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In light of the Gibbs-Bogoliubov inequality for the Helmholtz free energy of the classical systems, the
variational properties of Scott and van der Waals “one-fluid” theories of mixtures with Lennard-Jones
potential functions are studied. It is shown that, while the Scott’s theory gives an upper bound for the
Helmholtz free energy of mixtures, it is not certain whether this upper bound is a least upper bound. It
is also shown that the van der Waals theory is an approximation in order to get the upper bound on the

entropy of mixtures.

Let us consider two different thermodynamic
systems with V particles in each system and with the
same temperature. Let us also call one of these systems,
the trial system, and the other one the true system.
It has been shown that the following inequality holds
for the difference between the Helmholtz free energies
of these two systems!?:

A < Ao+ (U — U)o (1

The angle brackets mean the expectation over the
trial system. This inequality is in accordance with
Gibbs-Bogoliubov inequality.? Similarly one can write

A — (U)> 40— (Uo). (2)

The angle brackets in the second inequality mean the
expectation over the true system. By considering the
definition of entropy,

TS=({U)— 4,
from inequality (2) we get
TS < (Uo) — Ao. (3)

The right-hand sides of the inequalities (1) and (3)
are actually the upper bounds of the 4 and 7'S of the
true system, respectively, and for simplicity we call
them “ubA” and “ubS,”

ubA = Ao+ (U — U)o,

4)
(5)

In the case where the true system consists of a mixture
and the trial system consists of a pure component,
both with Lennard-Jones intermolecular potential

functions, we will have
= %Zﬁ El‘k«x.a[(ﬂa, /75)% — (0a,p/15)%], (6)
Us= %§_4e[(a/r,-,-)12 — (a/r)*]. (7

Considering (6) and (7), in order to find the least
upper bound for A, it is necessary to find the values
of ¢ and o of the trial system which satisfy the following
relations:

d(ubA)/de =0 and d(ubA)/dc =0. (8)

This will lead us to the following relations for € and ¢
of the pure trial system?*:

€0® = 3 XaXpeq p0a 6% (9a)
af

€01 = 3 XaXpes,s0a,6 (9b)
a.p

Similarly, for finding the least upper bound for TS,
we must have

d(ubS)/de =0 and d(ubS)/dc =0 (10)
and this will lead us to the following relations between
the trial system and the true system:

By = Crp (11a)
and

Bs = Cs, (11b)

where B, = {r™) and C.= {r"). Relations (9a),
(9b) and (11a), (11b) only satisfy the necessary
conditions (8) and (9) for minimum #b4 and minimum
ubS, respectively. In order to have also sufficient
conditions, relations (9a), (9b) and (1fa), (11b)
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should also satisfy Relations (12) and (13), as given
below, respectively,

3 (ubA)/9e > 0, (12a)
9t (ubA) /ac® > 0, (12b)
[ (ubA) /o T[62 (ubA) /36*] — [0*(ubA)/deda T < O,

(12¢)

and
3*(ubS) /oé > 0, (13a)
3*(ubS)/da® > 0, (13b)

[0 (ubS) /3 ][0 (ubS) /9a*] — [8*(ubS)/deds P < 0.
(13¢c)

After a straightforward, but tedious, calculation,
the conditions (12a), (12b), (13a), and (13b) all
will end up with the following conditions:

By — B2 > 0,
Bz — B¢ > 0.

(14a)
(14b)

Also conditions (12¢) and (13c) both will end up with
the following unique condition:

— (Ba — B12*) (Biz — Bé?) + Bus(Bizs — 2B12Bs) < 0.
(14¢)

Conditions (14a) and (14b) hold, since the left-hand
sides of these inequalities are always positive. For
condition (14c), one can not prove either way whether
it holds or not. Consequently, it is not generally true
that relations (9a), (9b) and (11a), (11b) will mini-
mize ubA and ub.S, respectively.

Equations (9a), and (9b) are in accordance with
the “one-fluid” theory of Scott for mixtures.5'¢ Insertion
of (92a) and (9b) in the right-hand side of the in-
equality (1) will give

4 < Ao (15)
Inequality (15) clearly indicates that the “one-fluid”
theory of Scott gives an upper bound for the Helmholtz
free energy of mixture, but this upper bound is not
necessarily the least upper bound, and it is up to the
condition (14c) to be satisfied in order to get the least
upper bound for 4.
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Equations (11a) and (11b) when replaced in the
right-hand side of the inequality (3) give the following

inequality:
(16)

S < S (17)

Inequality (17) indicates that if one can solve Eqgs.
(11a) and (11b) for a unique set of e and ¢ of the pure
trial system with respect to e, 8, 04,8 Of the true mixture
system, one would get a mixing rule through which the
upper bound for the entropy of mixture could be
calculated. Equations (11a) and (11b) generally can
not be solved analytically for ¢ and o, but an approxi-
mation to these equations will give the following
relations’:

TS < (Ug)— 4o
or

o= Z xaxga.,,g‘*, (18&)
a,p

€% = D XoXpba §0q5" (181)
ap
Equations (18a) and (18b) will satisfy (ila) and
(11b) in the case when the terms of order (1/KT)?
are negligible. Equations (18a) and (18b). are in
accordance with van der Waals theory of mixtures.® It
has been shown that the system of Eqs. (18a) and
(18b) is a better mixing rule than (9a) and (9b) for
predicting the thermodynamic properties of mixtures.?
In the case where the trial system consists of a
pure soft sphere and the true system consists of a
mixture of soft spheres, the Helmholtz free energy,
A, and entropy, S, of the true mixture system will
both have least upper bounds.
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