rg > 20. The metallic state is intermediate, so the equation for
E. is only an approximation for intermediate (i.e., metallic) demsity states.
One can account for this by writing
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where C, and C, should be close to unity.
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In eqs. 3 - 5, the inter-electron spacing L is defined by
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where p, 1s the number density or electron demsity and a, is the Bohr
radius.

To calculate rg from the above equation we work in atomic units so as
to get F,, in Rydbergs; N should be in number per (a.u.)3; a, =1 in
atomic units:
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where r, is dimensionless.
The relation for Eo is chosen to be
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where kf is the Fermi wave vector.
Putting these values into the expression for Eo’ we obtain
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The term E1 (v) = N Feg + Eo is now completely defined.

The exact relation for u (r ) is based on a variety of assumptions
and approximations, the cumulative effect of which cannot be readily deter-
mined. However, at large values of the interionic distance, r, u (r) reduces
to an oscillatory asymptotic form given by Eq. (8):
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where W° (2kf) is the Fourier transform of the electron ion pseudopotential:
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a?d B; is in Ryd. a,3, T, is in units of a., W°(2k ) in Ryd. and py in units
o ag-

The values reported (5) for some metals are as follows:

g' r

Cc
Li 23 0.33
Na 37 0.50
K 66 0.69
Al 42.9 0.29

The Fermi energy Ef, is given by Ef = ('52/2me) (3n2pNZ)2/3
By reducing to atomic units

E, = (3n2pN2)2/3 (Ryd.)

1/3

ke = (3n7p2) (10)

In order to represent u_(r) by a parametric relation which can take into
account eq. 8, the following form is proposed:

o C
up(r) = (;,.'7) uap(r) =y (11)

where o and C are adjustable parameters. Choice of exponents m and n are
rather arbitrary but for our purpose, we choose m = 9; and n = 6.
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Constants B8, r., @ and C can be found by fitting the macroscopic thermo-
physical properties of liquid metals.

Analytical Variational Equation of State

According to the variational theory of the equation of state, the
Helmholtz energy is given by the inequality (6):

A< AHS + erpNN[w rz u(r) gHS(pN,r)dr (12)
d

and gH are the Helmholtz energy and radial distribution function,
respectively, of a hard-sphere fluid and d is the diameter of the hard-
spheres.

According to Carnahan and Starling (2,6).

ﬁsﬁflﬁ = 04 = 3/ - m?, (13)
n = 361 de3 (14)

where is the Helmholtz energy of an ideal gas at the demsity ¢_.
G N

By introducing eqs. 1 and 11 into eq. 12, one obtains

H o

of r—7up (r)gHs (r)dr
d

- r-kgﬂs (r)dr (15)
d

A< AHS + El(V) + ZTTENN

For calculational purposes we express A/NKT in the following form:

E . (v) 2mp
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The various terms are as follows:

I, f (ax)x" %, Gx,n) cos (2K x)
1
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I2 -f (dx)x_l'gﬂs(x,n)

1

I1 and 12 are calculated numerically and are represented by:

5
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i=0
1/3 A
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I2 = Z Ci n;
i=0
(12) _ 6
¢y 1P = 1/9 A, = -0.02242466  ¢,® = 1/3
(12
¢y ) = 0.223068 E, = 0.04913769 01(6) = 0.4314555
12
c, P - 0.278457 B = 8.133777 ¢, ® = 0.2049287
12
c; 1D = 0.573275  u = 0.8989357 ¢,(® = 0.09501994
12
¢, = -0.850939 v = -0.02997101 c,(® = -0.3496267
(12
¢ 1P = 1.58837 B, = 14.45865 ¢, (® = 0.9917350
Also d should be such that it satisfies the expression
TN a(nllldlz) a%)
“3d ald e C =0 (18)
» T V,T
The pressure is given by the relation
2
P = p"(3A/3p),
and the compressibility, Z, is given by
P ?
Z= ALl o 20 [A/NkT]T (19)
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From Eq. 16, 17 and 19 we get the relation for Z

E, (v) du
z=1z +p-§%[1 ]+2"9A [a(u12+n 12]

HS NKT KT “an
+ 32 Gup[d] - T (g + 0t ) (20)
where
Zyg = [L+n+n° -0’1/ =m0 =T pd% and
ammn R, 3G o
9p kT ap kT 93p

The unknown parameters a, B', r. and C are to be found by fitting eq.
20 for Z to experimental liquid metal data.

Conclusions

We have developed an equation of state for 1liquid metals which incorpo-
rates properties of electrons. Our results are a first step in the develop-
ment of an accurate equation of state for alkali metals. Comparisons with
available information are planned. However, the equations given here do not
lead to correct results in the low density limit because of the structure of
the statistical mechanical theory used for the calculations. Before a test
of our equations can be made over large ranges of density, we plan to recast
them into a form which has the proper limits at both high and low densities.
Nevertheless, our results appear to be the first which take into account
core-core repulsions, core-electron interactions as well as electron-electron
interactions.
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